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Abstract

This paper focuses on the compressed sensing $\ell_{1-2}$-minimization problem and develops new bounds on cumulative
coherence $\mu_1(s)$. We point out that if cumulative coherence $\mu_1(s-1)$ and $\mu_1(2s-1)$ satisfy $(??)$, or cumulative
coherence $ \mu_1(2s-1)$ satisfies $(??)$ then the sparse signal can via $\ell_{1-2}$-minimization problem stably recover in

noise model and exact recovery in free noise model.
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Abstract

This paper focuses on the compressed sens-
ing ¢1_s-minimization problem and develops new
bounds on cumulative coherence p1(s). We point
out that if cumulative coherence p1(s — 1) and
11(2s — 1) satisfy (2), or cumulative coherence
11(2s — 1) satisfies (7) then the sparse signal can
via £1_2-minimization problem stably recover in
noise model and exact recovery in free noise mod-
el.
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1 Introduction

In recent years, compressed sensing (CS) has attracted consid-
erable attention. It primarily reconstructs an unknown high-
dimensional s-sparse signal x € R™ from lower-dimensional
y = Az measurements, where A € R"*™ m << n. For the
reconstruction of x, the most intuitive approach is to find the s-
parsest signal in the feasible set of possible solutions, which leads
to an fp-minimization problem as follows:

y— Az € B,

i bject t
min 2o subject to

where B = {0} indicates a noiseless case, and B = {€} indicates
a noise case.

The £p-minimization problem is NP-hard, and thus com-
putationally not feasible in high-dimensional sets [3]. To
solve this problem, various methods have been proposed such
as ¢1-minimization problem [1-3, 6], £,-minimization problem
[5], £1—2-minimization problem [4,7], weighted ¢1-minimization
problem.

There are numerous results on the ¢;minimization problem
in the literature. These results are mainly based on the null
space property, coherence [4], cumulative coherence [6], restrict-
ed o[rtho}gonality constants [1], and restricted isometry proper-
ties [2,3].

Although the £;-minimization problem yields considerable re-
sults, it is not exactly equivalent to the £p-minimization problem.
Hence, the £1_2-minimization problem [4,7] and ¢,-minimization
problem [5] have been proposed to replace the ¢;-minimization
problem in the case where the £1-minimization problem does not
execute well.

In this paper, we mainly study the ¢1_s-minimization prob-
lem, and obtain sufficient conditions for stable recovery of any k
sparse signals by using the cumulative coherence condition. The
{1 _2-minimization problem is the following model:
ly — Azllz <e (1)

l’élgln lzll1 — [lz|l2 subject to
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where A € R™*"(m < n) is the measurement matrix, y € R™
is the measurement vector, and x € R™ is the unknown vector
to be recovered.

The structure of this paper is as follows: We introduce related
concepts in Section II, and present our main results in Section
IIT and conclude the paper in Section IV.

Notations: For z € R", ||z||o indicates the number of non-

n 2
>, xy, and

[|z]|co = mz[a‘x]|xi|, where [n] = {1,2,3,---,n}. s € Nt and
i€[n

zero elements in . ||zl = D7 |z, ||zl =

Tmaa(s) 15 defined as the vector z with all but the largest s entries
in absolute value set to zero, and _nae(s) = & — Tmax(s)- For
y € R", (x,y) = > 1" 1 23y T C [n], zp is defined as the vector
(z7)i = x4, if i € T and (xz7); = 0 otherwise.

2 Preliminary

Definition 1 ( [3]) Let A € R™*™ be a matriz with f2-
normalized columns A1, . . . , Ap, that is, ||Ai||l2 = 1 for all
i =1,...,n. The cumulative coherence function pi(s) = p1(A,s)
of matriz A is defined for s € [n — 1] by

pi(s) = maxmax{z [(Ai, Aj), S C [n],card(S) =s,i ¢ S}
i€[n ies
When the cumulative coherence of a matriz grows slowly, we
can informally say that the dictionary is quasi-incoherent.

