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Abstract

In this paper, we first study the existence of ground state solutions for the following Schrédinger systems { - [?] u + V [?] u =
Gu(u,v),x[?]RN,-[?]v+V[?v=Gv(u,v),x[?] RN,u,v>0,u,v[?] H1 (RN ), where N[?]3 and
G[? C2((R+)2,R).And then, by using variational method and projections on Nehari-Poho z aev type manifold, we
will prove the nonexistence of ground state solutions for the coupled Schrédinger systems { - [?7J u+ V (x)u=Gu(u,v)
xRN, -l v+ V(x)v=Gv(u,v),x[?]RN,u,v>0,u,v[?] HI(RN).
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1 Introduction and main results

In this paper, we are concerned with the following elliptic system

— Au+V(z)u = Gylu,v), xR,
— Av+V(z)v = Gy(u,v), =RV, (1.1)
u, v>0,u, ve HY(RY),
where N > 3 and the potential function V satisfies:
(V1) Ve CYRYN, R) with V := inf cpn V(x) > 0;
(Vo) Vi := lim| 400 V(z) < oo
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(V3) t— V(t?z) + ﬁ(VV(t%), t2x) is decreasing on (0, 00) for all z € RV,

In order to obtain our results, we will consider the following function space

f e CYRY, RY), £(0) =0 and f'(s) > 0 for s > 0;
S := < there exist constants p € (2,2%) and Cp > 0 such that ; ,
0 < f(s) < Co(1 4 s272) for all s > 0.

where 2* = % (N > 3) and we make following hypothesis on G : RT x RT — R:
(G) there exist three functions f; € S, i = 1,2, 3, such that

Vuv u v
G(u,v) = /0 f1(s)sds +/0 f2(s)sds —i—/o f3(s)sds for any (u,v) € RT x Rt

with fa(s) + f3(s) — oo as s — oo.
System ([1.1)) originates from the following system of nonlinear Schrédinger equations:

—i%\f:A\If—V(az)\II—FGK‘I’% xRN, t>0,

where 7 denotes the imaginary unit, V' is the relevant potentials, ¥ and ® represent the condensate
wave functions. Systems of this type appears in the studies of nonlinear optics, Bose-Einstein
condensation, Hartree-Fock theory for a double condensate, gap solitons in photonic crystals and
so on, and we refer the readers to [4-6},[19]. Recently, the study of this problem have received
more and more attention from the mathematical community.

In 2016, Manassés and Joao |17] proved the existence of nontrivial solution for the following

elliptic systems:
— Au+V(2)u = g(x,v), in R?
— Av+ V(z)v = f(z,u), in R? (1.2)
u,v >0, u,v € Hl(Rz),
where V' : R? — R may change sign and vanish, f and g are superlinear at infinity and have
exponential subcritical or critical growth of the Trudinger-Moser type.
Very recently, Chen and Li [2] studied the following Schrédinger systems:
— Au+Vi(z)u = Fy(z,u,v), zeRY,
— Av + Va(z)v = Fy(z,u,v), z€RY, (1.3)
u, ve HY(RY),
where Vi, V5 are periodic in x, the nonlinearity F'is local super-quadratic. By using approximation

argument and variational method, they proved the existence of Nehari-Pankov type ground state
solution and the least energy solutions of system ([1.3)).



After that, by using topological arguments and sharp exponential decay estimates, Liliane

et al [12] investigated the existence of bound state solution for the following elliptic system:

_ u(u? + v?) . N
_Au—l-,ulu—(l—l—a(x))m—l—)\v mn ]R s
2 2
— Av+ pov = (1 + a(x)) v(u” +v7) + M in RY, (1.4)

1+ s(u? 4 v?)
u, v e H'(RY).

Qin et al. [13] obtained a positive bound state solution for the following Schrédinger systems:

— Au+ Mu = a(z)F,(u,v), zeRY,
— Av+ Mv = a(z)Fy(u,v), zeRY, (1.5)
u, v e HY(RY),

where F' € C2((RT)%,R), a € C?(RY,R) satisfies the following assumptions:

(a1) Va(z)-z>0, a(zr)+ % < oo = limyy o0 a(z) for all z € RY;

(a2) Va(z)- -z + % > 0 for all # € RV, where H denotes the Hessian matrix of a.
Moreover, they also studied the nonexistence result for a minimizing problem.

