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Abstract: The Klein-Gordon-Maxwell system has received great attention in the community of
mathematical physics. Under a special superlinear condition on the nonlinear term, the existence of
solution for the critical Klein-Gordon-Maxwell system with a steep potential well has been solved. In
this paper, under two general superlinear conditions, we obtain the existence of ground state solution
for the critical Klein-Gordon-Maxwell system with a steep potential well. The general superlinear
conditions bring challenge in proving the boundedness of Cerami sequence, which is a key step in
the proof of the existence. To solve this, we construct a Pohozaev identity and adopt some analytical
techniques. Our results extend the previous results in the literature.
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1. Introduction

The Klein-Gordon-Maxwell (KGM) system [1, 2] describes the solitary waves for the nonlinear
Klein-Gordon equation interacting with an electromagnetic field. It is widely employed in many
mathematical physics contexts, such as quantum electrodynamics, semiconductor theory, nonlinear
optics and plasma physics. In this paper, we will investigate the existence of solution for two cases of
critical Klein-Gordon-Maxwell system with steep potential well.

To review the existing work, we start with the following KGM system:

—Bu+ [ = (@ + @) |u=fOruw),  xeR, (1.1)
A¢:(w+¢)u2, xeR3.

where m, w > 0 are constants, standing for the particle’s mass and the phase, respectively; ¢ : R® —» R
and f : R* x R — R defines the electric potential and the nonlinear term of the particle’s field u,
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respectively. The nonlinear term f describes the interaction between unknown particles or external
nonlinear perturbations. If f does not explicitly depend on x, but only on u, we say f is autonomous.

When f(x,u) = |u“?u, Benci and Fortunato [1] proved that (1.1) has infinitely many radially
symmetric solutions if 4 < g < 6 and |m| > |w|; D’ Aprile and Mugnai [3] proved that (1.1) has no
solution if ¢ > 6 or g < 2; further, Azzollini and Pomponio [4] studied the existence of a ground state
solution for (1.1) when one of the following conditions holds:
(i)4<g<6andm > w;
()2 <g<4dandm+/g—2 > w+6—g.

Cassani [5] also considered (1.1), but with f(x,u) = ulu|?>u + u°, where u > 0 is a constant,
4 < g < 6. Cassani stated that a suffiently large u plays an important role in ensuring the existence of
solutions.

Some researchers studied the following critical KGM system with non-constant potentials.
Carrido et al. [6] proved the existence of positive ground state solutions for the following critical KGM
system:

—Au+V(x)u—-Qw + ¢)pu = p|u|q_2u + u* 2u, x e R, (12)
Ap = (w + P)u?, xeR’, '
where 4 > 0,2 < g < 6,2" =6, Vis periodical in x and satisfies the following conditions:
(V) V € C(R3,R), V(x) = Vo > 0, x € R?, where Vo > 2520 if 2 < g < 4.
Tang et al. [7] considered a similar system, but with a more general nonlinear term:
—Au+Vxu - Qw+ ¢)pu = ufw) +u’, xeR, (13)
A = (w + P’ x€R’. '

Suppose that V satisfies:
(V2) V € C(R3,R), V(x) > Vy > 0and V(x) is I-periodic in x,, x, and x3;
and f satisfies the following conditions:
(F1) f € CR,R), f(t) = o(|t]) as t — 0 and £(t) = o(|t]) as |t| — oo;
(F2) there exists a constant 6 € (2,6) such that f(t)t > 0F(t) fort € R and F(t) > 0 fort > 0, where
F() = [} f(s)ds;
(F3) if 0 € (2,4] in (F2), then F(t) > at® for some @ > 0and s € (2,4]) and all t > 1.
Then the system of (1.3) has a ground state solution provided one of the following conditions holds:
(i)d<6O<6andu>0;
(1) 0 =4 and u > pop;
i)2<60<4,0<w< 2_@;9_—62)‘/0 and u > o, where g is a positive constant determined by V, a and. s.
Liu et al. [8] considered the following KGM system:

(1.4)

—Au+ (AAx) + Du — Qw + ¢)dpu = f(x,u), xeR3,
A¢ = (w + (/’)Mz, x €R3,

where AA(x) + 1 is the steep potential well, and A satisfies the following conditions (originally
introduced in [9]):

(A1) A € C(R?,R), A(x) > 0 for all x € R? and Q := A~(0) is nonempty;

(A2) There exists My > 0 such that meas {x eR}:A(x) < MO} < 400.
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If A satisfies (A1), (A2) and f satisfies
(f0) there exists 6 € (2, 00) such that 0 < OF(x,t) < f(x,Dt, Y(x,1) € R? X R, F(x,1) := fot f(s)ds, Liu
et al. [8] proved that (1.4) has a ground state solution if one of the following conditions holds:
(1) 8 € [4, 0); or
(i) 0 € (2,4) and w € (0,2V2(0 - 2)/(4 — 6)).