The following lemmas are needed in the proof of our main results
and we list them below.

Lemma 1 ( [3]) Let A € R™*"
normalized columns and s € [n].
z € R",

be a matrix with fo-
For all s-sparse wectors

(1= pa(s = D)l2ll3 < [|Az]3 < (1 + pa(s — 1)l|z]13.
Lemma 2 ( [6]) Let s1,s2 <n and XA > 0. Suppose that z,y €

R™ satisfies supp(z) N supp(y) = &, and x s s1 sparse. If
llylls < As2 and |yllec < A, then

[(Az, Ay)| < Av/s2pa(s1 + s2 — 1)]|z|2.

Lemma 3 ( [6]) Suppose that x is s-sparse and y is t-sparse;

then,
[{(Az, Ay) — (z,y)| < pa(s +t = Dzll2]lyll2.
Moreover, if supp(x) N supp(y) = 0, then

(Az, Ay)| < pa(s +t — Dllzll2]lyll2.

3 Main result

In this section, we present the main results. Theorem 1 shows
that when pi1(s — 1) and pi1(2s — 1) satisfy (2), the £1_o-
minimization problem can stably recover an unknown signal.

Theorem 1 Let A € R™ be a measurement matriz, y = Az be

the measurement vector, and s be a given positive integer with
2 < s < m. If measurement matric A satisfies

7(s) 1= (Vi—Dpa(s—1)+(VEHvs— 1) (25—1) < V-1, (2)
then, the solution T of (1) and the original signal x will have

|z — z||2 < Cros(x)1 + Cae,

where Cq = 2(1*“1“*\%t(;ii*(i))#l(?sfl)), Cs _
2250t s—1))
Vs—1-v(s) ~



Proof: Set h =7 — x and from [7], we know
thmaz(s)Hl < Hhmaz(s)Hl + 2||I7mar(5)”1 + ”h”2 (3)
Hence,

||hmaac(s)||2 2”m—max(s)H1 + HhHQ
+
Vs s

Hhmax(s)Hl

”h—maw(s)lll < S( )7

< ||hmaac(s)H2 )
=T

Based on Lemma 2, the following inequality holds

”h—maac(s) ”00 <

”hmaz(s) ”2 +
/s

)\/gul (3 +s— 1)|Ihmaa:(s) ”2

<Ahmaz(s)7Ah7maz(s)> < (

2||x7maz(s) ”1 + I|h||2

s

From Lemma 1 and the above inequality, we have

|<Ah7 Ahmaz(s)>|
= |<Ahmaz(s)7 Ahmaz(s)> + <Ah7maz(s)7 Ahmaz(s)>|
> (1 - /1,1(8 - 1))Hhmaz(s)H% - |<Ah7mu.:c(s)7Ahmaz(s)>|

”hmaz s ”2
> (1= (s = 1)) [ hmam(s) 13 — (—mel2

Ve (4)
2”x—maz s ”1 + HhH2
© IWok1(25 = Dllmaaoll
=(1-p(s— 1) - ;L1(28 - 1))||hmax(s)||§_
2Hz—ma:):(s)||1 + ||h||2
S

On the other hand,

(

)\/E.ul (25 - l)llh'ma:t(s) ”2

[[ARll2 < [AZ — yll2 + [|Az — yll2 < 2e.

This inequality combining Cauchy—Buniakowsky—Schwarz in-
equality and Lemma 1 yields

‘(Ahv Ahma:c(s))' < 2ey (1 + p1 (S - 1))Hhma:c(s) H2 (5)
It follows from (4) and (5) that
(1 - /1'1(5 - 1) - N1(2S - 1))Hhmaz(s)H2
2 x*maflf S + h
= Ol ”2;“(2371)+2e\/(1+u1(571)).
s

From condition (2), the above inequality can be simplified as

1
pi(s— 1) — (25 — 1)

2 xfmaz s + h
| i/%"l I ”2;11(2371)+26\/(1+,u1(371))).

