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Abstract

In this presentation, we introduce a Bayesian updating method for inter-event times of different magnitude thresholds in

marked point process, apply it to time-series of the ETAS model [1], and discuss the effectiveness in probabilistic forecasting

of forthcoming large event considering the information on smaller events. To investigate magnitude threshold dependence of

the inter-event time distribution of earthquakes, the conditional probability between inter-event times of different magnitude

thresholds is proposed [2]. This gives the one-to-one statistical relationship between inter-event times of different magnitude

thresholds. Firstly, we show the Bayes’ theorem on this conditional probability and derive the representation of the inverse

probability density function. Secondly, we extend it to the Bayesian updating that gives the relationship between multiple

intervals for lower threshold and an interval for upper threshold. We show the derivation of the inverse probability density

function and its approximation function for uncorrelated marked point process (background seismicity in the ETAS model).

The condition for the inverse probability density function to have a peak is also shown. The approximation function consists of

two parts, a kernel-part that determines its outline and a correction term. The former has an easy form to handle numerically

and is applicable to the time-series with correlations among events. Thirdly, based on the results for uncorrelated time-series, we

apply the Bayesian updating method to time-series of the ETAS model. The mode of the approximation function is numerically

shown to be nearly the same as that of the kernel-part. Therefore, the mode of the kernel part is used as the estimate of the

occurrence time of forthcoming large event. By using the relative error between the estimate and the actual occurrence time of

large event, effectiveness of the estimation with the approximation function is statistically evaluated. As a result, it is shown

that if the time-series is dominated by stationary part, immediately or long after the large event, the forecasting is effectively

conducted. [1] Y. Ogata, Ann. Inst. Statist. Math. 50(2), 379 (1998). [2] H. Tanaka and Y. Aizawa, J. Phys. Soc. Jpn. 86,

024004 (2017).
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I1752D8C7I21

Inter-event time distribution
Inter-event time distribution of earthquakes (Fig.1) is important for probabilistic forecasting of forthcoming earthquakes
as well as understanding seismic properties [1]. Studies of the properties of inter-event time distributions include, 

Scaling universality [2,3] that is often examined using the ETAS model [4,5]

Dependence on magnitude threshold [6]

FLJXUH 1. SFKHPaWLF RI M-T GLaJUaP. IQWHU-HYHQW WLPH GLVWULEXWLRQ RI HaUWKTXaNHV LV GHWHUPLQHG E\ VHWWLQJ a WKUHVKROG RQ WKLV M-T GLaJUaP.

DHQRWH WKH LQWHU-HYHQW WLPHV aW PaJQLWXGH WKUHVKROG  E\ , aQG LQWHU-HYHQW WLPH GLVWULEXWLRQ E\ .

ETAS model
ETAS model is inhomogeneous Poisson process that combines the GR law and the Omori-Utsu law. Magnitude and the
occurrence time of events in this model are generated obeying these laws [4,5] as follows;

Dependence on magnitude threshold

To consider the dependence of inter-event time distribution on magnitude threshold, the conditional probability (
) between intervals at different magnitude thresholds  and is useful.

 is the probability density function of lower interval to have length  under the condition that it is
included in the upper interval of length  (Fig. 1). 

Inter-event time distributions of different magnitude threshold are connected via the conditional probability in
the following way [7].

where 

Utili]e conditional probabilit\ forbforecasting

Conditional probability gives the probability of lower interval given the length of upper interval.

On the contrary, intervals at different magnitude thresholds can be statistically connected by considering the probability
of the length of upper interval given the lower intervals.

Such inverse probability is associated with the conditional probability by Bayes' theorem or Bayesian updating.
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It is thought that the inverse probability can be used to forecast large event with the information of smaller events. In this
study, we derive the inverse probability analytically and numerically, and examine its effectiveness for forecasting.