In addition, there are many results about semiclassical state solutions, sign-changing so-
lutions, normalized solutions and ground state solutions of elliptic systems, see for example,
[1,/7,[8L{10L/11},15,20L22H29] and the references therein.

Inspired by above works, in this paper, our goal is to investigate the existence and nonex-
istence of ground state solutions by using variational method. We will constrain the functional
related with system to the so-called Nehari-Pohozaev type manifold

M={z€ E:(I'(z),z) + 2P(z) = 0},

which is given in below. However, we can’t prove that M is a natural constraint due to the
conditions of V. So we don’t get a bound state solution of system (|L.1]).

Before stating our main results, let H'(R") denote the usual Sobolev space, by (V5) and
(V3), we use an equivalent norm on H(RY):

1

2
llul| = (/ (|Vul® + V(x)uz)da:) , Yue  HY(RM).
RN
Let E:= H'(RY) x H'(RY) be the Hilbert space with the inner product and norm

<27§>:<u7@>+<v7w>7 VZ:(U,U), 52(@7¢)€E

and )
2l = (2,202 = (lul® + 0]?)*, ¥ 2= (u,v) € E.

Throughout the paper, we make use of the following notations:
e L*(RN)(1 < s < 00) denotes the Lebesgue space with the norm |ul, = ([ [ul® dz)

® =



o Let L3(RY R?) := L*(RN) x L*(R") with the norm:
s s\ smN w2
1211y = (Julg +[v[$) for any 2z = (u,v) € L*(R™,R");

e For any (s,t) € R% VG(s,t) := (Gs(s,t),Gyi(s,1));

e Tor any z = (u,v) € E, let z(z) = tz(t2x) = (tu(t2z),tv(t2z)) for t > 0;

e Forallz e RN and r >0, B,(z) :={y e R : |y —z| <r};

o (1,05, C', ... denote positive constants possibly different in different space.

From Sobolev embedding theorems, it is easy to see that the embedding E — L*(R™,R?)
is continuous for all 2 < s < 2* and F — L? (RN,RQ) is compact for all 2 < s < 2*. So there

loc

exists a constant ng > 0 such that
I2lls <mslzll, V2ze€E, se2,27] (1.6)

From a variational point of view, weak solutions of system (|L.1]) correspond to critical points

of the following C'-functional on E:

I(2) = ;/ (V2P + V(@) |2Pdz — [ G(2)da. (1.7)
RN RN
Moreover, for all z, ( € E, we have
(I'2),¢) = (2,¢) — | VG(z)-Cde. (1.8)

RN

The limit form of system (|1.1]) is the following Schrodinger systems

— Au+ Voo = Gy(u,v), zeRY,
— Av+ Voov = Gyu,v), = eRY, (1.9)
u, v>0,u, ve HI(RN),

and its energy functional is defined in E as follows:

Lo(z) = ;/RN(\WF +Vaole)o— [ G()da (1.10)

Under (G), our first goal in this paper is to give a concise proof of the ground state solution
of system ((1.9). We borrow the ideas from Tang and Chen in [3]. Now we are ready to state the

main results of this paper:

Theorem 1.1. Assume that G satisfies (G). Then system (1.9) has a solution z € E'\ {0}
such that I (z) = inf g I, where M is given in ([2.6)).

Theorem 1.2. Assume that V and G satisfy (V1) — (V3) and (G). Then m :=inf,eaq I(2)
given in (2.7)) below is not a critical level for the functional I.



