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1 Introduction

Let © be a convex and bounded subset of R (d > 1) with smooth boundary 9
and [0, 77 is a fixed finite time interval. We consider the following integro-differential
equation of Kirchhoff type involving fractional time derivative of order o (0 < o < 1)

for non-homogeneous materials

o —V - (M (:lc,/Q |Vu(x,t)? dx) Vu) = f(z,t)+ /Otb(x,t, s)u(s) ds in © x (0,77,

(P%)
with initial and boundary conditions
u(z,0) = up(x) in Q,
u(z,t) =0 on JQ x [0,T7,
where u = u(z,t) : Q x [0,7] — R is the unknown function and Jfu is called

regularized Caputo fractional derivative of order o € (0, 1), which is defined in [16, [36]

o — jt/ot k(t — s)(u(s) — u(0)) ds, (1.1)

with k(t) = F(Tifa) and I'(+) denotes the gamma function. Nonlocal diffusion coef-
ficient M, initial data ug, source term f, and memory operator b(x,t,s) are known
functions.

There are many physical and biological processes in which the mean-squared
displacement of the particle motion grows only sublinearly with time ¢, instead of
linear growth. For instance, acoustic wave propagation in viscoelastic materials [25],
cancer invasion system [26], anomalous diffusion transport [28], which cannot be
described accurately by classical models having integer order derivatives. Therefore,
the study of fractional differential equations has evolved immensely in recent years.

Mathematical problems involving fractional time derivatives have been studied
by many researchers, for instance, see [10, 14, 24, [32]. Analytical solutions of frac-
tional differential equations are expressed in terms of Mittag-Leffler function, Fox
H-functions, Green functions, and hypergeometric functions. Such special functions
are more complex to compute, which restrict the applications of fractional calculus
in applied sciences. This motivates the researchers to develop numerical algorithms
for solving fractional differential equations. Lin and Xu in [22] studied the following

linear time-fractional PDE in one space direction

CD?u_iszU?t) S (071)7 te (OaT]a
T

u(z,0) = g(z) z€(0,1), (1.2)

u(0,t) =u(l,t) =0 0<t<T,
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where © Dy is the Caputo fractional derivative defined as

“Doy = /Ot k(t —s) 95 (s) ds. (1.3)

They have developed the L1 scheme based on piecewise linear interpolation for Ca-
puto fractional derivative and Legendre spectral method in space and achieved the
convergence estimates of O(h? + k*~*) for solutions in C? ([0, T]; H*(Q) N H}(Q)).
Recently, Alikhanov in [I] proposed a modification of the L1 type scheme in the time
direction and difference scheme in the space direction for some linear extension to
the problem . In his work, the author proved that the convergence rate is of
O(h? + k?) for solutions belonging to C3 ([0, T]; C*()).

On a similar note, there has been considerable attention devoted to the nonlocal
diffusion problems where diffusion coefficient depends on the entire domain rather
than pointwise. Lions [23] studied the following problem

0%u

52 M (x,/ﬂ |Vu(a:,t)|2da:) Au= f(z,t) in Qx][0,T],

which models transversal oscillations of an elastic string or membrane by considering
the change in length during vibrations. The parabolic problems with Kirchhoff type
principal operator have been studied by many researchers, for instance [9, 32 35].
Also, the stationary case is investigated by many authors in [11, 31, [34] for example
nonlocal perturbation of stationary Kirchhoff problem [I1] and Kirchhoff equations
with magnetic field [34].

The models discussed above behave accurately only for a perfectly homogeneous
medium, but in real-life situations, a large number of heterogeneities are present,
which cause some memory effect or feedback term [3 [§]. These phenomena cannot
be described by classical PDEs, which motivate us to study time-fractional PDEs
for non-homogeneous materials. We note that this class of equations has not been
analyzed in the literature yet, and this is the first attempt to establish new results

for the problem (P?).

Key difficulties and our approaches are given below:

1. Due to the appearance of Kirchhoff term, we cannot apply Laplace/Fourier
transformation in the problem , therefore explicit representation of its
solution in terms of Fourier expansion is not possible. To resemble this issue, we
use Galerkin method [32, [35] to show the well-posedness of the weak formulation
of the problem (P%). We define two new discrete Laplacian operators ,
to derive a priori bounds on the solution of the problem .

2. To determine the semi discrete error estimates, we introduce a modified Ritz-

Volterra projection operator (|5.3)) so that it reduces the complications caused by
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the Kirchhoff term. This modified Ritz-Volterra projection operator follows the
best approximation properties same as that of standard Ritz-Volterra projection
operator [4]. These best approximation properties play a key role in deriving
the semi discrete error estimates.

3. The fully discrete formulation of the considered problem produces a system
of nonlinear algebraic equations. In general, numerical schemes based on the
Newton method are adopted to solve this system [I3]. The Kirchhoff term leads
to the highly non-sparse Jacobian of this system [I3]. As a result of which we
require high computational cost as well as huge computer storage for solving

this system. We reduce these costs by developing new linearization techniques

(3.6)), (3.15) for the nonlinearity.

4. The memory term incorporates the history of the phenomena under investiga-
tion by virtue of which we need to store the value of approximate solution at all
previous time steps. This process demands large computer memory. We over-

come this difficulty by discretizing the memory term using modified Simpson’s
rile (37), G-17) [291

To prove the well-posedness of the weak formulation of the problem , we
reduce the weak formulation onto a finite dimensional subspace of H}(2). The theory
of fractional differential equations [6] ensures the existence of Galerkin sequence of
weak solutions. The a priori bounds on these Galerkin sequences are attained by
employing the energy argument. We make use of these a priori bounds in Aubin-
Lions type compactness lemma [I8] to prove that the Galerkin sequence converges
to the weak solution of the problem (P).

To obtain the numerical solution, we construct two fully discrete formulations for
the problem by discretizing the space domain using a conforming FEM [33] and
the time direction by uniform mesh. First, we develop a new linearized L1 Galerkin
FEM. This method comprises of L1 type approximation [22] of the Caputo fractional
derivative, linearization technique for the Kirchhoff type nonlinearity, and modified
Simpson’s rule [29] for approximation of the memory term. We acquire the a priori
bounds on the solution of this numerical scheme and show that this numerical scheme
is accurate of O(h + k*=).

Further, we increase the accuracy of this scheme in the time direction by replacing
the L1 scheme with the L2-1, scheme [I] for the approximation of the Caputo frac-
tional derivative. As a consequence, we propose a new linearized L2-1, Galerkin FEM
which has a convergence rate of O(h + k?). These numerical results are supported
by conducting a numerical experiment in MATLAB software.

