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Abstract

In this paper, we focus on designing a well-conditioned Glarkin spectral methods for solving a two-sided fractional diffusion
equations with drift, in which the fractional operators are defined neither in Riemann-Liouville nor Caputo sense, and its
physical meaning is clear. Based on the image spaces of Riemann-Liouville fractional integral operators on Ly([a,b]) space
discussed in our previous work, after a step by step deduction, three kinds of Galerkin spectral formulations are proposed, the
final obtained corresponding scheme of which shows to be well-conditioned—the condition number of the stiff matrix can be
reduced from O(N2®) to O(N®), where N is the degree of the polynomials used in the approximation. Another point is that the
obtained schemes can also be applied successfully to approximate fractional Laplacian with generalized homogeneous boundary
conditions, whose fractional order a € (0,2), not only having to be limited to o € (1,2). Several numerical experiments
demonstrate the effectiveness of the derived schemes. Besides, based on the numerical results, we can observe the behavior of
mean first exit time, an interesting quantity that can provide us with a further understanding about the mechanism of abnormal
diffusion. Riemann-Liouville integral operator Dirichlet boundary conditions Galerkin spectral method condition number 26A33
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Introduction

In the past two decades, there has been important progress in developing adaptive mesh methods for PDEs.
Mesh adaptivity is usually of two types in form: local mesh refinement and moving mesh method.

Introduction

In this paper, we target on investigating a well-conditioned Galerkin spectral methods for the following
two-sided fractional diffusion equation with drift
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f(u; ~ Da(lg@c) +¢-D™u(x)) +d- Dulz) = hiz), = € (a,b),
(1)

~

where 1 < a < 2,0 < p,q < 1 satisfying p+q = 1, and D%, D** are neither the Riemann-Liouville operators
nor the Caputo ones (I. PODLUBNY, n.d.); rather, in general, for n — 1 <~ < n,

Du(x) := DI D" tu(x),
(2)

D" u(z) == (=1)"D, I}~ " D" tu(x),

(3)

with o772 and gCIf , 0 < B8 <1, denote separately the left Riemann-Liouville fractional integral

otiue) = s [ (o= uls)as,
and the right Riemann-Liouville fractional integral operator
IPu(z) = 1 /b(s — 2)P~u(s)ds.
o I'(B) Ja

Here T'(+) presents the Euler gamma function.

The fractional Dirichlet problem and variants thereof appear in many applications, in particular in physical
settings where anomalous dynamics occur and where the spread of mass grows faster than linearly in time.
Examples include turbulent fluids, contaminant transport in fractured rocks, chaotic dynamics and disordered
quantum ensembles; see (J. KLAFTER, S. C. LM, AND R. METZLER, 2011; R. KLAGES, G. RADONS, AND
I. M. SokoLov, 2008; M. SHLESINGER, G. ZASLAVSKY, AND U. FRriscH, 1995). The authors in (V. J.
ErviN, N. HEUER, AND J. P. Roop, 2018) believe that problem (1), which can be interpreted as the
steady-state equation for a time dependent advection and anomalous diffusion problem, is a more physical
model than the corresponding Riemann-Liouville or Caputo fractional equation. During the derivation of
Eq. (1), the authors in (V. J. ERVIN, N. HEUER, AND J. P. RooP, 2018) point out that besides obeying
the conservation of energy principle, the physical interpretation of the flux at a given cross section x, is that
“there is a nonlocal effect from a flux originating at a cross section s, proportional to 1/(distance for that

point)*~1”. In other words, the contribution to the flux at cross section x, from points to its left and right
is given by
r Ou(s,t
—k/ (x — s)l_o‘g ds,
a 0s
and

b
—k:/x (s —x)t=@ auéz, 2 ds,



respectively, where k is a dispersion coefficient. In this way, when considering the case of Dirichlet boundary
conditions u(a) = u(b) = 1, after by changing the unknown v = u — 1, the simulation of the model equation
would require the same energy source as for the case u(a) = u(b) = 0, which physically makes sense.

Besides can be viewed as the steady-state equation for a time dependent advection and anomalous diffusion
problem, we shall see that when h(z) = —1, under the framework of the image spaces of Riemann-Liouville
fractional integral operators on L,([a,b]) space (L. J. ZHAO, W. H. DENG, AND J. S. HESTHAVEN, n.d.),
Problem (1) itself can also be used to describe the mean first exit time of a stochastic process never leaving
a fixed region in the state space (W. H. DENG, X. C. Wu, AND W. L. WANG, 2017)—an interesting deter-
ministic quantity that can provide us with a further understanding about the mechanism of the anomalous
diffusion.

Another topic we want to note is that from a mathematical view, under suitable assumptions on u, fractional
Laplacian operator (Q. YANG, F. Liu, AND I. TURNER, 2010)

(A)ul) = 2271 (s + 1) / w(z +y) +ulx —y) — 2u(z) dy
w01 —s) Jr |yt +2s
(4)
is equivalent to
(~0)ful@) = goamy (LD + DL u(z)
= 20051(%) (szoojg + DQ%I:)XO) u(x)7

where « € (0,2) . Actually, the proof in (Q. YANG, F. Liu, AND I. TURNER, 2010) also ensures that

1

- (D_I°D+D,I®D .
x QCOS(%)( oD+ DI D) u(x)

Therefore, mathematically, the following one-dimensional Poisson problem with generalized Dirichlet bound-
ary condition:

(=) ?u(z) = h(z), z€Q=(a,b),
u(z) = 0, x € R\Q,



can be changed as

which is a special case of (1), where a € (0,2) (not only limited to (1,2) as in (1)) .