 



2021/12/17 8:30 AGU - LPRVWHUSHVVLRQV.cRP (aJX-YP-2)

KWWSV://aJX2021IaOOPHHWLQJ-aJX.LSRVWHUVHVVLRQV.cRP/DHIaXOW.aVS[?V=ED-2B-FC-A2-4C-48-01-82-3F-BA-16-A2-D9-4B-F6-75&SGISULQW=WUXH&JXHVWYLHZ=WUXH 4/16

5E6EA5CH 2B-EC7I9E
(1) Consider the Bayes¶ theorem / Bayesian updating between intervals at different magnitude thresholds. In
particular, for simple uncorrelated time-series, derive the inverse probability density function analytically as
well as its approximation function. 

(2) Apply Bayesian updating to the correlated time-series of the ETAS model to examine the property of the
inverse probability density function and possibility to use it to forecast the occurrence time of the forthcoming
large event taking into account the temporal information of smaller events.
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(1) BA<E6' 7HE25E0 A1D BA<E6IA1 83DA7I1G F25
0A5.ED 32I17 352CE66

Ba\es' theoremb

Bayes' theorem between inter-event times at different magnitude thresholds can be derived for any marked point
process. 

Denote  be the inverse probability density function of upper interval to have length when it
includes lower interval of length  (Fig. 2).

Bayes' theorem is derived by considering total number of pairs of upper- and lower- intervals of length 
 in time-series in two ways.   

where 

 

FLJXUH 2. SFKHPaWLF RI WKH UHOaWLRQ EHWZHHQ WKH FRQGLWLRQaO SUREaELOLW\ aQG WKH LQYHUVH SUREaELOLW\.

E[ample : uncorrelated time-series
For uncorrelated time-series generated by the background seismicity ( ) in the ETAS model, conditional /
inverse probability density functions can be derived analytically as follows.

where ,  is the Dirac's delta function, and  is the unit step function. Especially

when ,  has a peak at .

Ba\esian updating

Bayes’ theorem gives one-to-one relationship between upper and lower intervals. This can be extended
to Bayesian updating that gives the relation between many lower-intervals and an upper interval.
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Denote  be the inverse probability density function of upper interval to have length 
when it includes successive lower intervals of length .

Bayesian updating is derived by considering total number of pairs of upper- and successive lower- intervals of
length   in time-series in two ways.

For simple uncorrelated time-series, analytic inverse probability density function as well as its approximation
function that is applicable to correlated time-series can be derived as follows.

┌───────────────────────────────ŉ

Analytic form of inverse p.d.f. (same functional form as that of Bayes' theorem). 

Approximation function

where

Ŋ───────────────────────────────ŋ

By numerical calculation,  is shown to approximate the inverse probability density function (Fig. 3 and Fig. 4).

FLJXUH 3. E[aPSOH RI Ba\HVLaQ XSGaWLQJ IRU XQFRUUHOaWHG WLPH-VHULHV. 
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FLJXUH 4. NXPHULFaOO\ FaOFXOaWHG aYHUaJH UHOaWLYH HQWURSLHV (a) EHWZHHQ LQWHU-HYHQW WLPH GLVWULEXWLRQ ( ) aQG WKH LQYHUVH SUREaELOLW\

GHQVLW\ IXQFWLRQV, aQG (E) EHWZHHQ WKH aQaO\WLF LQYHUVH SUREaELOLW\ GHQVLW\ IXQFWLRQ aQG WKH aSSUR[LPaWLRQ IXQFWLRQV, IRU HaFK H[FHVV WLPH ( )

IURP IRUPHU OaUJH HYHQW.
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(2) A33/ICA7I21 2F BA<E6IA1 83DA7I1G 72 7I0E-
6E5IE6 2F E7A6 02DE/

Application to ETAS time-series
For correlated time-series of the ETAS model, derivation of the inverse p.d.f. is difficult.

 Apply Bayesian updating for uncorrelated time-series to the ETAS model, and calculate the approximation function
of the inverse p.d.f. numerically. 

Method

Generate 1100 ETAS time-series each of which contains  events numerically with parameters 

.

→ use 1000 as sample-data, 100 as test-data.
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Ba\esian inference

- Estimate the occurrence time of forthcoming large event by the mode ( ) of  

- Evaluate the quality of estimation at n-th update by relative error  with the actual occurrence time of large event . 

 If , estimation at n-th update is judged to be good. 

Forecasting effectiveness is judged by the number ( ) of times  is continued.