Turning to the layout of this paper: In Section[2] we provide some notations,

assumptions, and preliminaries results that will be used throughout this work. In
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Section [3] we state main results of this article. Section [4] contains the proof of well-
posedness of the weak formulation of the problem (P?). In Section , we define
semi discrete formulation of the considered problem and derive a priori bounds as
well as error estimates on semi discrete solutions. In Section [6], we develop a new
linearized L1 Galerkin FEM. We derive a priori bounds on numerical solutions of the
developed numerical scheme and prove its accuracy rate of O(h + k?>~%). In Section
, we achieve improved convergence rate of O(h + k?) by proposing a new linearized
L2-1, Galerkin FEM. Section [8 includes a numerical experiment that confirms the

sharpness of theoretical results. Finally, we conclude this work in Section [9]

2 Preliminaries

Let L'(Q) be the set of all equivalence classes of integrable functions on  with the

norm

HgnLl(m:/ng(x)\ dr for ge L'(Q). (2.1)

The Sobolev space W1(€) is the collection of all functions in L'(€2) such that its

distributional derivative of order one is also in L!(Q), i.e.,
Wh(Q) = {g € L'(Q); Dg e L'(Q)}. (2.2)
The norm on the space W11(Q) is given by
lgllwri) = gl + 1Dglli) for g € WHH(Q). (2.3)

Let L%(2) be the set of all equivalence classes of square integrable functions on
2 with the norm

lgll* = [ lg(@)? dv for g€ L*(). (2.4
The norm defined in ((2.4)) is induced by the inner product (-, -) as follows
(g,h) = /Q g(x)h(z) dx for g,h e L2(Q). (2.5)

The sobolev space H™(2), (m € {1,2}) is the set of all functions in L?(Q2) such that

its distributional derivatives upto order m are also in L*(Q2), i.e.,
H™(Q) = {g € L*(Q); D’g € L*(Q), |8] <m}, (2.6)

where f is multiindex. The norm on the space H™({2) is induced by the following

inner product (-, -),, as follows

(9,h)m = > (DPg,D"h) for g,h € H™(). (2.7)

1B|<m



We denote HJ*(2), (m € {1,2}) be the closure of C&(€2) in H™(2). The space HJ'(2)
can be characterised by the functions in H™({2) having zero trace on the boundary
00 [15, Section 2.7]. The dual space of HJ*(€2) is denoted by H " (£2).

For any Hilbert space X, we denote L?(0,7;X) be the set of all measurable
functions ¢ : [0,7] — X such that

[ gt ds < oo 2.5)

The norm on the space L?(0,T; X) is given by

T
gl r) = [ las)lk ds for g€ (0,13 X), (29)

We also define a L2(0,T; X) space consisting of all measurable functions g : [0, T] —
X such that

sup (F(loz) /Ot(t —5)* Hg(s) % ds) < 00. (2.10)

te(0,7)
The norm on the space L2(0,T; X) is given by [19] (4.5)]

1

t
||9||%5(0,T;X): sup (/(t_s)a_lng(S)H%( ds) for g€ L2(0,T;X). (2.11)
reo.r) \I'(a) Jo

One can observe that L2(0,T; X) C L*(0,T; X). The set of all measurable functions
g :10,T] — X such that

ess sup |lg(t)]lx < oo (2.12)
te(0,T)

is denoted by L>(0,7; X). The norm on this space is given by

9]l oo (0,;x) = ess sup [[g(t)[[x for g€ L=(0,T;X). (2.13)
te(0,7)

For any two quantities a and b, the notation a < b means that there exists a generic
positive constant C' such that a < Cb, where C' depends on data but independent of
discretization parameters and may vary at different occurrences.

Throughout the paper, we assume the following hypotheses on data:

(H1) Initial data uy € H*(Q) N Hg () and source term f € L> (0, T; L*(Q)).
(H2) Diffusion coefficient M : Q x (0,00) — (0, 00) is a Lipschitz continuous func-

tion such that there exists a positive constant mqy which satisfies
M (z,5) > mgy > 0 for all (z,s) € Q x (0,00) and (mo - 4LMK2) > 0,

where K = (HVUOH + ||f||Loo(0’T;L2(Q))) and Ly, is a Lipschitz constant.
(H3) Memory operator b(z,t, s) is a second order partial differential operator of the

form
b(x,t,s)u(s) := =V - (ba(x,t,5)Vu(s)) + V - (bi(z,t, s)u(s)) + bo(z, t, s)u(s),
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with by : Q x [0, T] x [0,T] — R¥ is a symmetric and positive definite matrix with
entries [bY (z,t, )], by : Q x [0,T] x [0,7] — R? is a vector with entries [b}(z,,5)]
and by : Q x [0,7] x [0,T] — R is a scalar function. We assume that b5 b}, b, are
smooth functions in all variables (x,t,s) € Q x [0,T] x [0,T] for 4,5 =1,2,...,d.
We define a function B(t, s, u(s),v) for all ¢, s in [0, T] and for all u(s), v in H}(£2)

as

B(t,s,u(s),v) = (ba(z,t,s)Vu(s), Vo) + (V- (b1(x, t, s)u(s)),v) + (bo(z, t, s)u(s),v).

(2.14)
Using (H3) and Poincaré inequality one can prove that there exists a positive constant
By such that

|B(t,s,u(s),v)| < Bo||Vu(s)| [|Vv|]| Vt,s€[0,T], and ¥V u(s),v € Hy(Q). (2.15)

We indicate * as the convolution of two integrable functions g and h on [0, 7]
such that

(g*h)(t):/otg(t—s)h(s) ds Yt €0,T). (2.16)

Remark 1. Note that I(t) defined by I(t) := a(—;l satisfies k[ = 1.

Lemma 2.1. [12, Lemma 18.4.1] Let H be a real Hilbert space and T > 0. Then for
any k € WHH0,T) and v € L*(0,T; H) we have

(jt (kxo) <t>,v<t>) = 5o (ks HvHH) (0)+ SEO el

H

2/ ||U ) —v(t—s)||} ds ae. te(0,T).
(2.17)

Lemma 2.2. [2, Theorem 8] Let u, v be two nonnegative integrable functions on |a, b]
and g a continuous function in |a,b]. Assume that v is nondecreasing in |a,b] and g

is nonnegative and nondecreasing in [a,b]. If
t

u(t) <wv(t) + g(t)/ (t—s8)*tu(s) ds fora € (0,1) and V¥ t € [a,b],

a

then
u(t) < v(t)E, [gt)(a)(t —a)*] fora e (0,1) andV t € [a,b],

where E,(-) is the one parameter Mittag-Leffler function [30, Section 1.2].