From the view of stochastic processes, the physical meaning of the fractional Laplacian defined in above way
with Dirichlet boundary conditions is the negative infinitesimal generator of stopped subordinated Brownian
motion (i.e., stopped a-stable Lévy motion), which represents particles that are stopped upon exiting the
domain via a jump over the boundary (W. H. DENG, X. C. Wu, aND W. L. WaNG, 2017; W. H. DENG,
B. Y. L, W. Y. TiaN, aND P. W. ZHANG, n.d.; M. MEERSCHAERT, A. SIKORSKIIL, 2011). Here, we do
not concern the detailed conditions under which (5) and (6) are equivalent. Instead, we mainly focus on the
spectral methods that are effective for them, and leave the theoretical part in our future work.

Comparing with the classical differential equations, one of the big challenges we have to face is the ex-
pensiveness of its computation cost besides its complexity, since fractional operators are pseudodifferential
operators which are non-local. Finite difference methods and finite elements methods are not easy to ap-
ply when solving especially a two-sided fractional problems, because the information on the whole domain
is needed which results in a huge computational cost. In this case, spectral method, as a global method,
appears to be a natural choice. There are existing spectral work, used to solve one-sided or two-sided
fractional differential equations with Riemann-Liouville or variable order fractional operators (S. CHEN, J.
SHEN, AND L. L. WaANgq, 2016; C. L1, F. ZeENG, AND F. Liu, n.d.; Z. Mao, G. KARNIADAKIS, n.d.;
H. WANG AND X. ZHANG, 2015; M. ZAYERNOURI, M. AINSWORTH, AND G. E. KARNIADAKIS, 2015).
Early spectral collocation methods for fractional problems using classical interpolation basis functions with
Legendre-Gauss-Lobatto or Chebyshev-Gauss-Lobatto collocated points are proposed in (X. J. L1 AND C.
J. Xu, n.d.) and (W. Y. TiaN, W. H. DENG, AND Y. J. Wu, n.d.). Eigenfunctions of a fractional Sturm-
Liouville operator are derived in (M. ZAYERNOURI AND G. E. KARNIADAKIS, n.d.). Spectral approximation
results in weighted Sobolev spaces involving fractional derivatives are derived in (S. CHEN, J. SHEN, AND
L. L. WANG, 2016), including also rigorous convergence analysis. The authors in (Y. Jiao, L. L. WaNG,
AND C. HUANG, 2016) introduce fractional Birkhoff interpolation basis functions into collocation methods
to reduce the condition numbers when solving the one-sided Caputo fractional equations.

As for the problem (1), a variational formulation is studied in (V. J. ERVIN AND J. P. Roop, n.d.), together
with a finite element error analysis. The regularity of (1) is studied, also a finite elements method and a
spectral type approximation method are proposed in it.

As far as we know, there is little literature to discuss the weak formulation of the two-sided fractional
diffusion problems with drift, in which the fractional operators are physically well-defined. Also, there has
been no relevant work to talk about the corresponding well-conditioned scheme.

This paper mainly proposes three kinds of Galerkin spectral schemes for solving Eq. (1). These three
Galerkin spectral schemes are based on different weak variational formulations and have different regularity
requirements, all of which shows to be effective to this kind of two-sided fractional diffusion equation with
drift, even when the solution has a low regularity. In special, based on the former two formulations, the
third one, named as mixed Galerkin spectral formulation, is designed by splitting the Eq. (1) into three
subequations. In this way, the trial and test functions are more flexible to choose, so that the coefficient
matrices can be expressed in a simpler way. Besides, compared with the condition numbers of the stiff



matrices in the other two schemes, the condition number in mixed Galerkin spectral scheme can be reduced
from O(N?%) to about O(N®), where N is the degree of the polynomials used in the approximation.

The rest of this paper is organized as follows. Section reviews some important definitions and results about
the image spaces of Riemann-Liouville fractional integrals on Sobolev space WP () space, which are the
framework of the weak formulation in this paper. Three different weak formulations and Galerkin spectral
methods are presented step by step in Sections , where the differences among them are discussed. Section 33
provides the numerical results for solving problems (1) and (5), in which one can observed that the condition
numbers are substantially decreased in the mixed Galerkin spectral method. Finally, the main results are
summarized in Section 33.

Preliminaries

In this section, we outline the definition and some results about the image spaces of a-order Riemann-
Liouville fractional integral operators on L, (€2) or W™P(§), which is called “spaces of fractional integrals”
for short (L. J. ZHAO, W. H. DENG, AND J. S. HESTHAVEN, n.d.), where W™P(Q) is a given classical
Sobolev space and 2 = [a, b].

As we all know that the concept of fractional calculus is almost as old as their more familiar integer order
counterparts, and many mathematical results about fractional operators are also discussed in the early days
(K. S. MILLER, B. Ross, 1993; K. B. OLDHAM, J. SPANIER, 1974; I. PODLUBNY, n.d.; S. SAMKO, A.
KiLBAS, AND O. MARICHEV, n.d.). Until recently, fractional derivatives have been widely and successfully
explored as a tool for developing more sophisticated mathematical models. Here, we borrow (not simply copy
but sometimes have to flip through pages) the space, which we call as the image space of Riemann-Liouville
fractional integral operators on Ly, ([a, b]) space, introduced in (S. SAMKO, A. KILBAS, AND O. MARICHEV,
n.d.), and some results given in (S. SAMKO, A. KiLBAS, AND O. MARICHEV, n.d.) and (L. J. ZHao, W.
H. DENG, AND J. S. HESTHAVEN, n.d.), to begin our discussion. The reason we choose this kind of space,
not only because it comes from a “non state of the art” references, but also because the key difficulty of the
fractional operators that are widely used, such as Riemann-Liouville derivative or Caputo deriavative, are
actually come from the pseudo-differential or Riemann-Liouville fractional integral operator in them. Since
the space of fractional integrals of L, functions can catch this characteristic very well, it is a natural way to
begin our discussion from it.