Remark 1.3. By a simple calculation, (V3) implies the following inequality:
(N + )N 2 (V(z) = V(£?2)) — (1 = 282 (VV (2),2) >0, Vt>0, zeRM (1.11)

Moreover, jointly with (V2), we have

V(ac)+7NJrl >Vo, VZ€ER (1.12)
and
(VV(z),z) <0, VazeRY. (1.13)

From (Vi) — (V3), we can see that Voo < V(z) < sup,ers V(z) < oo and (VV(z),z) — 0 as
|z| — oco. Furthermore, there are indeed functions which satisfy (V1) — (V3), an example is given
by V(z) = Ve + 1 .
1+|z| 2
Remark 1.4. Condition (G) implies that system (1.1]) is a full coupling system, in other
words, it cannot be reduced to two independent equations. Moreover, for any € > 0, there exists

C: > 0 such that for all s € [p,2*],

|G(z)| <elz]*+ Co |z, |VG(2)| <elz|+Ce|z|*! for all z € R2, (1.14)

Furthermore, for any z € R? \ {0}, we can see that QNG(tZ)JtrQVG(tZ)'tZ, tVG(tz) - tz — G(tz) are

increasing on ¢ € (0, +00).

2 Notations and preliminaries

In this section, we will give some notations and preliminaries, including lemmas that are

required in proving the main results.

First, we define the two PohozZaev functionals on E associated with system (1.1]) and (|1.9):

N -2 N
P(z) ::/ Vz)? da + / V(x)|z? d
2 RN 2 RN
1 (2.1)
+ = / (VV(z),z) |z de — N G(z)dx,
2 RN RN
and N -2 N
Poo(z) == _/ IVz)? d + / Vio |2)? daz — N/ G(z)dz. (2.2)
2 RN 2 RN RN

Moreover, we define the two Nehari-Pohozaev functionals on E as follows:

J(z) =(I'(2),2) + 2P(2)

(N-1) /RN V22 de + (N + 1) /RN <V(m) + W) 2|2 da 2.9

- /RN@N G(2) + VG(z) - 2)de,
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and
Joo(2) = (I’ (2), 2) + 2Puo(2)

:(N—l)/RN |Vz\2dx+(N+1)/RN Vio |2)? da: (2.4)

_ / (2NG(2) + VG(2) - 2)dx.
]RN

Let
M:={ze€ E\{0}:J(2) =0} (2.5)

and
Moo :i={2€ E\ {0} : Ju(2) =0}. (2.6)

Define

m = zien/{/l I(2), (2.7)

and
Moo 1= Zeijr\l/fl‘oo Io(2). (2.8)

Lemma 2.1. If (G) holds, we have

1— t2N+2 1 Nt2N+2
——_VG(1)-7— LA L
2(N +1) N +1

Proof. 1t is easy to see that (2.9) holds for 7 = (0,0). For 7 # (0,0), let

G(r)+t*NG(tr) >0, Yt>0, TecR2% (2.9)

1 — $2N+2

1+Nt2N+2
T 2(N+1) - ON+1

F(t) N +1

VG(r)-T G(r) +t*NG(tr), t>0. (2.10)

Therefore, we have

F/(t) _ t2N+1|7"2 <VG(tT) -t + 2NG(tT) B VG(r) 7+ 2NG(T)) |

jt7[? ik
By (G), we have F'(t) > 0 for t > 1 and F'(t) < 0 for 0 < t < 1. Hence, we obtain
F(t) > F(1) = 0, which implies (2.9). O

Moreover, it is easy to see the following inequality holds:
g(t) =2 (N+ D)tV 2 (N - D)2V 2 > g(1) =0, Vte[0,1)U(1,+o0). (2.11)

For any z = (u,v) € E\ {0} and t > 0, recall that z(z) = tz(t 22) = (tu(t~2x), tv(t~2x)),
from (1.7)) and (2.3), we have

752N—2 t2N+2

/ |Vz|? dz + /V(th)|z]2da;—t2N G(tz)dz, (2.12)
2 RN 2 RN RN

I(Zt) =

and

J(z) =(N = D)2V 72| V2|2 + (N + 1)t2N+2/ N1

t2x), 2
. (VV( ‘T)’ $)>’Z’2d117

(V(th’) +
(2.13)

ey / (NG(t2) + VG(t2) - t2) da.
RN

6



Lemma 2.2. Assume that (V7),(V3) and (G) hold. For any z € E'\ {0} and for all t > 0,

we have
1_t2N+2 2_(N+1)t2N72+(N_1)t2N+2 9
I(z)>1 _ . 2.14
(2) 2 1) + 5 T(2) + e 172113 (2.14)
Proof. From Lemma 2.1, (1.11)) and (2.12]), we have
I(z) = I(z)
1— t2N_2