Zhang et al. [10] further studied (1.4) with an autonomous nonlinear term, e.g., f(x,u) = f(u). By
imposing an additional condition on A:
(A3) (VA(x),x) > 0 for all x € R® and there exists ¢ € [0,1) such that (VA(x), x) < 2/11|9x|2 for all
x € R3\{0}.

Zhang et al. [10] extended the range of w for which the ground state solution of (1.4) exists.

Zhang [11] also investigated a special case of (1.4), e.g., f(x,u) = uf(u) +u°. The special system is

{—Au + (A + Du - Qu + ¢)du = uf(w) +u’,  xe€R3, 0s)

A¢ = (CL) + ¢)u2’ X € R3,

where A, u > 0 are positive parameters, w > 0 is a constant and f : R — R is a superlinear function,
satisfying:

(f1) f € CRY,R), () = 0 and lim,_o- 22 = lim,_, o £ = 0;

(f2) f(H)t — 4F(t) = O, where F(t) := fot f(s)ds. Moreover, there exist 8 € (4,6), D > 0 and p > 0 such
that F(t) > 5’ for t > p.

If A satisfies (A1) and (A2), while f satisfies (f1) and (f2), Zhang [11] concluded that (1.5) has a
ground state solution. For more results about KGM equctions, we refer to [12—15]. For more results
about elliptic equations with critical growth or various potentials, we refer to [16—18].

Comparing the conditions (f1)—(f2) (used in Zhang [11]) with (F1)—(F3) (used in Tang [7]), we find
that, (f1) is essentially the same as (F1) for the positive ground state solutions; while the inequality
f(Ot —4F(@) > 0 in (f2) is a special case of the inequality f(f)t > 6F(t) with 6 = 4 in (F2),
and the exponentially increasing property in (f2) is stronger than that in (F3). Therefore, we apply
the conditions (F1)—(F3) rather than (f1)—(f2) to the nonlinear function f in (1.5) and its following

extension:

{—Au + (AA(x) + Du — Qw + ¢)pu = K(x) f(u) + w, x € R3, (1.6)

A¢ = ((’U + ¢)M2a X € R3,

and give results about the existence of ground state solution. Note that, in (1.6), we use a potential K,
instead of the constant x in (1.5). Assume K : R? — R satisfies the following assumptions:
(K1) K € C(R%,R), 0 < K := inf s K(x) < K(x) < Ko := sup 3 K(x) < o0 for all x € R?;
(K2) (VK(x), x) < 0 for all x € R>.
For A, instead of (A3), we apply the following weaker condition:
(A3) (VA(x),x) 2 0 for all x € R>.
Our first result is as follows.

Theorem 1.1. Assume that A satisfies (Al), (A2) and (A3’), f satisfies (F1)—(F3), then problem (1.5)
has a ground state solution when one of the following conditions holds:

1)4<0<6andu>0;

()3 <60<4dandu > uy;

(i) 2 <0< 3,0 < w < X240

o and p1 > o,
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where p is a positive constant determined by A, @ and s.

Theorem 1.2. Assume that A satisfies (Al), (A2) and (A3’), f satisfies (F1)—-(F3) and K satisfies
(K1)—(K2), then problem (1.6) has a ground state solution when one of the following conditions holds:
1)4<6<6;

(i1)3<60<4;

(i) 2 < 0 <3and 0 < w < Y20,

Remark 1.3. After we replaced (f2) with (F2) and (F3), the following function still satisfies (F2) and
(F3) but not (f2):

flu) = u*>.
Remark 1.4. Let K(x) = JW + 1 with a,& > 0. It is easy to verify that K satisfies (K1) and (K2).
There seems no results dealing with the nonlinearity which is combined with K and f in the existing

results by using PohoZaev identity since it is difficult to prove the compactness of functional associated
with problem (1.6).

The paper is organized as follows. In Section 2, some preliminary results are presented. In Section 3,
we give the proof of Theorem 1.1. At last, the proof of Theorem 1.2 is given in Section 4.