 CRUUHFWLRQ WHUP LV VKRZQ QXPHULFaOO\ QRW WR aIIHFW WKH PRGH RI WKH aSSUR[LPaWLRQ IXQFWLRQ VLJQLILFaQWO\, WKRXJK LV HIIHFWLYH WR WKH YaULaQFH. 
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E[amples
(1) Effective forecasting (Fig. 5)

time-series is stationary

estimate  stays around 

 holds for long update times

(2) Ineffective forecasting (Fig.6)

time-series is non-stationary

estimate  keeps shifting

 holds only before large event

 These examples suggest that the stationarity of time-series is related to the stability of the estimate, and the
effectiveness of the forecasting.

FLJXUH 5. (a) AQ H[aPSOH RI WLPH HYROXWLRQ RI . VHUWLFaO OLQH LV WKH aFWXaO RFFXUUHQFH WLPH ( ) RI OaUJH HYHQW, aQG YHUWLFaO GRWWHG OLQH LV

WKH aYHUaJH LQWHUYaO . (E) CRUUHVSRQGLQJ  WLPH-HYROXWLRQ RI UHOaWLYH HUURU  and occXrrence raWe . 
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FLJXUH 6. AQRWKHU H[aPSOH RI (a) , (E)  aQG .

Statistical anal\sis

Statistical analysis on forecasting effectivity (Figs. 7 and 8) suggests that 

SWaWiRQaUiW\ Rf WiPe-VeUieV

       ĺ SWabiOiW\ Rf eVWiPaWe

              ĺ LRQgeU  EffecWiYe fRUecaVWiQg
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FLJXUH 7. (a) OPRUL-UWVX OaZ LQ WKLV ETAS PRGHO. TLPH IURP WKH PaLQVKRFN ( ) FaQ EH FaWHJRUL]HG LQWR WKUHH UHJLRQV E\ VWaWLRQaULW\. (E)

PUREaELOLW\ ( ) WKaW  ( ) LV aURXQG 0.53, HVSHFLaOO\ WaNHV aURXQG 0.7 IRU . AOVR, SHUFHQWaJH ( ) RI

WKRVH VaWLVILHV  WhaW VSecLfLcaOO\  LV hLgh ZKHQ VWaWLRQaULW\ LV GRPLQaQW LQ WLPH-VHULHV.

FLJXUH 8. JRLQW SUREaELOLW\ GHQVLW\ IXQFWLRQ RI ORJ-OFFXUUHQFH UaWH ( ) aQG ORJ-EVWLPaWH (  ZKHUH 

), IRU VRPH .
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6800A5<
(1) Bayes¶ theorem is considered for marked point process, and the inverse probability density function is
derived for uncorrelated time-series.

(2) Bayesian updating that gives the relation between multiple successive lower intervals and an upper
interval is considered for uncorrelated time-series. Inverse probability density function and its approximation
function are derived.

(3) Bayesian updating is adopted to the time-series of the ETAS model. Mode of the kernel-part of the
approximation function is used as the estimate of forthcoming large event. Goodness of estimation is
evaluated by relative error with the actual occurrence time of the large event, and effectiveness of forecasting
is examined by the length of successive such good estimations. As a result, it is suggested that the stability of
the estimate (=effectiveness of forecasting) is related to the stationarity of the time-series. In the ETAS model
we used, the forecasting is comparably effective immediately or long after the former large event, because in
these two cases the time-series is dominated by stationarity. This suggests the possibility of using the method in
the long-term or immediately after the mainshock.
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AB675AC7
IQ WKLV SUHVHQWDWLRQ, ZH LQWURGXFH D BD\HVLDQ XSGDWLQJ PHWKRG IRU LQWHU-HYHQW WLPHV RI GLIIHUHQW PDJQLWXGH WKUHVKROGV LQ
PDUNHG SRLQW SURFHVV, DSSO\ LW WR WLPH-VHULHV RI WKH ETAS PRGHO [1], DQG GLVFXVV WKH HIIHFWLYHQHVV LQ SUREDELOLVWLF IRUHFDVWLQJ
RI IRUWKFRPLQJ ODUJH HYHQW FRQVLGHULQJ WKH LQIRUPDWLRQ RQ VPDOOHU HYHQWV.