1
S — HVuH% + 3 /]RN (V(x) — t2N+2V(t2x)) ]2]2(13:

2N
+/RN (t*NG(tz) — G(z)) dx

1—t2N+2 2_(N+1)t2N—2+(N_1)t2N+2

Ntz T N3
1 2N+2 o 2 _ _ 42N+2 2

+2N+2/RN{(N+1)t (V(x) = V(#2)) — (1 = 2V*2)(VV(2),2) } 2] da

1— t2N+2 14 Nt2N+2 N

>1*t2N+2 2*(N+1)t2N_2+(N*1)t2N+2
—_— z
— 2N +2 2N + 2

2
IVz]l2

IV2llz. O
By Lemma 2.2, we have the following corollaries.
Corollary 2.3. Assume that (G) holds. Then for all z € E'\ {0} and ¢ > 0, we have

1 — ¢2N+2 +2_(N+1)t2N72+(N_1>t2N+2
oN 2 "V 2N +2

Io(2) > Io(z) + V23 (2.15)

Corollary 2.4. Assume that (V7), (V3) and (G) hold. Then for all z € M, we have

I(z) = rg;mgc](zt). (2.16)

Lemma 2.5. Assume that (V7), (V2),(V3) and (G) hold. Then for any z € E \ {0}, there
exists a unique ¢, > 0 such that z;, € M.

Proof. Let z € E\ {0} be fixed and define a function h(t) := I(z) on RT. By (2.12) and
(2.13), we have

h'(t) =0

SV = DAY Va4 (V4 e [

9 (VV (t%x), t%x) 2 d
- (V(t m)+)| |“d

N+l (2.17)

_ N1 / (2NG(t2) + VG (tz) - t2) da = 0
RN
<:>J(Zt) =0& z € M.

Using (1), (V2), (G) and (2.12)), we have

h(t) 1 2 1 2 2 G(tz) | 2
= — d — t dx — dr — —
PNTE T o o |Vz|” dx + 5 /]RN V(t*x) |z|” dx /RN e z|" dx 00

7



as t — 400 and limy_,o h(t) = 0, so we have h(t) > 0 for ¢ > 0 small and h(t) < O for ¢ large.
Therefore max;>o h(t) is achieved at some ¢, > 0 such that h'(¢,) = 0 and z, € M.

Next we claim that ¢, is unique for any z € E'\ {0}. Indeed, for any given z € E \ {0}, let
t1,t2 > 0 such that z,, 2, € M, that is, J(z,) = J(2t,) = 0. Jointly with (2.14), one has

I(z,) = I(z1,) + wj(ztl) LA (N RGP H (N DT o
2(N + 12N +2 2(N + 1)13N+2
)t 232 (N + )33V 72 4 (N — 1)1V +2 1722
2N + 1)¢2N+2 2
and
Ho) 2 o) + 2 0 gy ¢ 2 D= (W DBET 24 (V= DT oo
2(N + 1)aN+2 2(N + 1)taN+2
)t 22NT2 (N + )32V 72 4 (N — 1)1V +2 17512

2(N + 1)tV +2
which imply that ¢; = t2. Therefore ¢, > 0 is unique for any z € E'\ {0}. O

Corollary 2.6. Assume that (G) holds. Then for all z € E \ {0}, there exists a unique

t, > 0 such that z;, € My,. Moreover, Io(z;.) = maxi>o loo(2t)-
Combining Corollary 2.4 with Lemma 2.5, we have the following corollary.

Corollary 2.7. Assume that (V7), (V3), (V3) and (G) hold, we have
inf I(z) :=m = inf 1(z).
zlen./\/l (Z) mn zelEn\{O} %138( (Zt)

By a standard argument, we can prove the following lemma.