Denote L, () (1 < p < o0) as L, space on © = [a, b]. The set of a-th order left and right Riemann-Liouville
fractional integrals of L,(2) functions, 1 < p < oo, are firstly given in Definition 2.3 of (S. SAMKO, A.
KiLBAs, AND O. MARICHEV, n.d.). We rearrange them as follows:

Ly Q)] =S : f(z) = ol p(2), p(2) € Lp(Q), 2 € A}, a >0,
(7)

and

I Ly ()] = Af : f(2) = oI5 (@), p(x) € Lp(2),2 € 2}, a > 0.

Now we only list some results about I*[L,(€?)]; similar results can be derived for I**[L,(£2)].



In (L. J. ZHAo, W. H. DENG, AND J. S. HESTHAVEN, n.d.), Corollary 2.10 shows that actually if u(x) €
I%[L, ()], then BLDou(x) := D", 17~ “u(x) = D%u(z). Therefore, the following lemmas hold (L. J. ZHAO,
W. H. DENG, AND J. S. HESTHAVEN, n.d.).

If u(z) € I[L1(Q)], n — 1 < a < n, then

JoD%u(z) = ulx).
(9)

Let n — 1 < a < n. If u(z) € I*[La(Q)], v(x) € I**[L2(0)], then

(D%u(x), v(x)) = (u(z), D" v(z)).
(10)

Let a1 >0, ag > 0, a1 + ag = . If u(x) € I¥[L,(2)], then

D%u(x) = D' D*?u(x),
(11)

and

D u(z) € I [L,(Q)].

If u(z) € I*[L1(€2)], then there exists a unique ¢(x) € L1(2) (S. SAMKO, A. KiLBAS, AND O. MARICHEV,
n.d.; L. J. Zuao, W. H. DENG, AND J. S. HESTHAVEN, n.d.), such that u(z) = I%v(z). Using Lemma ,
we have

J2 u(@) DY p(x) dx
= [P uI2e(x) D () de
= [Pp(x) L IpD ¢(x) da
= [l p()o(x) du Vo (x) € C2°(92),



where the integrals make sense because of the Holder inequality || fgllz, < Ifllz, - llgllo. -

Because I*[L,(Q)] C I*[L1(Q)], p > 1, so, Egs. (9)-(13) still hold for I*[L,(€2)], p > 1. Therefore, we can
say that I*[L,(€)] is a Sobolev space.

Since for p > 1, I*[L,(2)] <= L, () (Theorem 2.6 in (S. SAMKO, A. KILBAS, AND O. MARICHEV, n.d.)),
i.e., (similar to Poincaré inequality (V. J. ERVIN AND J. P. Roop, n.d.))

e (b — a)a
lalze(@)lp < m\\@(iﬂ)l\p Vio(z) € Lyp(€).
We can introduce the norm in I*[L,(€2)] by
[w(@)[| o1z, 01 = llaDgu(@)]p-

(14)

In the later sections, we can see that actually, for a > 0, § > —1, v € R, functions (1+42)°+®Jy~®+(z) and
(1 —z)o+e Js+er=2(z) belong to I*[Ly(—1,1)] and I**[L,(—1,1)], respectively, where {J"(x)},—¢ denote
the Jacobi polynomials, which are defined by Rodrigues’ formula

(1= () = SO gy g gy

and they are orthogonal on [—1, 1] with respect to (1 — )7 (14 )" when o > —1, n > —1 (G. SZEGO, n.d.).

Let 0 < a < 3. If u(z) € L,y(Q), p = 1-&-%’ then

(algu(), oI5u(z)) = cos(ra) - || oL7u(x)|3 = cos(ra) - || oI5 u(2)|3-

(15)

Next, the Sobolev space with higher regularity can be defined (L. J. ZHao, W. H. DENG, AND J. S.
HESTHAVEN, n.d.):

The image space of a-th order left Riemann-Liouville fractional integrals on W™ P(Q) is defined as

WP Q)] = A{f - f(2) = oI ¢(x), p(x) € WTP(Q), 2 € QF
(16)

and with norm



| f (@) 10 pwmp () = DG f(@)lwme @)

where W™P(Q) is a given classical integer Sobolev space.

The relationships between the image spaces I* [W™P ()] and I** [IW"™P ()] are briefly listed in the following
lemmas, in which besides the case m = 0, the most interested cases is when p = 2 and W™?2(Q) = H™(Q).

(S. Samko, A. KiLBAs, AND O. MARICHEV, n.d.) When 0 < o < 1/p, and 1 < p < oo, then

H*P(Q) = [°[Ly ()] = I*[Lp(Q)] = I**[Ly(2)]-
(17)

When 1/p < a < 1/p+ 1, then

Hy " () = I [Ly () N I [Ly ()],
(18)

where

Hg?(Q) = {f : f(x) € H*P(Q), and f(a) = f(b) = 0},

HP(Q) = {f:3 g(x) € H*P(R), s.t. g(z)|,, = f(2)},

H*?(R) = {f(x) € Lp(R) : F~H[(1 +[¢]*) 2 FIf]] € Ly(R)}.

(L. J. Zuao, W. H. DENG, AND J. S. HESTHAVEN, n.d.) If 0 < a < 1, then



IAH™(Q)] N I [H™(Q)]
- {f Hf(x) € WI(Q), f(x) = of(x —a)"T7F), as w — a,

2
1—2a°

f(z) =o((b— x)m’Lo‘_%), as T — b}, q=

(19)

If%<a<1,then

19 (™ (@) 0 T (™ ()
- {f : f() € WMHLI(Q), f(z) = of(x — o)™ ), as x> a,

f(z) = o((b—z)™+e—3), asa:—>b}, =55

(20)

Denote Py () as the polynomials spaces of degree less than or equal to N on . Then I*[Py(Q)] :=
{f: f(z) =alSp(x),p(x) € Py(2),x € [Q]} is a subspace of 1%[L2(Q)].