Lemma 2.3. [6] Consider the following initial value problem

9y(t) = gt y(1)), t € (0,T], a < (0,1),

2.18
y(0) = vo. ( )



Let yo € R, K* > 0,t* > 0. Define D = {(t,y(t)); t € [0,t*], |y —yo| < K*}. Let
function g : D — R be a continuous. Define M* = sup ,ep |9(t, y(t)|. Then there
exists a continuous function y € C[0, T*] which solves the problem (2.18)), where

£ M* =0,
T = (2.19)

1
min{t*, (W) “} else.

Lemma 2.4. [19, Lemma 4.1] For T > 0 and o € (0,1). Let X,Y, and Z be
the Banach spaces such that X is compactly embedded in Y and Y is continuously
embedded in Z. Suppose that W C L} (0,T; X) satisfies the following

loc

1. There exist a constant C7 > 0 such that for allu € W

sup (F(la) /Ot(t—s)o‘lHu(s)H_QX ds) <. (2.20)

te(0,T)
2. There exists a constant Cy > 0 such that for allu € W

107 ull L2072y < Coa (2.21)

Then W is relatively compact in L*(0,T;Y).

Lemma 2.5. [36] Let k be the kernel defined in (1.1) then there exists a sequence
of kernels k,, in WH1(0,T) such that k, is nonnegative and nonincreasing in (0, 00).
Also

k, — k in L*(0,T) as n — oo, (2.22)
and for uw € L*(0,T; L*())

(;i (kp *u) — jt<k s ) in L*(0,T; L*(Q)) as n — oo. (2.23)

3 Main results

The weak formulation corresponding to the problem (P?) is to find u € Z such that
the following equations hold for all v in H}(Q2) and a.e. t in (0,7

t
(@ w,0) + (M (2, IVul?) Vu, 90) = (£,0) + [ Blt,s,u(s),v) ds, in 9 x (0,7,
0
u(z,0) = ug(x) in Q,
%)
where the solution space Z is defined as
Z .= {u € L™ (o,T; L2(Q)) N L2 (o,T; H&(Q)) and 0%u € L (O,T; LZ(Q))} .
(3.1)



Theorem 3.1. (Well-posedness of the weak formulation (W*°))) Under the
hypotheses (H1), (H2), and (H3) the problem (W) admits a unique solution that

satisfies the following a priori bounds
lull e ozizz) + lll iz (ormyey) S (IVuoll + 1 flexorz@y) . (3:2)

lall oz + el szoraeay S (IVul + Ifleori@) - (33)

For the semi discrete formulation of the problem , we discretize the domain in
the space variable by a conforming FEM [33] and keep the time direction continuous.
Let T), be a shape regular (non overlapping), quasi-uniform triangulation of the
domain €2 and h be the discretization parameter in the space direction. We define a

finite dimensional subspace Xj, of H}(Q) as

Xy :={v, € C(Q) : wyl, is a linear polynomial for all 7 € T;, and v, = 0 on 9Q}.

The semi discrete formulation for the problem (P?)) is to seek uy, in X}, such that
the following equations hold for all v, in X}, and a.e. ¢ in (0, 7]

(O up, vp) + (M (x, ||Vuh||2) Vuy, Vvh)

= (f,vp) + /UtB(t,s,uh(s),vh) ds in Ty, x (0,77, (89)

up(2,0) = ul) in T,

where initial condition ! is in X}, which will be chosen later in the proof of Theorem
0.2l

Theorem 3.2. (Error estimate for the semi discrete formulation )
Suppose that hypotheses (H1), (H2), and (H3) hold. Then we have the following

error estimate for the solution uy, of the semi discrete scheme (S°)

lw —unllLooo.ri22(0)) + [lu — uhHLg(o,T;Hol(Q)) S h, (3.4)
provided that u(t) is in H*(Q2) N HY(Q) for a.e. t in [0,T].

Further, we move to the fully discrete formulation of the problem for that
we divide the interval [0, 7] into sub intervals of uniform step size k and ¢, = nk for
n=20,1,2,3,..., N with t;y = T. We approximate the Caputo fractional derivative
by L1 scheme, Kirchhoff type nonlinearity by linearization, and memory term by
modified Simpson’s rule as follows
L1 approximation scheme [I8]: In this scheme, Caputo fractional derivative is

approximated at the point ¢, using linear interpolation or backward Euler difference
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formula as follows

1 tn 1 ou
C na _ ~d
D r'l—a) /0 (t, —s)* Os °
1 noud — Tt /tj 1
= ——ds+Q"
F(l — Oé) j:zl k tji—1 (tn - S)a (35)
k*a n . .
= (v -+ Q"
2 -—a) ]E:l / ( )
=Dfu" + Q"

where a; = (i + 1)1 — ¢ i > 0, v/ = u(x,t;), and Q" is the truncation error.
Linearization: For nonlinear term we use the following linearized approximation of

u at t, given by
ut 2 — w2 form > 2

a" L

(3.6)

Modified Simpson’s rule [29]: Let m; = [k~'/?], where [-] denotes the greatest
integer function. Set k1 = mqk and t; = jki. Let j, be the largest even integer such

that t;, <t, and introduce quadrature points

- gk, 0<j < Jn,

where f’jn = t,_1. Then quadrature rule for any function g is as follows

[ 965) ds = X wnatt) + 0'(9)

J=0

5 2 [90E) + 49(E, ) + ()| (3.7)
Jn
+ ’; S 9@ +9E )]+ ke(T) + d"(9),

j:jn+1
where w,,; are called quadrature weights and ¢"(g) is the quadrature error associated
with the function g at t,,.

On the basis of approximations (3.5)), (3.6), and (3.7) we develop the following
linearized L1 Galerkin FEM.