Lemma 2.8. Assume that (V7), (V3) and (G) hold. If z,, = Z in E, then
I(zn) =I(Z) + I(zn — 2) + 0(1)

and
J(zn) = J(Z2) + J(2n, — 2) + o(1).

Next we can formulate the existence of a ground state solution of Nehari-PohoZaev type for
system ([1.9). Theorem 1.1 is a direct corollary of the following two lemmas.

Lemma 2.9. Assume that (G) holds. Then mq is achieved.

Proof. From (G), we can see for all z € E

196() -2 - Gz) = / Y (D) — fu()sds + / *(folu) — fols))sds
2 0 0 (2.18)

T /0 "(Fa(v) = f(s))sds > 0.

8



We introduce a new functional ¥, : E — R as follows:

1

Peole) = F37

1
/]RN IV z|? do + SV ED) /RN(VG(Z) -z —2G(2))dx, Vz€eE. (2.19)

Then ¥oo(z) = Io(2) > Mmoo for all z € My, Let {z,} C My be such that Io(z,) = meo.

Since Joo(2zn) = 0, it follows from (2.18]) and (2.19) that

1 2
meo +0(1) = Ino(zn) = 577 IVull3. (2.20)

which shows that {HVang} is bounded. On the other hand, from (1.12)), (1.14)) and Jo(z,) = 0,

we have for n large,

(N+1)Voo/ |zn|2dx§/ (2NG(zn) + VG(2n) - 2)dx
RN RN
Sa/ |zn|2dx+C'€/ 2% da
RN RN
N

2 ’ 2 N—-2
Ss/ |zn|” dx + C, / |V 2z, |” dx ,
RN RN

so if we take 0 < & < (N + 1)V, {||znl|2} is bounded, thus {z,} is bounded in E.
Let
0 := limsup sup / |2 d.
Bi(y)

n—oo yeRN
If § = 0, by Lions’ concentration compactness principle ( [21], Lemma 1.21), we have z, — 0
in L*(RY,R?) for 2 < s < 2*. Using the fact Jo(2,) — 0, we deduce that z, — 0 in E, thus
I(zn) — 0, which contradicts with Io(2,) — Moo. Therefore § > 0, and then there exists a
sequence {y,} C RY such that

/ 2| daz > 6/2.
Bi(yn)

Next we claim that {y,} is unbounded. Indeed, if {y,} is bounded, there exists a R > 0 such
that {y,} C Bgr(0). It is clear that Bi(y,) C Br+1(0), and we can see

/ 2| dae > / 2| dz > 6/2,
Br+1(0) B1(yn)

which implies that z, 4 0 in L?(Bgy1(0),R?). It is impossible, because z, — 0 in L{ (RN R?)

loc

for 2 < s < 2*. Hence we may assume that |y,| — oco. Let Z,(x) = z,(z + y,), we have

2]l = [|zn]l and
Ino(%n) = Moo,  Joo(2n) = 0, / |2, da > 6/2. (2.21)
B1(0)

Therefore, there exists z € E \ {0} such that, passing to a subsequence if necessary,

Zn — Z in E;
2 =z in L3 (RN R?) for all s € [2,2%); (2.22)
Zn — Z a.e. on RV,



Let wy, = Z, — z. Then (2.22) and Lemma 2.8 yield
Uio(2n) = Yoo (Z) + Woo(wp) + o(1) (2.23)

and
Joo(2n) = Joo(Z) + Joo(wn) + o(1). (2.24)
From ([1.10)), (2.19)), (2.21)), (2.23) and (2.24)), we have

Voo (wn) = Moo — ¥oo(2) +0(1),  Joo(wn) < —Joo(Z) + 0o(1). (2.25)

If there exists a subsequence {wy, } of {w, } such that w,, = 0, then going to this subsequence,
one has
Io(2) = Moo, Joo(Z) = 0. (2.26)