Denote ITy as the orthogonal projection operator from Lo (€2) onto Py (€2). Then the following approximation
property holds:

(L. J. ZuAo, W. H. DENG, AND J. S. HESTHAVEN, n.d.) If o € (0,1) U (3,1), and u(z) € IZ, [H™(Q)],
then there exists a constant C' = C(a, Q,m), such that

lu = QRullza) < ONT"llDullm e,

(21)

where QY u(x) := I (IIn Dou) (z).
Variational formulations and spectral methods

We use the spaces of fractional integrals introduced above to design Galerkin spectral methods for solving
problem (1). Without loss of generality, we now restrict our attention to the interval Q = [—1, 1].

10



Variational formulations

In order to derive a variational form of (1), we firstly assume for the moment that u(z) is a sufficiently
smooth solution. By multiplying an arbitrary v(z) € C2°(€2), it can be obtained that

1

1
/ —(p-D%(z) + - D u(z)) - v(x) dz + dDu(z) - v(z) do = / h(z)v(z) dz.
—1 -1

(22)

Variational formulation I

Taking integration by parts for the left hand of (22), and noting that Du(z) = D2D?2u(z) for smooth u
with u(—1) = 0 by the definition of D” in(2), we can obtain

—;‘ifil Dl%u(z) .Dl%*v(a;) dz —q [*, D¥*u(z) - D¥u(z) do
+d fil D2u(z) - D2*v(x) dw = fil h(z)v(z) dz.
(23)

Denote .
D2 (Q) :=I%[La(Q)) N I2*[La()].

Now we define the associated bilinear form Bj : ‘1)1% (Q) x <I>1% (Q) = R for (1) as

Bi(u,v) :==—p <D%u,D%*v) —q (D%*U,D%U) +d- (D%wD%*v) .

For a given function h(z), which belongs to the dual space of Wg'**(Q) (H. BrEzis, 2010), and be denoted

as W19 (Q), where p; = ﬁ, Q= %, we define the associated linear functional F} : (1)1% (Q) > Ras

Fi(v) := (h,v),
(25)

where (-,-) is the duality pair of W =191 (Q) and W, " ().
By Lemma and formula (20) in Lemma , we can check that both (24) and (25) make sense.

Thus, the corresponding variational formulation of (1) can be defined as follows.

11



a

[Variational Formulation I] A function u(z) € ®2 () is a variational solution of problem (1) provided

a

Bi(u,v) = Fi(v) Yo(z) € 7 (Q).
(26)

The well-posedness of problem (26) is guaranteed by the well-known Lax-Milgram lemma. The continuity

of the bilinear form Bj(-,-) and the functional F; is obvious. The coercivity of By(-,+) in the space <I>1% (Q)
is guaranteed by Lemma .

Denote o
07 () = I% [Py ()] NI [Py (D).

Then the Galerkin approximation of (26) is: find uy n(z) € <I>1%)N(Q), such that

Bl(ul,NaULN) = Fl('Ul,N) VULN(I) S @EN(Q)
(27)

Variational formulation II

As a connecting link between the subsections above and below, we consider another kind of variational
formulation in which test functions bear stronger regularity limitation. Actually, for smooth solution u with
u(—=1) = u(l) = 0, and an arbitrary given v(z) € C°(Q2), instead of Eq. (23), we can get another formula
by taking integration by part for the left side of Eq. (22), as follows:

a—1 a+1

—ﬁfil DaT_lu(x) : DQTH*U(JC) dx — (jfil D 2 *u(z)-D 2 v(z)dz
ftffil u(x) - Dv(z)dx = fil h(z)v(z) dz.

(28)

Denote

a—1

;7 (@)= {f: f € I [La()], and f(-1) = £(1) = 0}
We now define another type of bilinear form B, : @2% () x @% (Q) — R for (1) as

Bs(u,v) :== —p (DQT_lu,DQTH*U> —q (DQTA*u,DQTHv) —d - (u, Dv).

(29)

12



For a given source term h(z), which belongs to the dual space of Wy ***(Q) (H. BREzIs, 2010), and be denoted

as W~142(Q), where py = %7 g =2

— )

afl
we define the associated linear functional Fy : ®;2 (2) — R as

F(v) := (h,v),
(30)

where (-,-) is the duality pair of W~142(Q) and W, ?* ().

By Lemma , formula (18) in Lemma , and formula (19) in Lemma , we can check that both (29) and (30)
make sense.

Thus, the corresponding variational formulation of (1) can be defined as follows.
a—1
[Variational Formulation II] A function u(x) € ®,2 () is a variational solution of problem (1) provided

a+1

Bs(u,v) = Fa(v) Vo(z) € &% (Q).

(31)

The well-posedness of problem (31) is guaranteed by the well-known inf-sup condition (I. BABUSKA AND A.
K. Aziz, n.d.).

It is not difficulty to see that the weak solution as well as the linear functional in (31) lie in weaker spaces
than the weak solution and the linear functional of (26) do; the classical solution can be recovered from both
(26) and (31) if w is smooth enough.

Denote
(=] —1

By % () = 17 [Py ()],

a—1

We can see that if f(z) € ®,3 (), then f(£+1) = 0.