Linearized L1 Galerkin FEM: Find v} (n = 1,2,3,...,N) in X, with 4}~ ! =
2uj~ " — u"? such that the following equations hold for all vy, in X},
For n > 2,

(DFup, vp) + (M (x, HV&’[L‘_1||2> Vuy, Vvh) =(f",un) + ni:lwnjB (tn,tj,u{t,vo :
=1
(€9)

10



For n =1,
(Dfui,vh) + (M (m, HVU}LHQ) Vuy, Vvh) = (fl,vh) + kB (tl,to,ug,vh) :

with initial condition u that is to be chosen later in the proof of Theorem [3.2]
To access the convergence rate of the developed numerical scheme (€], we need

the following discrete kernel corresponding to the kernel (a;)

Lemma 3.3. [18] Let p, be a sequence defined by

n

po=1, p,= Z(aj—l - aj)pn—j for m > 1.

j=1
Then p,, satisfies
0<pn<l, (3.8)
an,jaj,k = 1, 1 < k < n, (39)
j=k
r@-a)) i (3.10)
—« i < .
ZP =Tt a)

Theorem 3.4. (Convergence estimate for the numerical scheme ) Un-
der the hypotheses (H1), (H2), and (H3) the fully discrete solution uj (1 <n < N)
of the scheme converges to the solution u of the problem (P%|) with the following

rate of accuracy

N 1/2
g ) =l + (K o [9ult) = V) S k). )
At this point one can see that convergence rate is of O(k*) in the tempo-
ral direction. To improve this convergence rate a new linearized fractional Crank-
Nicolson-Galerkin FEM is proposed. In this scheme we replace the L1 approximation
of the Caputo fractional derivative with L2-1, (0 = §) scheme [I] at ¢,_, (tp—s =
(1 — o)t, + ot,_1), linearization technique for nonlinearity at t,_,, and modified
Simpson’s rule for the memory term at ¢,,_,.
L2-1, approximation scheme [I]: In this scheme, Caputo fractional derivative is

approximated at the point ¢,,_, as follows

°Dy_ =D _u+Q (3.12)
where
~ kia n ~(1’L) . i1
D = — E T a—T 3.13
tn—au F(2 _ Oé) = CTL—j (u U ) ) ( )

11



(n)

with weights ¢, " (u

; satisfying ¢, = ag for n =1 and for n > 2

ao + by, J=0,
a; — by, j=n—1,
where
Go=(1—0)anda=(I+1-0)""=1—-0)" 1>1,
7 1 2—a 2—a - l1-«a
bl—M[(l+1—a) —(-o0) ]—5[(l+1—0) +(l-0)] 1>,

with @”_” is the truncation error.
Linearization: Linearized approximation of the nonlinearity and diffusion at ¢,_,

is given below. For Kirchhoff term

w7~ (2 —o)u" Tt — (1 —o)u" 2, forn > 2
(3.15)
— a'f’L—l,O’j
and for diffusion term
w7 & (1 —o)u" + (o)u™ !, forn > 1
( ) (0) (3.16)

= ’ELn7U

Modified Simpson’s rule: With a small modification in (3.7)) we obtain the fol-

lowing approximation of memory term on [0, ,_,]

n—1

[ o) ds =3 nyate) + (o)
k‘ Jn/2
Z[ (#3,) + 49(8; 1) + g(13; )] (3.17)
PSS [0 + @) + (1 o) Re(E) + T (0)
J=jn+1

where ¢"7(g) is the quadrature error associated with the function g at ¢,_,.

By combining all approximations (3.12] -, we construct the following linearized
L2-1, Galerkin FEM.

Linearized L2-1, Galerkin FEM: Find u}! (n = 1,2,3,...,N)in X}, with a} "7 =
2—o0)up ™t —(1—0o)up? and 477 = (1 — o) ul + (o) u}~* such that the following
equations hold for all v, in X,

For n > 2,

(]D)?n Guh,vh) + ( ( Va7 ) VﬁZ’U,VUh) = nz:: W,; B (tn,g,tj,u{b,vh)

().

F*)
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For n =1,

(D5 up, on) + (M (2, V" ||?) Vi, Voy) = (1= 0) kB (t1-0, to, uf, vn)
+ (f1_07 Uh) )
with initial condition u) which is to be prescribed later in the proof of the Theorem
0.2l

Similar to the Lemma [3.3] we have the following discrete kernel corresponding to
the kernel (¢7).

Lemma 3.5. [20] Define

(n 1 i (n—k (n—k
e N e R R PP
0 k—O

Then ﬁgn) satisfies

~(n)
0<pyy; <1, (3.18)
S =1, 1<k<n<N, (3.19)
=k
n na
re- . < ————, 1< n<N. 3.20
Q-3 < gy 150 S (3.20)

Theorem 3.6. (Convergence estimate for the numerical scheme (F*))) Sup-
pose that hypotheses (H1), (H2), and (H3) hold. Then the fully discrete solution
u (1 <n < N) of the scheme (F?) satisfies the following convergence estimate

n=1

1/2
ot = )+ (1 3 A0, 190 ~ V) S (k). 2

4 Well-posedness of the weak formulation

In this section, we prove the well-posedness of the weak formulation using
the Galerkin method. For this, we define two new discrete Laplacian operators and
apply the energy argument to derive a priori bounds on every Galerkin sequence.
As a consequence of compactness Lemma [2.4] these a priori bounds establish the

convergence of the Galerkin sequence to the weak solution of the problem (P¢)).

4.1 Proof of the Theorem

Proof. Let {(\;, ¢;)}2, be the eigenpair corresponding to the standard Laplacian
operator with homogeneous Dirichlet boundary condition [7, Section 6.5]. For each

fixed positive integer m, consider a finite dimensional subspace V,, of H}(Q) such

13



that V,,, = span{¢;}/*,. Further, reduce the problem (V%)) onto this space V,, as to
find u,, € V,, with the identification

um(7t) = Zamj<t)¢j7 (41)
j=1
such that the following equations hold for all v,, € V,, and a.e. t € (0,T]

(O U, V) + (M (x, ||Vum||2) Vi, va) =(f,om) + /Ot B(t, s, U (s),vm) ds,

m

um('u O) = Z(u()a ¢J)¢J
j=1
(4.2)
Then by Riesz-Fischer theorem [21], Theorem 2.29]
U (-, 0) = ug in L*(Q) as m — oo. (4.3)

Put the values of u,, and u,,(0) in (4.2), we obtain a coupled system of fractional
order differential equations. Then by the theory of fractional order differential equa-
tions Lemma , the system has a continuous solution w,,(t) on some interval
0,t,),0 < t, < T, with vanishing trace of k* (u,, — u,,(0)) at t = 0 [36, Theorem 3.1].
These local solutions w,,(t) are extended to the whole interval by using the following

a priori bounds |16, Lemma 3.1].

(A priori bounds) Take v, = u,,(t) in (4.2)) to get

(jt (K * ) um> + (M (2, | Vttm|*) Vi, Vi)
= <c§lt (k * u,(0)) ,um> + (f, um) + /OtB(t, S, U (8), U (1)) ds.