2. Preliminaries

In this section, we will introduce some notations and lemmas which will be used in the proof of our
theorems.

C,’s denote positive constants used in different place; Br(x) = {y € R? : |y — x| < R} denotes a
neighborhood (with radius R) of the point x; H'(R?) is the usual Sobolev space equipped with the inner
product and norm (u, v) = fR3(Vu-Vv+uv)dx, lull = (u, )%, Yu,v € H'R3); |lull, = (fR3 [ul*dx)"/*(1 <
s < 00) is the standard norm of the Lebesgue space L*(R?). Let D'*(R?) be the completion of Cy°(R?)

endow with the norm ||u||%)L2 ®) " fR3 [Vu|’dx. Define E as the variational space

E := {u eH' (R3) : f A(x)uldx < +0<>},
R3
equipped with the norm
llul> = f |IVul’ + (A(x) + 1?|dx, VueE, (2.1)
R3

where A satisfies (A1) and (A2). By (A1), (A2) and the Poincaré inequality, E < H'(R?)is continuous
for any s € [2, 6], and there exists y; > 0 such that

1/s
lluells = (f3 Iulst) < ysllull, YuekE.
R

Lemma 2.1. ([3]) Forany u € H' (R3), there exists a unique ¢ = ¢, € D"? (R3) which satisfies:
—Ap + PP = —wi.
Moreover, the map I : u € H'(R*) — ¢, € D' (R3) is continuously differentiable, and
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(i) —w < ¢, < 0 on the set {x e RYu(x) # O};

(i) lgullpr2 < Cllully and fRs \puli*dx < Cllullf, s < Cllully.

Lemma 2.2. ( [4]) If u, — u in H'(R?), then passing to a subsequence, ¢,, — ¢, in D'*(R?). As a
consequence I'(u,) — I'(u) in the sense of distributions.

3. Proof of Theorem 1.1

Similar to the argument in [3], we define the functional J,(u) : E — R associated with (1.5) by
1 1
) = = f |IVulP + (AA) + Di? - w | dx - f pFudx — = f ubdx, VueE. (3.1)
2 R3 R3 6 R3
By Lemmas 2.1 and 2.2, J, € C'(E,R), we have
(Jy(w), vy = f [Vu - Vv + (1A(x) + Duv]dx — f [Qw + ¢ )pu + uf(u) + wlvdx, Y u,v e E. (3.2)
R3 R3

Let M := {u € H'(R*)\{0} : J)(u) = 0} be the collection of the critical points of J,. Any critical
point u of J, satisfies the following Pohozaev identity [3]:

Pyu)= | [Vuldx+ f [314(x) + 1) + KVA), x) - Swé, - 247 u’dx
& R (3.3)
- f (6uF (1) + u®)dx = 0.
R3

Let 1
L) = (Jy(u), u) — EPa(u)
1 1
= EIIVuH% ~3 f [(AA(x) + 1) + AVA(x), x) — wé,Ju’dx (3.4)
R3

+u f (BF(u) — f(u)u)dx — ! f uldsx.
R3 2 R3
Then, I;(u) =0,¥Y u e M.

Lemma 3.1. Assume that (F1)-(F2) and (A1)—(A2) hold. Then there exist a sequence {u,} C H'(R?)
satisfying:

Ju(uy) = ci >0, NIJ3)l(1 + [lu,]) = 0 and  I;(u,) — 0, (3.5)
where
cy = in’rf max L(y®), T ={yecC(0,1],H'(R?): y(0) = 0and J,(y(1)) < O}. (3.6)
yel t€l0,
Proof. The proof of Lemma 3.1 is similar to [19, Theorem 2.2], so we omit it here. O

In the following, we first estimate the upper bound of critical value ¢, and prove the mountain pass
geometry of energy function J, by using Brézis-Nirenberg techique [19]. Then we give the proof of
Theorem 1.1.

Lemma 3.2. Assume that (F1)-(F3) and (A1)-(A2) hold. If one of the following conditions holds:
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(i)d<b<6andu>0;
Gi)2 <0< 4andu> o,

Then, we have ¢, < 35%2, where S is the best Sobolev constant for the embedding D'*(R?) —
LO(R?) and py is a positive constant given in (3.28).