)

Qa—-2

1
The Galerkin approximation of (31) is: find uz n(z) € ®, 3 (€2), such that

—

at

Ba(uz,n,v2,n) = Fa(vzn) Voo n(z) € @175 ().
(32)

Variational formulation ITI

Since by Lemma , when v > 1, I7[Py(Q)] # I7*[Py(Q)], it is not simple to manipulate I7[Py(22)] N
I[Py ()] during the numerical realization. One way to get rid of using it during the computation, is based

on the following splitting formula, which is equivalent to problem (1):

13



l(z) =p —1I;~*Du(x),
r(z) =q wI%_aDu(§)’
—D[l(z) + r(x)] + d - Du(x) = h(z),
u(—1) =u(l) = 0.
(33)

Similarly to the above discussions, by assuming for the moment that u(z) is a sufficiently smooth solution,
then multiplying the first three equalities of (33) separately by ¢¥1 € C®(Q), 2 € C°(Q), 3 € C(Q),
and taking integration by parts, we can get

[ @) (@) de = [1, DT u(z) - DTty (x) da,
[Mr@)a(z)de = g [1, DT u(z) - DT y(x) da,

L) NP0 = [ Do) = 'y i)
33

a—1 Aa—
If u(z) € ®,2 (), ¥1(z) and 2(x) belong to [°27 [Ly(Q)], then I(z) and r(z) belong to Ly, (—1,1),
Vs(z) € WyP*(~1,1), and h(z) € W12 (—1,1), where py = 72—, g2 = 2. In this case, (33) is actually the
same as Variational Formulation II ().

For the convenience of computation and implementation, we partially yield to the requirements on the
regularity in (28). Specifically, we define the third type of mixed variational formulation of (1) in the
following way:

a—1
[Variational Formulation III] Find u(z) € ®,2 (Q), I(x) € La(—1,1), and r(x) € La(—1,1), such that

(). 1(2)) =p (DT u(@). DT () =0 Vipn(a) € °5" [La(-1, 1)),
(r(2). ¥a(x) =@ (D7 *u(@). DT y(w)) =0 Vain(a) € 15" [La(-1, 1)),
(I(x) + r(z), Dps(x)) — d- (u(x), Dys(x)) = F3(¢s) Vis(x) € Hy(—1,1),

where for a given h(z) € H='(—1,1), F3 : H}(—1,1) — R is a linear functional defined as

Fs5(v) := (h,v),
(33)

14



and (-,-) is the duality pair of H=1(—1,1) and H}(—1,1).

We can see that the main difference between the weak formulae (31) and (33) is that the linear functional
h(zx) of later one lies in a bit smaller space than that of former one , and as a sequence, the weak solution
u(z) of (33) lies in a smaller space.

Denote
U n(Q)={f:f€Pn(), and f(-1) = f(1) =0}.

a—1

Then the Galerkin approximation of (33) is: find uz n(7) € ®, % (), In(z) € Pn(Q), and ry(z) € Py (),
such that

a—l a—l, po—1
(In,Y1,N)—D (DTU&MD 2 1P1,N) =0 Vi v € I"7 [Pn(Q)],

(rv,vo,n) —q (D%*UB,Na DQT4¢2,N) =0 Vo, N € j%[PN(Q)],

(In+rN,DyYs n) —d- (us v, DYs n) = Fs(¥3 n) Vi3 n € U3 v ().
(33)

Numerical implementation

In this paper, we mainly focus on designing the numerical schemes for the above variational formulations,
and leave the theoretical part in our future work.

We shall make use of the so-called Generalized Jacobi functions that we mentions in Remark and have been
widely used in other papers of spectral methods for fractional problem, such as (W. Y. TiaN, W. H. DENG,
AND Y. J. Wu, n.d.; C. L1, F. ZENG, AND F. L1U, n.d.; M. ZAYERNOURI AND G. E. KARNIADAKIS, n.d.;
S. CHEN, J. SHEN, AND L. L. WANG, 2016) and so on.

Recall the following formulas ((R. ASKEY, n.d.), p.20):

I 0 @) = e S () o),
(33)

(=P @) = o s e,
(33)

where a >0, > —1, v € R.

Using the properties
D Iy =1,

15



and
DY I =1,

we can get from formulae (33) and (33) respectively that

Da((l + $)§+QJ27Q’6+Q(£)) — F(]’:“(j; j__gi;‘")l) (1 + 33)6,];{’5(33),
(33)

Da*((l . x)6+an+a7“/fa(m)) _ F(;L(;: j_'gj‘_i‘)l) (1 . x)‘ng”(x).
(33)

Galerkin spectral scheme of Variational Formulation-I

For the discrete variational formulation (27), we construct two kinds of trial functions as

< r 1 o —2 o
O () = 117 Ly(x) = F(n(ZL-)O‘)(l +2)2J, > % (2), 0<n <N -1,
2
(33)
and
[ I'(n+1 a 2 _a
(bﬁn(x) = I7 Lp(z) = F(n(—i—l—l—)o‘)(l —xz)2J2 ?(x), 0<n<N-1,
2
(33)

where L, (z) = J2°(x), n > 0, are Legendre polynomials, which are orthogonal in the Lo sense (C. CANUTO,
A. QUARTERONI, M. Y. HussAINI, AND T. A. ZANG, n.d.; J. S. HESTHAVEN, S. GOTTLIEB, AND D.
GOTTLIEB, n.d.):

1
2
Ln Lm = n(smna n — ;
[ @) L) = s 0= 52

and take test functions as

v () = (1—}—3:)9;]1%Lk(a:), 0<k<N-1.

16



Denote

up, N (v Zuln¢1n

be the approximation of the exact solution u, and let

UlN% E “1n¢1n$z E U1m¢1mxz i=1,---,N,

(33)

for some given nodes {z; } ;.
Denote
L_q L L L T
uy = [u1,0aU1,1> T aul,N—l]

and AL and A as two N x N matrices with

(AD)ij = o7, 1(m), (Al)ij = o1 1 ().

R_[,R ,R R T
U = [U1,07u1,1a"' 7“1,N—1] )

Then (33) can be rewritten as

L R _.R
Ay ul—A1 u;’.

(33)

Use the properties of Legendre polynomials (J. S. HESTHAVEN, S. GOTTLIEB, AND D. GOTTLIEB, n.d.)

(2k + 1)Ly (z) = %(Lm(az) — Li—1(z)),
(33)

(33)

and Leibniz rule for fractional derivative (I. PODLUBNY, n.d.), we can obtain from (33) that

D2*v p(z) = {

17



(1+2)Li(2) + 57y (Lk1(z) — Le—1(2)), k=1,
(14 2)Li(z) + m(lj;ﬁl(x) - 1), k=0.