(4.4)
Let k,,n € N be the sequence of kernels defined in Lemma , then equation (4.4)

is rewritten as

(:i(kn * Uy ), um> + (M (x, HVum||2> Vi, Vum) s
— (B t) + (;t (K %t (0)) um> + (fy um) +/0tB(t,s,um(s),um(t)) ds,
with p p
honn, = — (kn % (U, — um(0))) — — (k * (wm — umn(0))) . (4.6)

dt dt
Use Lemma [2.1] positivity of diffusion coefficient (H2), continuity of B(t, s, -, ) ([2.15),

Cauchy-Schwarz and Young’s inequalities to obtain

d o un() = un(t = 5)]
(ko # 2 (¢ / d nll?
i U lunl*) () + =5 | 5+ |Vt

2 2 2 2 t 2 (47)
S Wil Bt OV + 112 + 1 [ ¥ (5)? s,

14



By convolving the equation (4.7) with the kernel I(t) = 2 and letting n — 0o in

T'(a)
then equation reduces to
()1 + (1% [ Vem]?) (8) S JumO)] + (1x [1F17) (2) s
t 4.8
1 (||um||2 1 [ IVun(s)|? ds> |

In (4.8) we have used the fact that

d 2 . d ) d 9 o 9
Ix— (Fn # lluml[?) (£) = - (1 [ 1?) (£) = - (B U 1) (£) = Jlum |2,
(4.9)
with

(k) (t) = (k) @) =1 and (1% hyw)() = 0 as n— oo in LY0,T). (4.10)

Denote ti (t) := |um()]I* + (15 | Vum|?) (t) and G (t) = [un (0)[* + (0 [ £]1%) (2)-
Then equation (4.8)) is converted into

i () < (1) + 1 5 (HumH? +t/0t 1Vt (s)|2 ds)

S O (t) + 1% (Humﬂz + t/ot(t —8)*7H(t — 8) Y Vum(s)]]? ds) (4.11)

< tnlt) + (:) / (= )2 iy (s) ds.

As a consequence of Lemma (4.3), and Poincaré inequality, we deduce
[t | Lo 0.522(0) + N[t 22 0,713 ) S Nt (O + 11| 220,222

S llwoll + 1 fll 2z 07020 (4.12)
S I Vuoll + [ fl 22 0,15220))-

Due to the presence of gradient type nonlinearity in , these a priori bounds
are not sufficient to apply compactness Lemma . In order to use this lemma,
we need to derive a priori bound on L>(0,T; Hj(9)) as well as L2(0,T; H*(2)). For
these a priori bounds, we define two new discrete Laplacian operators AM =~ Ab2 .
V.. — V,, such that

(=AM 4 v0) = (M (2, || Vm||?) Vi, V) ¥ Uy, Vg € Vi, t € (0,T], (4.13)
and
(=A% v vy) i= (by(,t, 8) Vi, V) Y Uy Uy € Vi, ts € (0,T). (4.14)

Since diffusion coefficient is positive and b, is a symmetric positive definite matrix
therefore AM and AP are well defined. We make use of these definitions (#.13) and

15



to convert the equation into
(Of Unn, V) + (—A% um,vm>
= (from) ¥ /ot(_A% tm(5), Um) ds + /Ot(v (b, 1, 5)um(s)),vm) ds (4.15)
+ /Ot(bo(ﬂi,t,S)um(s),vm) ds.

Put v,, = —AM y,,(t) in ({4.15)) and apply Cauchy-Schwarz inequality together with

Young’s inequality to obtain
(08 Vit M (2, |Vt |[?) Vi) + AN w,n®
S 18 wn)? ds+ [ V()P ds - (116)
[ ()2 ds + 111
Estimate |(bo(z,t, $)VUm(s), V)| S |Vum(s)]] || Vo] implies

bo(z,t, s)Vun(s), Vo,)|
AP . (s)]| = su [(ba . ’
” m ( )H vmegm ”vva

S [[Vum(s)]- (4.17)

Hypothesis (H2) and estimate (4.17)) yield

d t
(165 = O] 0T ) 182 w5 [ IV + () s
+IfI
(4.18)
Following the similar lines of the proof of estimate (4.12)), we reach at
el 3o 0.3 ) + (L% AN wnll?) (8) S IV (O + 1 172 07220 (4.19)
S I Vuol” + ”f“%g((],T;L?(Q))‘
Finally, substitute v,, = 0fu,, in (4.15)) to have
t
07l + (=23 w0 w) S 1A+ [ (1A% wn()I? + [V ()]?) ds.
. 0 (4.20)
+ [l ds.
Proceeding further as estimate (4.19)) is proved to conclude
I unllazr + il gon S 19O+ Iflsziorazon o

S IVuol| + 11 £l 22 0.7522(02))-

Thus, estimates (4.12) and (4.21]) provide a subsequence of (u,,) again denoted by
(t) such that u,, — win L?(0,T; H}(Q)) and 0Pu,, — 0Pu in L?(0,T; L*(Q)).
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In the light of estimates (4.19) and (4.21]), we apply compactness Lemma to
conclude u,, — w in L?(0,T; H}(Q)). Now using the fact that M(z, ||Vu,|*) and

B(t, s, um(s), vm) are continuous and an application of Lebesgue dominated conver-
gence theorem, we pass the limit inside (4.2)) which establishes the existence of weak
solutions to the problem (P¢)).

(Initial Condition) The weak solution u satisfies the following equation for all
vin H}(Q)

d ¢
( Lk (a0 0 ) (M (2. 901) V. 90) = () + [ Blt.s.u(s).v)ds.
(4.22)
Let ¢ in C* ([0,T]; H}(Q)) with ¢(T) = 0, multiply with ¢ and integrate by

parts to get in time

—/ ((k * (1 — o)) (1), dt+/ z, | Vul) Vu, Vo) 6(t)dt

/ dt+/ / (t,s,u(s),v)o(t)dsdt

+ (K (u — 10))(0), 9(0))
(4.23)

Since C! ([0, T); HL(Q2)) is dense in L? (0,T; H}(2)), thus using (4.2) and (k * (u,, —

U, (0))) has vanishing trace at ¢t = 0, we have
—/OT ((k % (tm — wn (0)))(2), 0)¢ (£)dt + /OT (M (2, [IVtm|*) Vi, Vo) 6(t)dt

= [Tyt [ [ Bl s (). v)o(t)dsd

’ v (4.24)

Let m tend to infinity in and comparing with we obtain ((k * (u —

u9))(0), ¢(0)) = 0. Since ¢(0) is arbitrary, so we have (k % (u — up))(0) = 0 which

implies u = ug at t = 0 for a € (%, 1} [16, Proposition 6.7]. For the case o € (O, %},
we need to impose more compatibility conditions of data see [16, Theorem 1.3].