Proof. From (A1), there exists e € E\{0O} such that the support of e is in 2. Hence, we get

1 1 1
c; <max J,(te) < max|— f (|Vel> + €*)dx — —f w</>,e62dx —,uf F(te)dx — —f eSdx|. (3.7)
20 =0 \2 R3 2 R3 R3 6 R3

If4 < 6 < 6in (F2), then (F1) and (F2) imply that, there exist constants 3;,3, > 0 such that
F(u) > Bilul’ = Bou®, YueR. (3.9)

By (3.7), (3.8) and Bg(0) C Byx(0) C €, and the same deduction in [6, Lemma 3.5], we can easily
prove the inequality ¢, < 152 if the condition (i) is true.
Next, we consider the condition (ii). For any € > 0, define the following extremal function

(3e)/*

3
W, xeR’, (39)

we(x) =

for the embedding D'*(R?) — LS(R?).

Let
2/3
IVwell3 (V3 2
S = ||WE||§ = 7 T, (310)
1, r€ [0, 1),
¢(}"): 2_r’ re [1a2)7 GC([O’OO)’ [O, 1])$ (311)
0, r € [2, +00).
and e.(x) = ¢(|xwe(x).
By simple computation, we have
Vedl? < S3% + 4n(41n2 — 1) V3e'/? := §3% 4 C (€', (3.12)
2 2
llecll3 < 4n(3e)‘/2f - : —dr < 8 V3ne'”, (3.13)
0
1
. 35/4 - (6-5)/4 r 3\l 6914 ._ (o (6-5)/4
4.3 e T+ /zdrz (4) e = Che (3.14)
0 re)}
and
ledlS > $32 —9V3re?, VO <e<1. (3.15)
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By (F2), (3.12)—(3.15) and Lemma 2.1, we have

6

—llecllS
xeR3 6

2 {
Ja(tee) < 0 [IIWEII% + (/1 sup A(x) + 1) llecll5 + wzllesllg] — U f3 F(tec)dx —
R

t2 10
<3 [53/2 + (c1 +8V3n (/l sup A(x) + 1+ wz)) 61/2] —~ g(53/2 ~9V3r€e?)
x€eR
1 14, ~1/4
3'%te
3/2 2
— 47'[’[,[6 \fOV r'F m)d? (316)
o 1 3V3
=[=-=|8*"?+-|C, + 8 V3r AsupA(x)+ 1+ W’ || € + ﬁeg’/zﬁ
2 6 2 x€R3 2
1 14, ~1/4
3'%te
3/2 2
- 47‘[/.16 ﬁ r'F m)dr
Set
_ ) s3
A =AsupAx)+ 1 +w°, € := - . (3.17)
xeR? (C, +8V37A + 18 V37)?
Then (3.10) implies that 0 < ¢ < 1.
Define the following function:
2 _ 1
ot) = 3 |57 + (€1 + 8 V3rA)e' 2| - < (8% -9V3re?), Vi 0. (3.18)

For any 0 < € < g, we can easily prove that ¢(f) is increasing on [0,27!/4] and decreasing on [2!/4, o).
To obtain the desired conclusion, we consider the following three cases:

DO<t <27V 2)t>2V4 (3) 2714 <1 <214,

Case 1: 0 <1 <274 By (3.16) and (3.18), we have

Tated) < (271"

3 3 12v2 22 42 (3.19)
1 1 5
=S —[-———|S$"+hi(e), Y0<e<e.
3 (6 24«/5) Hl© sesQ
Set
2
2(L - 5 _) g3
€ = -5 (3.20)

(€1 +8V3nA + 1)

We can easily prove that 4;(e) < 0 for all 0 < € < min{¢, €}. This result, together with (3.19),
imply that

1
sup Jy(te)) < =S*?%, V0 < e < min{e, €. (3.21)
1€[0,2-1/4] 3
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Case 2: ¢t > 2!/4. By (3.16) and (3.18), we have
Ja(te) < ')

_Laap (1 V2 3/2 V2(C, + 8 V3rA) 12 3/2
= 3S (3 6 S+ 7 €'? + 3Verne (3.22)
Lo (1 V2 3/2
=83 2 < &.
3S (6 B S+ hy(e), VYVO0<e<g
Set )
2 (L - 22) g3
6 = (- 77) (3.23)

(C1 +83rA+6V3n)

We can easily prove that /,(e) < 0 for all 0 < € < min{¢, &}. This result, together with (3.22),
implies

1
sup  Jy(te,) < 333/2, V 0 < € < min{e), &). (3.24)

te[21/4,00)

Case 3: 274 <t < 24, From (F3), (3.14) and (3.16), we obtain
V2(Cy + 8 V3nA) €'? + 3Vore?