Next, we assume that w, # 0. We claim J(z) < 0. Otherwise, if J»(2) > 0, then ([2.25))
implies J (wy,) < 0 for large n. From Corollary 2.6, there exists ¢, > 0 such that (wy,);, € M.
From (T.10), @.11), @.15), @.19) and (2.25), one has

Moo — Uoo(Z) + 0(1) = Uo(wy)

1 ) 1
= r . 4 n n) - n_2 n d
N+1/]RN|Vw|dx+2r+2/RN(VG(w) w G(wy))dx

= Moo,

which implies that Jx(Z) < 0 due to Uoo(2) > 0. In view of Corollary 2.6, there exists ¢ > 0 such
that zz € Moo. From (1.10), (2.15), (G), (2.21), the weak semicontinuity of norm and Fatou’s

lemma, we have

. . 1 .
Moo = lim (foo<2n> - 2N+2J°°<Z">)

. 1 2 1 A .
=1 7_7,7 2 N n) " <~n — n
lim ( ] /RN |VZz,|" dx + 5 5 /RN(VG(z )2, — 2G(2 ))dx)
1 _12 1 _ — —
> — \Y% + \V4 .79
N1 /RN |Vz|” dx SN T3 /]RN( G(2)-z—2G(2))dx

= Io(2) — mefoo(z)

7§2N—i-2

which implies



Lemma 2.10. Assume that G satisfies (G). If 2 € My and I(Z) = meo, then z is a
critical point of 1.
Proof. Assume by contradiction that I..'(z) # 0, there exist § > 0 and ¢ > 0 such that

Iz =21 <30 = ||I'(2)|| = e (2.27)

1.“1 27 - 2 — () 2.2(‘;

where z;(x) = t2(t~2x). Arguing by contradiction, we suppose that there exists ¢g > 0 and a

sequence {t,} such that

lim t, =1 and |z, — z||* > 0. (2.29)

n—o0

Since z € E, there exist U € Co(RY,R?Y) and v € Co(R™, R?) such that

_ 2 €0 _ 2 €0
—U|"dz < —~ and —v|7dr < —. 2.
/RN\VZ U| z <55 an /RN‘Z v T <55 (2.30)
By (2.29) and (2.30]), we have
IVz, — Vz|2 :/ |V (tnz(t,z)) — sz dz
RN
gz/ Yz, — U de + 2/ Vz— U da
RN RN
:2/ |t VE(t, %) — U(;zc)\2 dx + 2/ Vz — U da (2.31)
RN RN

ggt,;l/ }U(t;2x)U(x)‘2da:+8‘t;11‘2/ U? da
RN RN

(1+2t2N"2)eg 3
+ 10 = 1050 +o(1)

and
|12, — 2|13 :/ |tnz(t, ) — E\de
RN

gz/ |Ztnv|2dx+2/ 1z —v|? dx

RN RN

:2/ |tnz(t, %) —v(m)\zdx+2/ |z — | dx (2.32)
RN RN

g&ti/ \v<t;2x)—v(x)fdx+8|tn—112/ o] dz
RN RN

(14 2t2N42)gg 3

= — 1).
10 =0 ol
From (2.31) and ([2.32), we can see
_ _ _ _ _ _ 3
12t — 21 = V2, — VZl5 + |12, — 25 < =€o+o(1),
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which contradicts with (2.29). So (2.28) holds. Hence, there exists ¢; > 0 such that

lt—1|<d1 = ||zt — 2| < 6. (2.33)

In view of Corollary 2.3, we have for all ¢t > 0,

9 _ (N + 1)t2N—2 + (N _ 1)t2N+2

Lo (%) <Ino(Z2) SN2 &k
2.34
o 2= (N+ )PV (N - )22 V22 (2:34)

Let € := min {g(Of]i)LZng’ g(li&\ﬁzng .1, %6} and S := B(z,0), where g(t) is given in (2.11)). Then
by (Lemma 2.3 in [21]), there exists a deformation n € C([0,1] x E, E) such that

(1) n(1,2) =z if Ino(2) < Moo — 2¢ Or Ing(2) > Moo + 2¢;

(i1) n(1,IZ¢ N B(z,8)) C ISE;

(141) Io(n(1,2)) < Ix(z), VY z€ E;

(iv) n(1,z) is homeomorphism of E.