(Uniqueness) Suppose that u; and uy are solutions of the weak formulation

V), then z = uy — uy satisfies the following equation for all v € H}(f2) and

a.e. t € (0,7]

<jt(k * Z)(t),v> + (M(z, | Vua|*) V2, Vo)
= ([M (2, ||Vu2||2> — M(, [V |*)] Vg, Vo) (4.25)

+ / (t,s,2(s),v) ds.
Put v = 2(t) in (4.25)) and using (H2), (H3), and a priori bound (3.3)) on u;, us along

with Cauchy-Schwarz and Young’s inequality to obtain

(;lt(k * z)(t), z(t)) + (mo — 4Ly K?)||V2|]* < /Ot 1V z(s)||ds. (4.26)
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Following the similar lines as in the proof of estimate (4.12)) and using (H2) we

conclude HZHL?(O,T;H(}(Q)) = ||2]| o (0,1;02(0)) = 0. Thus uniqueness follows. O

5 Semi discrete formulation and error estimate

In this section, we discuss the well-posedness of the semi discrete formulation (S¢))
and derive error estimate for the semi discrete solution by modifying Ritz-Volterra

projection operator.

Theorem 5.1. Suppose that hypotheses (H1), (H2), and (H3) hold. Then there exists
a unique solution to the problem (S°|) which satisfies the following a priori bounds

[unl e 0,7:2200) + [unll 22 (0 7oy ) S (IVuoll + 1 £ 207222 ) - (5.1)
108 unl 220 220 + lunll ooy S (1V0oll + 1| £l 022 ) - (5.2)
Proof. This theorem is proved analogously to the proof of Theorem [3.1] O

For the semi discrete error estimate, we define a new Ritz-Volterra type projection
operator W : [0,T] — X by

(M (x, \|vu||2) V(iu—W), Vvh) = /Ot B(t,s,u(s) —W(s),vs) ds Y v, € Xp. (5.3)

This modified Ritz-Volterra projection operator W is well defined by the positivity
of the Kirchhoff term M [5]. This projection operator satisfies the following stability

and best approximation properties.

Lemma 5.2. [17] Let W be the modified Ritz-Volterra projection operator defined in
(5.3), then |[VW|| is bounded for every t in [0,T1], i.e.,

VWIS [Vl
To derive the best approximation properties of the modified Ritz-Volterra projection
operator, we assume some additional regularity on the solution u of the problem
such that I} 22]
lu(t)]]e S C and [Ju(t)|s S CVtel0,T]. (5.4)
Theorem 5.3. Suppose that the solution u of the problem satisfies . Then

modified Ritz-Volterra projection operator has the following best approzimation prop-

erties
)]+ BIVp) S BVt € 0.7 55
eIl + hlIV e t)]| < h* ¥t € (0,71,
where p:=u—W.
Proof. For the proof of this theorem we refer the readers to [4, [5]. ]

Now error estimate for the semi discrete formulation (S| is attained as stated in
Theorem [3.2]
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5.1 Proof of the Theorem [3.2

Proof. Denote 0 := W — wy, such that v — u, = p+ 6. Then put up, = W — 6 in the
problem (S¢)) to have

(02 (W — 6),00) + (M (. ]|Vun|[?) V(W ), Vo)
= (f,vn) + /OtB(t,s, W(s) —6(s),vn) ds Y v, € Xj.

Weak formulation (W) and the definition (5.3) of the modified Ritz-Volterra pro-
jection operator W yield

(070, vn) + (M (2, | Vun|?) VO, Vo)
t
— —(8%p, vn) +/0 B(t,5,0(s), vn)ds + ((M(x, |Vl — Mz, |Vul]?) VWV, Vv

(5.6)
Set v, = 0(t) in and employ (H2), (H3) to obtain
t
(970, 0) +mol[ VOII* = [lo7plll0()] + ||V9(t)||/ IV6(s)l|ds
0 (5.7)

+ La([Vun | + [[Vul) IV el + [[VOIDIVW [V

By utilizing proved a priori bounds on ||Vul|, || Vu,|| and ||[VW|| together with Cauchy-

Schwarz and Young’s inequality, we obtain

t
(070,0) + (mo — ALy K*)[[VO|* S (107 oIl + (1] +/O IVO(s)[*ds + Vol

(5.8)
Use (H2) and apply similar arguments as we prove estimate (4.12)) to deduce
1012 0z + (L* 19812) (1) S [0 (9012 + 102 0112)] (1) + I V8(O)]1
For absolutely continuous function p, we have 9%p = ¢D%p [6]. Therefore,
1 t dp
lo" — CDa — / t—g) == d
ool = | “Dzoll = |y [ (6= "5t ds
1 t dp
<__ = | _sa||?P d 5.9
~ F(l—a)/(J( ) 33(8) ° (5.9

1 t
< ——— [ (t—s)"*h* ds < h*

We choose u} = W (0) such that (0) = 0. Then apply approximation properties of

modified Ritz-Volterra projection operator (5.5)) and (5.9)) to conclude
1611 F 00 0,722 (52)) + (l * ||VQ||2) (t) Sh*+n' < h
Finally, triangle inequality and estimate ({5.5)) finish the proof. O
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6 Linearized L1 Galerkin FEM

In this section, we prove the well-posedness of the numerical scheme (£¢)) and carry

out its convergence analysis. The following two lemmas provide a priori bounds on
the solution to the problem (€°]).

Lemma 6.1. Under the hypotheses (H1), (H2), and (H3) the solution u}} (n > 1) of
the scheme (E%) satisfy the following a priori bound

N
ml|2 [ n||2 < 2 n||2
s, 17 4+ K S oy all VR S [Vl + ma 1970 (6)

Proof. Put v, = u}, for n = 1 in the formulation to get

(]D?u,ll,u,ll) + (M (a:, ||Vu,11]|2) Vuj, Vu}b) = (fl,u,ll) + kB (tl,to,ug,u}l) :
Employing (H2) and (H3), we obtain

(1= kT2 — a))l|up||* + k[ Vagl* S & (1112 + R Vufl?) + llup])*

For sufficiently small k£ such that £* < ﬁ

, we conclude
lunl* + &V |12 < NP+ IVl S PP+ Vol

Further, set vy, = u}} for n > 2 in the scheme (€] to have

n—1 )
Dy, up) + (M (2, [V~ ) Vg, Vag) = (£, up) + 2 wn;B (tnt, 1l ) -
]:

(6.2)
Apply the identity (Dfup,uj) > 1D¢{|lup|® [18] and hypotheses (H2), (H3) along

with Cauchy-Schwarz and Young’s inequality to reach at

n—1
D flup 1 + Vg |* S (I|f"||2 +lupl? + D2 wndIVU‘;’ZHQ) : (6.3)