1
J(te) < §53/2 +

2
3 s/4 1 rZ
4.2 rauec o4 f _ "
(2) K 0 (1 + r2)s2 (3.25)
3 2 2s/4 ’
V2 < <2 0<e< %
Set 5
2(L - 5_) g3
€ = G-7e) (3.26)

(€1 +8V3rA+18V3r)

Hence, we have 0 < €5 < min{3/8, €y, €1, &} < 1. By (3.25), we have

1
sup  Jy(tey,) < =832 (3.27)
te(2-1/4 2174y ) 3
provided
V2(C, + 8 V37A) + 6 Vér ~
1= o = 1 o (2e3)0 914, (3.28)
2

where positive constants Cy,C, and € are given by (3.12), (3.14) and (3.26). From (3.21), (3.24),
(3.27) and the definition of c¢,, we have

1
ca < sup Jy(tee,) < §S3/2, Y u > . (3.29)
>0

O
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Now we prove that the Cerami sequence obtained in Lemma 3.1 is bounded.

Lemma 3.3. Suppose that (F2), (A1) and (A3’) hold. Then any Cerami sequence {u,} ¢ H'(R?) given
in (3.5) is bounded.

Proof. If 6 € [4,6), by (3.1), (3.2), (3.5) and Lemma 2.1, we have
1
cy+ 0(1) = ]/l(un) - 5(.]/,1(””), un>

= (% - %) fR |IVual® + (QAG) + D | dx

g_l l ) l ~
+ LS [(9 2)w¢un + 9¢un] und'x U j}; [gf(un)un F(Mn)] dx (330)

11 ]
S d
+(9 6)\[Rsl/lnx

> (% - é) fR 3 |IVul? + (AAx) + D | dx.

From (2.1), (3.30) and A > 1, we conclude that {u,} is bounded in £ when 6 € [4, 6) in (F2).
If6 € (2,4), by (3.1), (3.2), (3.4) and (3.5), we have

-4 2-6
cy+o(l) = Jy(u,) + m(h(urz), Up) + 6—_91/1(%)
6-2 2
- - f AAR) + Diddx + —— | [Fun)un — OF ()] dx
6 - 9 R3 6 - 9 R3
1 ) (3.31)
2.2
* 575 23 - Ows,, + (4 - 0)], |uldx + 3 fR updx
y o2 MVA(x), xyild
X), xyu dx.
2(6 - 9) R3 ’ "
To prove the boundedness of fR3 (AA(x) + l)u,%dx, we consider the following two cases:
Case 1: 3 <0 < 4. From Lemma 2.1, we have
263 -Ows+ @ -0)s*20, Y-w<s<0. (3.32)

Then by (3.31), (3.32), (F2) and (A3’), we conclude that fR3 (AA(x) + 1)u%dx is bounded.

Case 2: 6 € (2,3) and w € (0, V(6 —2)(4 —0)/(3 — 6)). A direct computation leads to the following
inequalities:

3 - 6)?
2B -Ows+ (4 —-0)s* +0-2 > —(4 Y02

0 ;04 0) — (3 — 0)%w> (3.33)
_0=9E -9 -G -0 g l-w.0l.

4-6
Then from (3.31), (3.33), (F2) and (A3’), we have

0-2 (0-2)(4—6)— (3 —6) >
6-6 4-6)(6-0)

cyp+o(l) > min{

} f (AA(x) + Duldx. (3.34)
R3
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Hence, fR3 (AA(x) + l)u,%dx is bounded when 6 € (2,4).
From the derivation above, we can also conclude that fR3 uﬁdx is bounded. Therefore, from
Lemma 2.1, there exists a constant C; > 0 such that

0<- f we,, u>dx < Cj. (3.35)
R3
From (3.1), (3.2), (3.5) and (3.35), we get
1
ci+o(l) = J(u,) - 5<J2(un), Up)

= (% - %) fR 3 |IVual® + (QAG) + D | dx

2_1 1.1, f 1 ~
+ ng [(9 2) w¢un + 9¢un] undx + M . |:9f(un)un F(Mn)] dx (336)

+($—é)£@u2dx
11 2 1
> (E - 5) fRz |IVual® + (AAG) + D | dx - (5 = 5)03'

It follows from (3.36) that fR3 |Vu,|>dx is bounded. Thus, {u,} is bounded in E when 8 € (2,4). O

Remark 3.4. In the case of 6 € (2,4), it is difficult to prove the boundedness of Cerami sequence by
using the PohoZaev identity due to the presence of the non-constant potential A in (1.5). Thus, we solve
this difficulty by applying the condition (A3’) and some analytical skills.