For computing the left fractional derivative of v1 i (z), we denote

o0

vik(@) = 3 (010 112 La().

n=0

(33)

Taking inner product with D%*Lm(x) in (33), using the orthogonality of Legendre polynomials and formulae
(33), (33), one obtains

wlR
|

1 I'(k+ 1)(m + 1)
)

Wik)m = (m T ) T+ i+a2T(m+i—a/2) ((1 + o)y S(x)"]"_??(x))'

Therefore, the matrix formulation of (27) is

—p-Mfuf —q- M{Puf +d- M uf =1,
(33)

where

(M1L)k+1,n+1
(La@), (1 4+ 2)Le(@) + 58 (L (@) = Liea (@)

o

= (Ln(@),2Li(®)) + Ye0nk + 3p51y Vhs10nk41 = Yo—10n k1), k=1

S

1L)1,n+1
Ln(z),(1+2)Lo(x) + § (L1(x) — 1))

(
(
(2 = Q)60 + ZE%6015
(
(

M) ki1 n41
Ly (z), Z::o(vl,k)mLm(x)) = (Ul,k>n *Tns

18



(M )k41,n41

(Diok, (@) D v(a))

_ T'(n+1)I'(k+1) .
- TI'(n+B+1)I'(k+B+1)
(=222 122 @), 1+ 27} @) - st 07 @),
and .
D(k +1) . -
(fl)k: W/l(lx)z(ler)h(x)J; 2(%) dl’,
p) _

with 8 = £, and M{ is calculated by using Leibniz rule for fractional derivative (I. PODLUBNY, n.d.).

It should be noted that all of these integrals in above formulations can be computed exactly by Gauss
quadrature or weighted Gauss quadrature.

Combined (33) with (33), we can get the final Galerkin spectral scheme of (27):

(pr@Mﬁ(AﬁwAh&Mf)uffl.

Petrov-Galerkin spectral scheme of Variational Formulation-II

For the discrete variational formulation (32), we construct the corresponding two kinds of trial functions as

a—1
¢5 o (x) == 112 Ly(x), 0<n<N-1,
(33)

and

¢§7l(l') : -70112 Ln($)7 OSTLSNilv

(33)

and take the corresponding test functions as
at1
var(x) == (1+x):1; 7 Li(x), 0<E<N-1.
(33)
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Denote
U2, ~( E Usg, n¢2 n

as the approximation of the exact solution u, and let

N—1
“2N$z § “2n¢2n$z E u2m¢2mx’b i=1,---,N,
m=0

(33)

for some given nodes {z;}¥ ;, and denote

L_ L L L T R_1, R ,R R T
Uy = [%,07“2,1»"' 7“2,1\771] y U = [U2,07U2,17"' 7“2,1\771] .

Similarly, there is

L. L R..R
Ay uy = Ay uy,

(33)

where AL and A are two N x N matrices with

(AD)ij = 0% ;i 1(z), (AD)ij; = o, 1 ().

Denote
> atl
vo k() =Y (vak)n —1Iz* Ln(2)
n=0
(33)

Again, by using Leibniz rule for fractional derivative (I. PODLUBNY, n.d.), we can get

_ 1 I'(k+1)T(m+1) af1 _an et o1
(V2,k)m = <m+ 2> Tk + 523)0(m — 221) ((1+:1:)J,C (2), Jm (z)),

and
a+1

D 2 Mg (x) = {

(1 914(0)+ ity (L)~ Licie) 52
(14 2)Ly(x) + 2(2k+1) (Lit1(x) — 1), k=0.

Thus, the Petrov-Galerkin spectral scheme of (32) is
(=P My — g Mg' (A5) ™! (A7) +d- M) ug =,
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where

(M) kg1m41
(La(@), (1+2)Lk(@) + 53ty (e (@) = Diea(@)) s k21,
(1- Oé)(sn’() + CXT%(STLJ, k=0;

(M3 k41m41

= (Ln(x)a ETO::O(UQ,k)mLm(l‘)) = (U27k)n *Yns

(M) jg1,n41

= (9hu(0),~Dun()

_ C(n+1)D(k+1)
- I'(n+B+1)T(k+5+1)
(0= 2P 122 ), (1 2) @) = e i W),

with g = O‘?*l, and
I'k+1 1 atl atl _atl
(£ = (+)3)/ (1—2)% (1+2)h@)],* "~ 2 (z)da.
2 —1

During the computation, it is found that the condition numbers of the stiffness matrix in the above two
schemes (33) and (33) are increasing as O(N?*). When « is close to 2, the condition numbers increase
fast, making the numerical solution sensitive to a small disturbance. The usual method to deal with ill-
conditioned system is precondition. However, the stiffness matrices here are full, which makes it difficult to
find an appropriate preconditioning matrix for them. While, at the cost of losing a bit of regularity for the
solution, the mixed Galerkin spectral system introduced below, instead, shows to be well-conditioned.

Mixed Galerkin spectral scheme of Variational Formulation-I11

For the discrete variational formulation (33), we obtain the matrix form by four steps.

Step 1: Similar to the previous two schemes, we construct two kinds of trial functions with left and right

. . . _ a—1.
fractional integrals with 8 = “5=:

o5 () = 1IL,(x)  0<n<N-1,
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OF . (2) =o' La(z)  0<n<N-1.

Denote
N-1
us3, N Z 3 n¢3 n
n=0
(33)

as the approximation of the exact solution u, and let
N-1
us, N (i) E u3n¢3nxl E U3m¢3m$z i=1,---,N,
m=0
f i d N d denot
or some given nodes {z;};-;, and denote
L_ 1 L L L T R_1 R R R T
I35 = [u3,0aus,1>"' vuS,N—l] , s = [U3,07u3,1a"' 7“3,N—1] .