 

TR LQYHVWLJDWH PDJQLWXGH WKUHVKROG GHSHQGHQFH RI WKH LQWHU-HYHQW WLPH GLVWULEXWLRQ RI HDUWKTXDNHV, WKH FRQGLWLRQDO SUREDELOLW\
EHWZHHQ LQWHU-HYHQW WLPHV RI GLIIHUHQW PDJQLWXGH WKUHVKROGV LV SURSRVHG [2]. TKLV JLYHV WKH RQH-WR-RQH VWDWLVWLFDO UHODWLRQVKLS
EHWZHHQ LQWHU-HYHQW WLPHV RI GLIIHUHQW PDJQLWXGH WKUHVKROGV.

FLUVWO\, ZH VKRZ WKH BD\HV¶ WKHRUHP RQ WKLV FRQGLWLRQDO SUREDELOLW\ DQG GHULYH WKH UHSUHVHQWDWLRQ RI WKH LQYHUVH SUREDELOLW\
GHQVLW\ IXQFWLRQ.

SHFRQGO\, ZH H[WHQG LW WR WKH BD\HVLDQ XSGDWLQJ WKDW JLYHV WKH UHODWLRQVKLS EHWZHHQ PXOWLSOH LQWHUYDOV IRU ORZHU WKUHVKROG DQG
DQ LQWHUYDO IRU XSSHU WKUHVKROG. WH VKRZ WKH GHULYDWLRQ RI WKH LQYHUVH SUREDELOLW\ GHQVLW\ IXQFWLRQ DQG LWV DSSUR[LPDWLRQ
IXQFWLRQ IRU XQFRUUHODWHG PDUNHG SRLQW SURFHVV (EDFNJURXQG VHLVPLFLW\ LQ WKH ETAS PRGHO). TKH FRQGLWLRQ IRU WKH LQYHUVH
SUREDELOLW\ GHQVLW\ IXQFWLRQ WR KDYH D SHDN LV DOVR VKRZQ. TKH DSSUR[LPDWLRQ IXQFWLRQ FRQVLVWV RI WZR SDUWV, D NHUQHO-SDUW WKDW
GHWHUPLQHV LWV RXWOLQH DQG D FRUUHFWLRQ WHUP. TKH IRUPHU KDV DQ HDV\ IRUP WR KDQGOH QXPHULFDOO\ DQG LV DSSOLFDEOH WR WKH WLPH-
VHULHV ZLWK FRUUHODWLRQV DPRQJ HYHQWV.

TKLUGO\, EDVHG RQ WKH UHVXOWV IRU XQFRUUHODWHG WLPH-VHULHV, ZH DSSO\ WKH BD\HVLDQ XSGDWLQJ PHWKRG WR WLPH-VHULHV RI WKH ETAS
PRGHO. TKH PRGH RI WKH DSSUR[LPDWLRQ IXQFWLRQ LV QXPHULFDOO\ VKRZQ WR EH QHDUO\ WKH VDPH DV WKDW RI WKH NHUQHO-SDUW.
TKHUHIRUH, WKH PRGH RI WKH NHUQHO SDUW LV XVHG DV WKH HVWLPDWH RI WKH RFFXUUHQFH WLPH RI IRUWKFRPLQJ ODUJH HYHQW. B\ XVLQJ WKH
UHODWLYH HUURU EHWZHHQ WKH HVWLPDWH DQG WKH DFWXDO RFFXUUHQFH WLPH RI ODUJH HYHQW, HIIHFWLYHQHVV RI WKH HVWLPDWLRQ ZLWK WKH
DSSUR[LPDWLRQ IXQFWLRQ LV VWDWLVWLFDOO\ HYDOXDWHG. AV D UHVXOW, LW LV VKRZQ WKDW LI WKH WLPH-VHULHV LV GRPLQDWHG E\ VWDWLRQDU\ SDUW,
LPPHGLDWHO\ RU ORQJ DIWHU WKH ODUJH HYHQW, WKH IRUHFDVWLQJ LV HIIHFWLYHO\ FRQGXFWHG.
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