Using Lemmas 3.1-3.3, we can prove Theorem 1.1.

Proof of Theorem 1.1. First, we prove that M # 0. From Lemma 3.1, there exist a sequence {u,} C
H'(R?) satisfying (3.5). By Lemma 3.3, we have {1, } is bounded in E. Assume that

lim sup f |u,*dx = 0 (3.37)
B1(y)

n—oo y€R3

hold. By Lions’ concentration compactness principle [20, Lemma 1.21], u, — 0 in L*(R?) for all
s € (2,6). From (F1), (3.2) and Lemma 2.1, one has

o(1) = (Ji(un), tty) > f |IVul? + (QAG) + Dl | dx - f fu)udx — f uSdx + o(1)
N & R (3.38)

> f [IVul? + (QAG) + Dl | dx - f ubdx + o(1).
RS RS

Then, from Lemma 3.3 and ¢; > 0, we assume that there exists a constant / > O such that

lim [ [IVul® + (QAG) + D | dx = 1, (3.39)

n—oo R3
together with (3.38), we have lim,,_, fR3 ugdx > [. By (3.38), (3.39) and Sobolev inequality, we get
that

1> 832, (3.40)
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Then, by (3.1), (3.2), (3.5), (3.40), Lemmas 2.1 and 3.2, we have

1

3S3/2>c = hm J(uy) — <J (), u)| > =1 > =832, (3.41)

L»-)I»—
W —

This is a contradiction. Then there exists k > 0 such that lim,,_,, sup,, cgs fB. o) lu,l*dx = k > 0. For
R > 0, set '

Ap = {xeR*:|x| > R,A(x) > My}, Dr:={xeR’:|x] >R, A(x) < Mp).
From (A2) and Lemma 3.3, there exists a constant C, > 0 such that

C
f uldx < f (1 + A uldx < ———,

4C4

when n — co. Taking 4 > —=*, we have

C C
f wdx< —— < =4+ <L (3.42)
Ag 1+ AM, AM, 4

uniformly in n. Combining Holder and Sobolev inequality, we obtain

2s (s-2)/s
f updx = (f |Mn|sdx) (f ldx) < Cy(meas(Dg))*275,
Dg Dg Dg

where s € (2, 6]. Since meas(Dg) — 0 as R — 0 by (A2), for any 6 > 0 and taking 6 < 7, there exists
R* such that R > R*, and we obtain
f Wdx < = (3.43)
Dx S 4

uniformly in n. From u, — 0 in L; = with s € (2,6), (3.42) and (3.43), we have

k = lim sup f u,|*dx < limf |un>dx
" yueR3 JBi () n=0 JRy

:lim( lu,|>dx + |u,,|2dx)
Bg B,

n—oo

= lim (f uﬁdx+f uidx) < 2
n—oo Ar Dr

This is a contradiction. Hence, there exists u € E\{0} such that J(u) = 0. Then u € M.

Set m := inf,ep Ja(u). Let {it,} C M be such that J,(it,) — m and J(it,) = 0 as n — oco. Passing to
a subsequence, we have i1, — it in E, i1, — @t in LfOC(R3), s € [1,6) and i1, — it a.e. in R}. Moreover,
by Lemma 2.2 and a standard argument, we have J',(it) = I;(it) = 0 and J,(it) > m.
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Now, we should prove J,(it) = m. If 6 € [4,6), from (3.1), (3.2), Lemma 2.1 and Fatou’s Lemma,
we have

1
m = lim [Ja(b“tn) - 5(%(%), ft,&]

L 1 1 o . 1 1 >
= ,E?o {(E - 5) fM [qunl dx + (1A(x) + l)un] dx + (5 - 6) fR3 i,dx
1 1 2 1
+ f —¢2 — (— - —) wy, | dx + p f — f(it,)it, — F(a,,)] dx}
R3 " R3 9
S(1_1 f [|Vﬁ|2dx+(/lA(x)+ 1)&2] P L f 1dx
- 2 9 R3 0 6 RS