(33)

Similarly, there is

Agls = A3'lg,
(33)

where AY = AL and AL = AL

Step 2: We deal with the first equation of (33). Take the trial functions of Iy (x) to be L,(x) + Lp41(z),
and denote
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Take the test function ¢y y(z) to be 1P Ly (x),0 < k < N — 1. Substituting them into (33), we have

S (La®) + Lt (@), P Lu@) = 5 3 0k (Lo, Li(o),
n=0 n=0

L¥ 1=pB-f,
(33)

where
Ll(c[i)l,nJrl = (Ln(x) + Ln+1(x)vaka(x))v 1= [107 lh,-- ’lN—l]T) B = diag(’yk).

Step 3: We deal with the second equation of (33). Take the trial functions of ry(x) to be (L, (z) — Ly41(x)),

and denote
N-1

ry(x) = Z Tn(Ln(2) — Lyt ().

n=0

Take the test function ¥ x(z) to be _1IZLi(x),0 < k < N — 1. Substituting them into (33), we have

N-1 N-1

> rn(Ln(@) = Loy (2), A1) Li(2) = @ Y ull, (Ln(@), Li()),

n=0 n=0
ie.,

R(ﬂ)'r:qB'}gzv
(33)
where
R}E;/i_)l,n_;'_l = (Ln(x) - Ln+1($), 71'[5-[’]6(1.))7 r= [7"0,7“17 e 7TN71]T’

Step 4: Finally we deal with the third equation of (33). Considering the condition 3 y(z) € H{(£2), we
take the test function to be Li_1(x) — Lgy1(x),1 < k < N. Substituting them into (33), we have

~CF1-CR.r+dM{F =3,

(33)

where
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Combining (33), (33), (33), and (33), we obtain the mixed Galerkin spectral scheme of (33) as

(—pM5 — gMF(AT) L AP + dMS )" =5
(33)

with

ME =ct@P)=B, M .=CcERP)IB.

Although we use four steps in the mixed Galerkin spectral scheme which seems a bit more complicated,
many matrices in this scheme are sparse and the elements are more convenient to be calculated than those
in the previous two schemes.

Here we make an rough explanation about the reason why we choose the basis functions of Iy (x) as L, (z) +
L, +1(x) which vanishing at = —1. Based on the first equation of (33), we find the left-hand side can be
reformed as

(33)

which means

a—1
olz? In=D"2 U3,N»

)

(33)

in the Lo sense. If [y (x) does not tend to zero as x — —1, then

a—1

DQTAU37N—>O<1—|—J}) z , x— —1;

On the contrary, the basis functions of uz y in (33) implies

3—a

Danlu&N%O(ler) T, xz— -1

which is contradict to each other. Therefore, we restrict i (z) to be zero at x = —1. Similarly, the basis
functions of ry(x) are chosen as L, (x) — L1 (x) that vanishing at x = 1.
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Numerical tests

In what follows, we provide some numerical results to verify the validity of our proposed three kinds of nu-
merical schemes—Galerkin spectral scheme, Petrov-Galerkin spectral scheme and, most impotently, mixed
Galerkin spectral scheme. For convenience, we denote them as Scheme 1, Scheme 2 and Scheme 3, respec-
tively, in this section.

We firstly consider a one-sided problem to verify the effectiveness of our numerical schemes. More precisely,

let p=1and g=d=0in (1), i.e.,

—1DZu(x) = h(z).
(33)

We choose the exact solution to be

R

_ (z+1)%t

Tars) [-1,0],
22313 _ w+1)3+%
(33)

so that the source term is

1)3-%
_(??41%2 [—1,0],
1=y (U
(33)

After applying $-order fractional derivative, the solution has a finite regularity at the point z = 0, i.e.,

v(x) = 1D u(z) = {

2+1)3
_(I:(Fi)) [_170]3
23— (m+1)®
% (0,1].
(33)

In fact, v(z) € H3 27¢[—1,1], for € > 0, since
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We plot the Ly error vs the polynomial degree N for a = 1.3 and o = 1.6 in Figure 1, and find that the
convergence order is around N3, Although the convergence orders of the three schemes look similar, the
magnitude of the error of Scheme 3 is smaller than the other ones.

figures/Examplel-1/Examplel-1-eps-converted-to.pdf

Figure 1: The numerical Lo errors of Example 33 vs the polynomial degree N for three different schemes
with & = 1.3 in (a) and a = 1.6 in (b).

In this example, we apply the three schemes to the fractional Laplacian equation in one dimension case, i.e.,
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(33)

For the source term h(x) =1 in (—1,1), the exact solution is (R. K. GETOOR, 1961)

2-or(}

L ) —22)%/? in (-
e

The numerical tests for this fractional Laplacian equation are presented in Figure 2. We find that the errors
all decay algebraically (about O(N~2)), which implies our proposed three schemes are all valid not only for

€ (1,2), but also for the whole range of a € (0,2). In addition, we can see that even for the solution u(z)
with low regularity such as in (33), all of the three schemes show a good convergence result.

figures/Example3-1/Example3-1-eps-converted-to.pdf

Figure 2: The numerical Ls errors of Example 33 vs the polynomial degree N with three different schemes
in (a), (b) and (c), respectively.
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In this example, we verify the spectral convergence of Scheme 1 and Scheme 2 for the two-sided fractional
diffusion equation with drift. Consider (1) with p =g = % and d =1, i.e.,

5 (DEu(@) + . Difue) + () = h(a).

(33)

For a given «, the exact solutions for Scheme 1 and Scheme 2 are assumed to be with different forms, which
are

respectively.