Applying [2, Lemma 5.5] on (4), we get

||hmaac(s)||2 < 1_

(

2||x7maz(s)”1 + HhHQ
NG .

It follows from the above two inequalities that

”hfmaz(s)”2 < ”hmaz(s)HQ +

Applying condition (2) to inequality (6),

V(1 —pa(s —1) —pi(2s — 1))
llAll2 <
V=141 —Vs)ui(s = 1)+ (1 - s —V2)u1(2s - 1)
2—2p1(s —1) + (2vV2 - 2)p1 (25 — 1)
V(1 —p1(s —1) — p1(2s — 1))
2v/2¢+/1 +pi(s—1) ).

G- mes- 1)

(

”:E—maac(s) Hl

Hence, we have

20— (s = 1) + (V3 — i (25 - 1))
Vs —1—7(s)
24/25(1 4 pi(s — 1))6
Vs —1-=1(s)

HhHQ < H'Z’fmaa:(s)nl

From the conclusion of Theorem 1, we can easily get the following
result.

Theorem 2 Assume € = 0 in model (1), if the cumulative co-
herence of the measurement matriz A satisfies (2), then €1_2-
minimization problem can accurately recover any s—sparse vec-
tor.

Theorem 1 requires two cumulative coherence parameters to
ensure that model (1) can stably recover sparse vectors. Whether
it is possible to include only one cumulative coherence param-
eter to ensure that the sparse vector can be recovered stably
via model (1). The following theorem gives a positive answer.
Before giving the relevant theorem, we need to give a lemma.

Lemma 4 For s > 2, if

(VZ-1ve+1-v2

pi(2s —1) < Vit 2v3

then
VE— 14 (1= VD (2s — 1) — (14 V2)vam (25 — 1) > 0,
pi1(2s —1) <V2-1.

Proof: Setting f(s) = %, we can easily assume

that f(s) monotonically increases. Hence, we have

(\/5—1)\/§+1—\/§:\/§71.

p1(2s—1) < Jit3_2v3

lim
s——+o00

In the first part of the result, it is sufficient to prove that

(1-V2-(14+V2)Ve)u(2s —1) > 1 - /5.

Hence, it is sufficient to prove

p(2s— 1) < Vil -

(V2-1Dyvs+1-V2
(1+V2)V/s - (1-V2) '

Vi+3—-2V2

O
lAllz = \/Ilhmaz<s>||§ + b maxs) I3 Theorem 3 For s > 2, assume that
2|2 —maa(s)llt + [Pll2 _ _
< \/”hmaac(e)”% + (”hmaz(s)HZ + max(\/)» )2 w1 (28 _ 1) < (\/§ 1)\/§+ 1 \/§7 (7)
° Vs +3-2v2
2H$7’maz(s)”1 + [[hll2
< \/iuhmaZ(s) ll2 + NG then the solution T of (1) and the original signal x obeys
2 2|z, 1+ [|R]|2
< ( \[ )( ” naac(s)” ” ” (25 — 1?7 4 s(1+u1(25— 1))6
1—pi(s—1) —pm(2s—1) Vs |7 —zl2 <

2|z _mazs)llt + hl2
2/ TG D)+ 2 (\/)5” 1Az,

(6)

T V14 (1= V2)ui(2s — 1) — (1 +vV2)Vspa(2s — 1)
N 24 (2v2 —2)u1(2s — 1)
VE =14 (1= v2)u1(2s — 1) = (1 + V2)v/5u1(25 — 1)

lerell



Proof: Set h = T — z and decompose h into the sum of
vectors hry, hr,, hr,, ..., with each sparsity of these vectors at
s, and the sparsity of the last vector being less than s. Here, Ty
corresponds to the locations of the s largest coefficients of z, and
Ty to the locations of the s largest coefficients of hpc, and Ta

to the locations of the next s largest coefficients of h.c. Now,
0
note that for each j > 2,
_1
hr;ll2 < Vsllhzylloo < 72 lhay_y 1,
and thus