Form Corollary 2.4, I(Z) < Iso(Z) = moo for t > 0, then it follows from and (i7)
that

Io(n(1,2)) <me —e, Yt>0, |t—1] <. (2.35)
On the other hand, by (2.11)), (2.34]) and (éi7), we have

Ioo(n(la zt)) Sloo(zt)

g(t) )
— 2.36
=Moo = 5N 49 V1l (2.36)

<Moo, V>0, [t—1]> 4.

Jointly with (2.35) and (2.36]), one has

Io(n(1,2)) < Moo 2.37
e (n(1,2)) <m (2.37)

We shall prove that (1, zZ;) "M # 0 for some ¢ € [0.5, 1.5], which contradicts with the definition
of m. Let us define

Do(t) = Juo(Z), D1(t) i= Joo(n(1, 7)), ¥t>0.

From Corollary 2.6 and the degree theory, we deduce that deg(®, (0.5,1.5), 0) = 1. By
and (i), we can see that n(1,2;) = 2 for t = 0.5 and ¢ = 1.5. Therefore, deg(®1, (0.5,1.5), 0) =
deg(®p, (0.5,1.5), 0) = 1. Thus, there exists a £ € (0.5,1.5) such that ®;(f) = 0, that is
n(1,2;) € Mo, which is impossible. [
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3 Nonexistence result

In this section, we give some preliminaries and Theorem 1.2 will be proved in the end.

Lemma 3.1. Assume that (V1) —(V3) and (G) hold. For any z € M, there exists a unique
t > 1 such that z;, € M, where z(x) = tz(t~%x).

Proof. By ([1.12)), (1.6) and (2.3)), we have for any ¢ > 0,
J(z)> (N =1) |2 - / (2NG(2) + VG(2))do
RN

> (N - 1) ||z|]2—5/ yz\%zx—cg/ 2|7 da
RN RN

2 2
> (N = 1) ||2]* — enj ||2II* — Cenp ||2]”-

— (V=1
=S

If we take ¢ then there exists o > 0 such that

J(z)>0, ¥ 0<]|z| <o (3.1)

For any z € E \ {0}, by (2.3)), (2.4) and (1.12)), we can see
J(2) > Jxo(2), (3.2)

which implies J(z) > 0 for any z € My,. Then by (3.1) and Lemma 2.5, there exists a unique
t > 1 such that z; e M. O

Lemma 3.2. Assume that (V1) — (V3) and (G) hold. If z € M, there exists a unique
t € (0,1) such that z; € M.

Proof. From (3.2), we can see Jyo(2) < 0 if z € M. Similar to the proof of (3.1]), there
exists a 0y > 0 such that J(z) > 0 for 0 < ||z|| < 1. Therefore, by Corollary 2.6, there exists a
unique ¢ € (0,1) such that 2; € M. O

Lemma 3.3. Assume that (V1) —(V3) and (G) hold. If z € M, then z(-—y) € M for any
y € RN, Morcover, for all y € RY, there exists ¢, > 1 such that z,, () := t,2(t,*(z —y)) € M,
and

lim ¢, =1.
ly[—o0

Proof. Let z = (u,v) € My, by the translation invariance of I, we can see that z(- —y) €
Moo for any y € RY. Moreover, by Lemma 3.1, there exists t, > 1 such that 2y, (T) =
tyz(t,%(x —y)) € M, then we have

N -1 VV(t2x +y), 2z +
- / Vz|2dm+(N—|—1)/ V(t§x+y)+( y ~ y)l v ) |2|? d:
Yy RN RN + (3 3)
B / 2NG(tyz) + VG(tyz) -tyzdm
- RN t% ’
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If im0 ty = +o00, from (V1), (Va), (V3), (G) and Fatou’s Lemma, we have
(N + 1)voo/ 2% dz > +oc, (3.4)
RN
which is a contradiction. So we may assume that

lim t, =a € [1,+00).
ly|—o0

It follows from (3.1) and z € M that

¥ =) (1) Iwelg = [ (BT AR T

thus, by (G), we can obtain « = 1. [

Lemma 3.4. Assume that (V) — (V3) and (G) hold. Then

(i) there exists p > 0 such that ||z]| > p for all z € M,

(i) m:=inf,cp I(2) > 0.