The numerical results for different a are shown in Figure 3, where spectral convergence can be observed
when N > 10 for both Scheme 1 and Scheme 2. We do not observe spectral convergence for Scheme 3. This
might due to the three sub-equations with their individual trail functions we choose in Scheme 3. On the
other hand, the advantage of Scheme 3 comes from its low condition number for all a € (0,2), which will be
illustrated in detail in the next example.
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figures/Example5-1/Example5-1-eps-converted-to.pdf

Figure 3: The numerical Lo errors Example 33 vs the polynomial degree N with @ = 1.2,1.4,1.6 for Scheme
1in (a) and Scheme 2 in (b).

Considering the same problem as Eq. (33), we illustrate the condition number of the coefficient matrix for
three schemes when solving problem (33) with a = 0.5,1.5,1.9.

As shown in Figure 4, the condition numbers of Scheme 1 and Scheme 2 grow as fast as O(N?®), and even
faster when a = 0.5. But the condition numbers of Scheme 3 grow as O(N®), which is much more moderate
than the other two schemes.
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figures/conditionl/conditionl-eps-converted-to.pdf

Figure 4: The condition number versus polynomial degree N of three schemes when solving Example 33
with a = 0.5,1.5,1.9.

Besides the previous examples with special solutions, now we take some numerical tests with high regularities.
We use Scheme 1 to solve the same problem as Eq. (33). Three different exact solution with different
regularities are assumed to be

(33)

The associated forcing term h(z) cannot be given analytically. Instead, we compute h(x) numerically at
each Gauss quadrature nodes x;. We plot the Ly error vs the polynomial degree N for different values of
a € (0,2) in Figure 5, where « is taken to be 0.2,0.7,1.3,1.8 and N is from 4 to 60. The errors show an
algebraical decay and they are independent of the value of «, only depend on the regularity of the exact
solution u.
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figures/schemel-22/schemel-22-eps-converted-to.pdf

Figure 5: The numerical Lo errors of Example 33 vs the polynomial degree N with Scheme 1. (a), (b) and
(c) show the errors decay algebraically when oo = 0.2,0.7,1.3,1.8, with the exact solution being u;, us, us in
(33), respectively.

We consider the same problem as Eq. (33), but using Scheme 2. The numerical results are shown in Figure
6.
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figures/scheme2-22/scheme2-22-eps-converted-to.pdf

Figure 6: The numerical Lo errors of Example 33 vs the polynomial degree N with Scheme 2. (a), (b) and
(c) show the errors decay algebraically when oo = 0.2,0.7,1.3,1.8, with the exact solution being u;, us, us in
(33), respectively.

We consider the same problem as Eq. (33), but using Scheme 3. The numerical results are shown in Figure
7.
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figures/scheme3-22/scheme3-22-eps-converted-to.pdf

Figure 7: The numerical Lo errors of Example 33 vs the polynomial degree N with Scheme 3. (a), (b) and
(c) show the errors decay algebraically when oo = 0.2,0.7,1.3,1.8, with the exact solution being u;, us, us in
(33), respectively.

Comparing the three Figures with three different schemes, we find that they are all effective to any « € (0, 2).
For a general exact solution, their rates of convergence depend on the regularity of the solution on both sides.

Since the solution of the Eq. (1) can be solved numerically with the three schemes we proposed in this paper,
some interesting phenomena can be observed by analysing the numerical solution. One typical example is
that if the source term h(x) in Eq. (1) taken to be —1, the solution u(z) represents the mean first exit time
of the particle starting at position « € (—1,1) when leaving the domain [—1,1] (W. H. DENgG, X. C. Wu,
AND W. L. WANG, 2017).

Now, we firstly consider the mean first exit time of free diffusive particles at any given position z € (—1,1).
By taking p = ¢ = 1/2 and the source term h(z) = cos(ma/2), we obtain the equivalent equation

(=A)*2y(z) = —1.
(33)

The numerical results for different o are shown in the left graph of Figure 8. One can observe that: the
mean first exit time increases as « decreases; for each fixed «, it costs more time for the particles in the
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middle part than those at near the boundary—all of these phenomenons are compatible with expectation.
Next, we consider the effect of the drift term on the mean first exist time, by taking d = cos(mwa/2) which
yields a drift to the left. Then the equation becomes

(=A)*2u(z) — o' (z) = —1.
(33)

The corresponding results are demonstrated in the right graph of Figure 8. In this case, under the effect of
the drift, the particles are more likely to leave the domain from the left side. In other words, it takes more
time for the particles at the right part to leave the domain. If one particle starts at the very right part (near
the right boundary), however, the diffusion behavior works and makes the particle leave the right boundary
in a moment time.

figures/Example8-1/Example8-1-eps-converted-to.pdf

Figure 8: The graph of solution u(z) of Example 33 with = 0.2,0.7,1.3,1.8. Here, u(z) represents the
mean first exit time of the particle starting at position 2 € (—1,1) when leaving this domain.
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Conclusion

In this paper, we discuss spectral approximations in the weak sense for solving a two-sided fractional dif-
ferential equation with drift, in which the fractional operators are physically well-defined (V. J. ERVIN,
N. HEUER, AND J. P. Roop, 2018). Three kinds of spectral formulae, namely Galerkin spectral formu-
lation, Petrov-Galerkin spectral formulation, and mixed Galerkin spectral formulation, are proposed step
by step. Then their corresponding spectral Galerkin schemes are derived. The significant advantage of the
mixed Galerkin spectral scheme is that its condition number grows as O(N?), compared with the other
two schemes, whose condition numbers grow as fast as O(N2®). We compare these three kinds of schemes
through several numerical experiments. All of them turn out to be effective for different problems, especially
also for the fractional Laplacian with generalized Dirichlet boundary conditions, the fractional order of which
is a € (0,2), not only having to be limited in (1,2). What is more, considering the physical meanings of the
fractional differential equation with drift, one interesting physical quantity, mean first exit time, is computed
and discussed in this paper. More related theoretical analysis will be discussed in our future work.
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