_1 _1
Do ITryllz < s72(lhry i + Azl + ) < 572 lhge 1 (8)
Jj=>2
This gives the useful estimation
_1
IBcrguryellz = 1) hrylla <D llhrylla < 572 kel (9)
72 i=2
From the definition of Z and h, we have
lzllr = llzllz > llz+ hlls = [lz + All2-
Thus,
[hllz + [lzlls = llz + Rll2 = [lzll2 + l|z]l1 = [l + A1
Additionally,
lz+hll = Itz +h)7 ll1 + (@ + h)roll
2 llzzy ll1 = llhry [l + hge ly = llegell
Combining the above two inequalities yield
e lls < lhmplls + 2llzge (I + [IR]l2. (10)

Applying (10) and the Cauchy—Buniakowsky—Schwarz inequality
to bound ||hr, |l1 by v/sllhrll2 5 (9) yields
_1
1B (rguryellz < llhrpllz + 572 Cllepells +[Al12).  (11)

We observe that Ahr,ur, = Ah — 37 AhT , therefore
j>2

(Ahzyury, Y Ahry),
i>2

| Ahryur, 13 = (Ahryur , AR) —

|AR]l2 = [[A@ — z)ll2 < [|AZ — yll2 + [|Az — yll2 < 2e.
It follows from the above inequality and Lemma 1 that
[{(Ahzyury , Ah)| < [|Ahqyur (2]l Ah|l2
< 2ey/T+ @ — Dl
Moreover, it follows from Lemma 3 that |(AhTO,Ath)| <
ni(2s — 1)||hTO||2||th||2, and similarly, for T instead of Tp.
Consequntly, ||hryll2 + [[hrll2 < \/§||hTouT1 |2 for Tp and Ty

are disjoint.
(1 = p1(2s = V) lhrour, 13 < [ Ahzour |13

< Nhrour ll2(2ev/T+ p1(2s — 1) + V2u1(25 — 1) Y |l |12)-

j=2
Therefore, (8) and Lemma 4 give
2er/T+ p1 (25 — 1) \[#1 2s = Dllhrelh
1—pi(2s—1) 1—p1(2s—1) ’

It follows from this last inequality and (1

||hT0UT1 ”2 <

0) that

2ey/1 4+ p1(2s — 1)

h <
H TOUT1”2 > 1— (25— 1)
\[m (\th ll2 + 2[lzpc i + [IAll2)
To Il2 zpo |1 2
#1(2 1) ’ To
L+m@s—1) + f’“ ) [lhTquTy |2
1—u1(2s—1) 1—u1(25— 1) oLt

\D

e )< gl + 1al2).

So from Lemma 4, we have

2ev/1+ p1(2s — 1)
T (14 V(2 1)

v 2u(2s - 1)

— 1+ V2)m (25— 1)

It follows from the above inequality and (11) that

lhToury ll2 <

Cllzge i+ [Ihll2)-

IAll2 < lIhzour, ||2 + Ihzyomye Nl

1
h
5 hla

4y/2 (25 - 1)

1—(1+ VD (2s—1)

< 2lhrour ll2 + —=llzgell +

f

1+ p1(2s—1)
T 11+ V2)u(2s - 1)

2\/%#1(28—1) L
(17(14’\/5)“1(2871) +£)” ”2

So from Lemma 4, we have

G

S+ (25— D)e

h
Iz < Vs—1+(01 f)m(?S—l)—( +\f)\fu1(28—1)
24+ (2v2 —2)u1(2s — 1)
VE =1+ (1= vV2)u1(2s —1) — (1 +v2)y/sp1(25 — 1)

From the conclusion of Theorem 3, we can easily get the following
result.

Theorem 4 Assume € = 0 in model (1), if the cumulative co-
herence of the measurement matric A satisfies (7), then £1_o-
minimization problem can accurately recover any s—sparse vec-
tor.

4 Conclusion

From this paper, we find that based on some condition of cu-
mulative coherence, the £;_s-minimization problem can exactly
recover s-sparse signals in noiseless cases and stably recover s-
sparse signals in the noise cases.
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