Jj=1

By the definition of D¢ ||uy||* (3.5)), the equation (6.3)) reduces to

—o n ) ) n—1 )
g oy 2 g (bl = ™ IP) IV a2 S 1P+ e + 3wl Va1 |
(2—a) j=1 j=1
(6.4)
Multiply the equation (6.4]) by discrete convolution P, ,, defined in Lemma and

take summation from n = 1 to m to obtain

> pmn D ang (leh I = uh " 17) + kT2 = @) 3 pmoal Ve ||

n=1 j=1 n=1
m m m n—1

SET(2 - a) (Z Pr=al F" 1+ 22 Dl * + 3 prn Y wnj||W%|l2> :
n=1 n=1 n=1 j=1
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Interchanging the summation and property of discrete kernel (3.9) with oy = k*T'(2—
a) yield

m m—1 n
(1= ao)llu’ || + &% 3~ prnl Ve |* S (k"pmnHUZHZ + kih® ZPMHV%H?)
n=1 n=1 j=1
+E Y Pl 1+ [lunl.
n=1
Then for sufficiently small £* < ﬁ one have

m m—1 n
i I? + 5% 3 Pl VU * S 32 (6P + k1) (HUZH2 + kK anjHVuiHQ)
n=1 n=1 Jj=1
+ &Y a1 (bl
n=1
Further, the discrete Gronwall’s inequality provides

i |1* + &% 3~ pnll Vi |1*

" - (6.5)
N (’f > Po—all f1I* + ||u2||2> exp (Z (K prn + k1)> :
n=1 n=1
Finally, using property of discrete kernel (3.10]) one obtain
« - n|2 < n||2 « - < n||2o,
13 ol S g, 1 (K X ) s, P
< o n|(|2
ST max |lf*]°
Also,
m—1
ST (K Pmen + k1) S E“m® +mky ST (6.7)

n=1
To conclude the result (6.1]), put and (6.7 in (6.5)) as

m
' P+ 5 32 pral Vi * S max 117 + [[upl® S max 1717 + [[Vuol
(6.8)

]

n=1

Lemma 6.2. Suppose that hypotheses (H1), (H2), and (H3) hold. Then the solution
up (n > 1) of the scheme (E%) satisfy the following a priori bound

1<m<N

N
max Ve[ + kY proa AR S [ Va2 + max |72 (69)

n=1

where AM . X, — X, is the discrete Laplacian operator defined in (4.13)).
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Proof. By making use of definitions of discrete Laplacian operator (4.13] - and -
the equation for n = 1 in the scheme is rewritten as

(]Df‘u}“ Uh) (=AM vy,) = (fl, Uh) + k(=AU ) + k(Y - (by(x, t, s)ul), vp)

+'k(b0(x7tas)uguvh)'
(6.10)

Setting v, = —Ajpy, up in one obtain
(D Vu, Vuy ) + | AN wh | S N2 + B2 (1A uR 1 + (IVup | + [lup)?) . (6.11)
Again identity (Dfuf,up) > D¢ |lup||? and estimate simplify the equation
to
IVunll® + B AR l1* S RSP + 5B Vg + ([ V]|, (6.12)
For sufficiently small k£ as in Lemma [6.1 we deduce
IVunll® + B 1A w12 S PP+ VRl S PP A+ Vol (6.13)

Consider the scheme (€°)) for n > 2 with definitions of discrete Laplacian operators

(T3) and (1D

(Dfuy, vp) + (_AhMUZa“h) = (f" ) + ”z‘: Wnj <_A22ui’vh)

- Z W ( (by(z, tn, t5)ul), Uh) (6.14)

n—1

- Z Wnj (bo(x,tn,tj)ui,vo .

j=1

Take v, = —AMy? in (6.14) and apply (H2), (H3) along with Cauchy-Schwarz and
Young’s inequality to get

(DF Vg, V) + A" |* < 1117+ Z W[ Ar |
J=1
. R | (6.15)
+ D wng [V |+ 3wl |I*.
j=1 j=1

By using the estimate (4.17) and the identity (Dfu, uff) > $D¢[|lup||?, the equation
(6.15)) is converted into

n—1
DY |[Vupl* + |A7 u 1* < (||f”||2 +2 wnj||VUi||2) : (6.16)
j=1
Further, proceed as we prove estimate (/6.1)) to complete the proof. O
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To show the existence of the fully discrete solution uj (n > 1) of the problem
(), the following variant of Brouwer fixed point theorem is used.

Theorem 6.3. [15] Let H be finite dimensional Hilbert space. Let G : H — H be a
continuous map such that (G(w),w) > 0 for all w in H with ||w|| = r, r > 0 then
there exists a w in H such that G(w) = 0 and ||0]| < r.

Theorem 6.4. Suppose that hypotheses (H1), (H2), and (H3) hold. Then there
exists a unique solution u} (n > 1) to the problem (E%).

Proof. (Existence) Taken =1 in the scheme and apply the definition of Dfu},
(3.5) with ap = k°T'(2 — ) to obtain

(u}L - u%,vh> + ap (M (x, HVU}LH2> Vuy, Vvh> = (fl,'uh) + apkB (tl, tg,uz,vh) :

(6.17)
In the view of we define a map G : X;, — X, by
(G (u,ll) ,vh) = (u}l,vh) — (u%, vh) + ap (M (x, ||Vu;1l||2) Vu;, Vvh> (6.18)

— (fl,vh) — agkB (tl,tg,u?l,vh) .
Then using (H2), (H3), and Cauchy-Schwarz inequality and Poincaré inequality with
Poincaré constant C),, we have
(G () uh) = bl = llup i | = avoll £ Ilah ]l + camol| Ve |
— ok Bo|| Vu[[| V|
> [lup ]l (Iluhll = 1l = aoll £11) + el Vupll (moll Vupll — kBol Vas )

> (g | (llupll = lufll = aoll £211)
oMy k?B()O
+ 227 (- o)),

(6.19)
Thus, for [Ju}| > [luf]l + ool f1]] + 2252 Vuh]|| one have (G (u}),u}) > 0 and the
map G defined by is continuous as a consequence of continuity of M and B.
Hence existence of u}, follows by Theorem immediately.
(Uniqueness) Suppose that X} and Y}' are solutions of the scheme for
n =1, then Z} = X} —Y}! satisfies the following equation for all v, in X,

(D5 Zy, o) + (M (2, | VX|?) VZ3, Vo)
(6.20)
= ([M (2, IVVH1%) = M (2, [VXL?)| VY3, Vo) -
Put v, = Z} in (6.20) and using (H2) we get
;D?HZ}LIF +mol| VZil* < LullVZ4) (IVXall + VY (VYR VZ3)
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Cauchy-Schwarz inequality and a priori bound yield
1ZA? + k* (2mo — ALy K?) |V 2} < 0.