Proof. (i) Let z € M, that is, J(z) = 0, by (1.12), (1.14), and Sobolev embedding

theorem, we have

(N +1)Vy

min{N—l }Hz||2§ (N—l)/ |Vz|2d:c—|—(N+1)Voo/ |2|? dx:
) RN RN

" supgerny V(z
< / (2NG(2) + V() - 2) da
RN

2
< e ||2[° + Cenf |21
Set C'1 := min {N -1, %}, if we take ¢ = 20712, we obtain
x€R 2

1

1 \i2
> pi= .
2= (50) " Ve M

(74) For all z € M, by (1.12), (1.14) with e < (N + 1)V and Sobolev embedding inequality,
one has

(Nl)/ \Vz?dz + (N + 1)Vao | |2]*da
RN

RN
2 2*
Sa/ |z da:+05/ |z|” dx
RN RN
N
N-2

g(N+1)Voo/ |z2d$+C’/</ \vz|2dx> ,
RN RN

N2
which implies that [ V2 de > <chl> . Hence
1 1 ) 1 (N-1\ 2%
1(2) = 1(2) — ——J(2) > dr > . O
O =16) - 517 2 g [ ez o (B ) T >0
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Lemma 3.5. Assume that (V7) — (V3) and (G) hold. Then m = mq.

Proof. From Lemma 2.9 and Lemma 2.10, let w be the ground state solution of system
(L.9), that is, w € Moo and Ig(w) = Mme. For all y € RY, we define wy(z) := w(z —y). By
the translation invariance of the integrals, we have w, € My and I (wy) = M. From Lemma
3.3, for any y € RY, there exists a t, > 1 such that () := wy,, (z) = tyw(t,*(z —y)) € M.
Therefore, one has

[ (@y) = moo| = [1(@y) = Loo(wy)|

L oon-—2 2 1 INF27/ (42 2
:’2(ty —1)/RN|wa] da:+§ RN(ty V(tyr +y) — Veo) |wy|” dz

N /R G(tyw,)da + / G(w,)da

;|t2N 2 1’/ IV, |? dm+;‘t2N+2V(t2m~l—y !/ |y |? dz

+/ |G(wy) —ti G(tywy)‘ dzx.

RN

Since t, — 1 and V(z +y) — Vi as |y| — oo, we obtain
I(wy) = Mmoo as |y| — oo.

Hence, we have m = inf,cpq I(2) < Mo.
On the other hand, for all z € M, by Lemma 3.2, there exists a t € (0, 1) such that u; € Mo,
then by (V3), (V3) and Corollary 2.4, we have

Moo < IOO(ZZ)
1 -
= thN_2/ IVz)? dx + = ?N+2V |z| dx — 2N G(tz)dz
2 RN
1 1 -
< ipn-o / V22 da + SPN+2 / V(t 2P de -2V [ GE)de
2 RN 2 RN RN

=1(z;) < I(2).

So we obtain m > my, and the proof is completed. U

Proof of Theorem 1.2. We suppose, by contradiction, that there exists z € M, which
is a critical point of I at level m. From Lemma 3.2, there exists t € (0,1) such that z; € M
Thus by (1.13]) and (G), we obtain

ov 127 ?)

o » 1 1 1
_N+1/RN V32 da 2N+2/RN(VV(95),95) Bk dx+N+1/RN(2vc:(z) 5 G(3))da

m=1(z)=1(z) —

1 i 1 1o . )
1‘2N2/ 1 —QN/ 1o iy T5 s
> N+1t IV z|? dx+N+1 RN(2VG(tz) tz — G(tz))dx
N 1 N

= Ioo(zf) > Meo,
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[11]

[12]

[13]

[14]

which contradicts with the preceding lemma and the proof is completed. [
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