0 2 60
lp_(L_2 i 1o

= Ja(it) = (J4(@), it) > m.
If 6 € (2,4), thanks to (3.1), (3.2), (3.4), (3.32), (3.33), Lemma 2.1 and Fatou’s Lemma, we obtain

(3.44)

= [Jﬁ<u,,)+9 i), un>+2 Hwn)]

0

62 62 1
=1lim{— [ (AAx)+ Dii2d AVA(x), x)id —f”6d
nLTo{6—9fR3( () + DI, x+2(6—9)fR3 (VA@. itdx+ 3 | tdx
1

r— [ 26 - 0w, + - 002 |idx + 2 Lt — 0F ) dx}
6-6 Jx

6-6
6-2 0-2 1
>—= | A Did VA 2d —f 1°d
- 3( (x)+ Dit x+2(6 9)f (VA(x), x)it x+3 R3u X

w

(3.45)

—_—

f 123 - O)wepy + (4 - 9)¢]“2dx+2—'u [f(ﬁ)it—@F(ﬁ)]dx
6-0 Rz 6-6

= Jy(i) + 0- (Jﬁ(u) i) + 2- 214(1“4) > m.

By (3.44) and (3.45), we have J,(it) = m = inf,J,(u). That is to say i is a ground state solution
for (1.5). |

4. Proof of Theorem 1.2

The proof is easy for case (1). For the proof of cases (ii) and (iii), due to the non-constant potential K
in the nonlinearity of (1.6), it is challenging in obtaining the boundness of the Cerami sequence through
the PohoZaev identity. We tackle this by applying the condition (K2) and some analytical techniques.

Similar to the proof of Theorem 1.1, we define the function @, corresponding to (1.6) as

D (1) = ! f (IVul? + (QAG) + Du? - wiu? ]| dx — f K(x)F(u)dx — ! f ubdx, VueE. (4.1)
2 R3 R3 6 R3
Then,

(D (w),v) = f [Viu-Vv+(1A(x) + l)uv]dx—f [(2w+¢u)¢uu+K(x)f(u)+u5]vdx, YuvekE. (42)
R3 R3
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-

Define the set of the critical points as M := {u € H'(R*)\{0} : @, (u) = 0}. We construct the
following PohoZzaev equality:

0,(u) = f \VulPdx + f 314 (x) + 1) + KVA), x) - Swe, - 247 u’dx
R R (4.3)

- f [(6K(x) + 2UVK(x), x)F(u) + uﬁ] dx = 0.
R3

Let !
Wa(u) = <(D:1(M), uy — EQ/I(M)
1

f |Vu|2dx—1 f [(AA) + 1) - we, | u?dx — f NVA(x), xyu*dx (4.4)
2 R3 2 R3 R3

+f [K(x)(3F (1) — f(w)u)] dx + f (VK(x), x)F(u)dx — lf ubdx.
R3 R3 2 R3

Then, W, () = 0 for all u € M.
Lemma 4.1. Assume that (F1)-(F2), (A1)-(A2) and (K1) hold. Then there exist a sequence {u,} C
H'(R?) satisfying:

Qy(uy) > c2>0, N[Oyl + llunll) > 0 and  WYa(u,) — 0O, (4.5)

where
= lylg max @,(y(1)), T ={yeC(0,1],H' (R) : ¥(0) = 0 and ®,(y(1)) < O}. (4.6)
Proof. The proof is similar to that of Lemma 3.1, so we omit it here. O

Similar to the proof of Theorem 1.1, we need estimate the upper bound of critical value c,.
Lemma 4.2. Assume that (F1)—(F3), (A1)~(A2) and (K1) hold. Then c, < 1S%?.

Proof. Using the fact that K(x) > K, then by choosing uy = Ky in (3.28), and similar derivation in
Lemma 3.2, we can easily obtain the upper bound of c,. O

Lemma 4.3. Suppose that (F2), (A1), (A3’) and (K1)—~(K2) hold. Then the Cerami sequence obtained
in Lemma 4.1 is bounded.

Proof. If 6 € [4,6), by (4.1), (4.2), (4.5) and Lemma 2.1, we have

1
ca+o(l) = @uun) = (@) (), )

= (% - é)fw [IVual® + (QAG) + Dy | dx

+ Lx [(% — %) w¢ttn + é(ﬁin] uidx + K(X) fR3 [%f(un)un - F(un)] dx (47)

> (% - %) jl; 3 |IVul? + (AAx) + D} | dx.
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From (2.1), (4.7) and A > 1, we obtain that {,} is bounded in E when 6 € [4, 6) in (F2).
Ifoe(2,4),by4.1),(4.2),(4.4) and (4.5), we have

1t o) = Dyl + <d>/ )0 + 2 2= —

_0-2 2 L _
= ¢ s (/lA(x) + Dudx + g K(x) [f(u)u, — OF (u,)] dx
1
t 575 ). 23 - Owg, + (4 - )¢, ]uﬁdx +3 fR uldx (4.8)
+ 2(9 6_ 29) MVA(x), xyu’dx + i f (VK(x), X)F (u,)dx

> 6 - f (/lA(x)+1)u2dx+— f 2(3 - O)we,, + (4 — 6)p> ] uldx.

The proof of rest part is similar to that in Lemma 3.3. So, {u,} is bounded in E when 6 € (2,4). O

The following lemma is used to prove that the sequence obtained in Lemma 4.2 is non-vanishing.
Lemma 4.4. Under assumptions of Theorem 1.2, problem (1.6) admits a nontrivial solution.

Proof. Since K(x) > 0 and it is bounded, by using the deduction in the proof of Theorem 1.1, we can
easily prove this lemma. So we omit here. O

Now, Theorem 1.2 can be proved by using Lemmas 4.1-4.4.

Proof of Theorem 1.2. From the proof above, we derive that the critical point set Mis nonempty. Set
m := inf y ®,(u). Taking {u,} C M such that ©,(,) — m, @ (u,) = 0 and ¥(u,) = 0 as n — oo.
Passing to a subsequence, we have u,, — uy # 0 in H, u, — uy in L;’OC(R3), q € [2,6) and u,, — uy a.e.
in R*. Moreover, from Lemma 2.2, we obtain ¢z, — ¢, in D'*(R?), ¢z, — ¢5, in L! (R?) for g € [2,6)
and ¢, — ¢, a.e. in R, Hence, we have

D \(up) =Y(p) =0 and D,(uy) > m. 4.9)

Now, we need to prove ®,(uy) = m. If 6 € [4, ), from (4.1), (4.2), (4.9), Lemma 2.1 and Fatou’s
Lemma, we have

. 1 —
m = 1}1—)1110[(1)2@'”) - 5(@;@}), un)]

T 2 1) =
_,%I_,I?o {(2 9) R3[|Vi7n| dx + (1A(x) + 1)u ldx + (9 6) jw; u,dx
« [ |50 - (l - %)w% wax+ [ Koo [%@)‘@ - F@)] dx}
R3 9 ¥n 2 9 "

(4.10)

> (% - é) Vito*dx + (AA(x) + D ldx + (— - —)f uydx

1 ) B N
+ ﬁ@ [5‘?5%0 - (5 - E)w uo] uidx + fﬂ@ K(x) [éf(ﬁo)uo - F(zzo)] dx

1 — -
=D, (up) — 5<(D}(b70), Ug) > m.
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If6 € (2,4), from Lemma 2.1, Fatou’s Lemma, (3.32), (3.33), (4.1), (4.2), (4.4) and (4.9), we have

i = lim [@@Hej @), ) + > \Pm]

= lim { f (AA(x) + Ditdx + /I(VA(x), x)utdx

2(6 - 0)

b fR (26~ b, + (4 - 9)¢~]~2dx+ %0 K(0)[f @7, - 0F @] dx
(20 <VK(x) OF@)dx + = ! f if;,dx}
6 0 3 Jps (4.11)
fR (AA(x) + Dusdx + 2(9 c 29) NVA(x), xyuzdx + ; fR 3 uSdx
1 - 2 _
e g [ [ =00+ =063 |Toar+ =5 [ Ko LG — 0F G dx

;9 f (VK(x),x)F(ﬁo)dx+% f dx
R3

60— -0 -
=0, (u) + —<(Dl(~o) o) + H‘P/l(ﬁo) > m.

Equations (4.10) and (4.11) imply that ®,(uy) = m = inf ; ®,(«) with u, being a ground state
solution. The proof of Theorem 1.2 is completed. O

5. Conclusions

In this paper, we investigate a ground state solution for the critical KGM system with a steep
potential well and its extension using general conditions and PohoZaev identity. Obviously, the
techniques we use have been successfully applied to find the solution of the critical KGM system,
and hope that these results can be widely used in other systems.
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