At last, employ (H2) to obtain || Z}|| = ||[VZ}|| = 0 that concludes the uniqueness of
solution for n = 1 in the scheme (£)).
For n > 2, the numerical scheme (£) is linear with a positive definite coefficient

matrix as a result we get the existence and uniqueness of the solution u} (n > 2) for

the problem . O

To derive the convergence rate of developed numerical scheme (€°)), first we dis-
cuss approximation properties of L1 scheme ({3.5)), linearization technique (3.6, and

quadrature error (3.7)).

Lemma 6.5. [22] If u € C?([0,T); L*(Q?)) then truncation error Q™ defined in (3.5))
satisfies
Q| S #*7* forn > 1. (6.21)

Lemma 6.6. For any function u € C?0,T), the linearization error (u™ — u™ ') :=

L' defined in (3.6) undergoes
L™t < k* forn > 2. (6.22)
Proof. Apply the Taylor’s series expansion of ™ around v~ ! and "2 to obtain

|]L”_1| < kQ(utt(&) + uy (&) for some & € (t,_1,t,) and for some & € (t,_2,tn).
(6.23)
As u € C?[0,T] that implies the result (6.22)). O

Lemma 6.7. [29] If u € C*0,T] then quadrature error defined by (3.7) has the

following error estimate
lg"(w)| S k? forn > 1. (6.24)

We prove the convergence estimate of the proposed numerical scheme by
assuming that the solution u of the problem (P?)) satisfies additional regularity used
in Lemma [6.5 to Lemma [6.7] i.c., u € C*([0, T]; H*(2) N HY()) [1I, 22].

6.1 Proof of the Theorem [3.4]

Proof. First we prove the error estimate for the case n = 1. Substitute uj = W' — 0!
for n = 1 in the scheme (€°)) and using weak formulation (W) along with modified
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Ritz-Volterra projection operator W at t; to get
(D§6",vn) + (M (=, [|Vup||?) V6, Vo)
= (DPW*' — ©Du,vy) — kB (1,10, WO, 04) + /Otl B(ty, s, W(s),v)ds
+ ([M (2, [Vup|?) = M (2, | V'|?)| VIV, Vo)

+ kB (tl, to, 0°, vh) :
(6.25)
Set vy, = 01 in ([6.25]) with #° = 0 and using (H2), (H3) together with Cauchy-Schwarz

inequality and Young’s inequality to obtain
(1= kT2 = ))|[0"][*+k> (mo — ALy K?) [ V6|2

S QP + & “Dg ol + K IV e (W)I* + k([ Vo',
(6.26)

For sufficiently small k% < ﬁ, we apply (H2) and the approximation properties

621), (5, (B9), and (6:24) to conclude
1612 + K VO 2 S (K 4 h)” (6.27)
Now we derive the error estimate for n > 2, for that take uj = W" —6" in the scheme
()
(D", o) + (M (w, |Vip~|?) V6", Vo)
= (@n,vh) - (CDtO;/), Uh)
+ (M@, [ V@) = M, [Va[) VW™, Vo) (6.28)
n—1
+ (an(W)’ V?}h> + Z wnjB(tn? tja 9j7 Uh)'
j=1
Put v, = 0™ in (6.28) it follows
D612 + V0|12 S IQIP + I “Dg pll* + 116717 + V" |1* + [ Ve ||
_ nol A (6.29)
HIVL P+ IV (W) + 3 way [ V]I,

j=1
Employ the approximation properties (6.21)), (5.5)), (5.9)), (6.22]), and (6.24]) to deduce
2
D07 + |VO" | S (K + b2 + h+ K+ k2) + |02

n—1 . (6.30)
+ LIVOTHE V02 + D k[ VO] )
j=1
Now follow the similar arguments as we prove estimate (6.1]) to conclude the result

(3.11). O
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7 Linearized L2-1, Galerkin scheme

In this section, we show that proposed numerical scheme (F¢) achieve the second

order convergence in the time direction.

Lemma 7.1. Under the hypotheses (H1), (H2), and (H3) the solution u} (n > 1) of
the scheme (F?)) satisfy the following a priori bound

2 « 2< n— 2 2
i [k 3 Y IV S s R+ [Vl ()

n=1
Proof. For n =1 the scheme (F°) is

(]Dtaliau}l,vh) + (M (x, ||V@,110||2) Vﬁ,ll’g, Vvh) =(l1-0)kB (tl_g,to, uy, Uh)

(7.2)
+ <f1—0'7 Uh) .
Substitute v, = u}, in (7.2)) to get
k_a(l — U)l_a 1 0 1 ~l,0 1 1
O g )+ (1) (o V31 D, )

= —o (M (2, |V} |?) Vul, Vu}) (73)
+ (1= 0) kB (tig, to, up, up) + (£177,u}).

Simplification of (7.3)) using (H2) and (H3) with ag = k°T'(2—a) and G = (1—0)' ™
yields

il @ o o o -0
(1 - do) ot |2 4 k2| Vs | < kYVaQ||? + [|ud]|® + k2| Vud |2 + k)| £

(7.4)
Take sufficiently small k& to conclude
lupl® + B Vg S IVl + 177N S Vol + [1F771 (7.5)
For u} (n > 2) in the scheme to have
(D, up,on) + (M (=, | Var " |1?) Vi, Vo) —nz:jwnjB (tn-o ty 1, 01 70
(77w
Put vy, = v} in to obtain
(Df i up) + (1= o) (M (=, |V~ "7|?) Vuy, Vuj)
— n_ll Wn,; B (tn,g,tj,u{”u}f) + (f"*", uﬁ) (7.7)
=

Q

(M (=, [IVaR"7|?) Vup ™!, Vap) .
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We invoke the identity (Df‘niduﬁ,uﬁ) > D¢ |jup||? [1] and apply (H2), (H3) along

—0o

with Cauchy-Schwarz and Young’s inequality to reach at

n—1

D7, lupll* + IVupll® S 177217+ 20 dng Ve P + IV + upl®. (7.8)
j=1
We follow the similar arguments as we prove estimate (6.1)) to obtain (7.1)). O

Lemma 7.2. Under the assumptions (H1), (H2), and (H3) the solution u} (n > 1)
of the scheme (F?) satisfy the following a priori bound

N
mi|2 o ~(N) M,n|2 < n—%2 2
e, [V 4+ k0 2 AR AN S max 1P HP + I Vuol®. (79)

Proof. We combine the idea of Lemma and Lemma to prove the result ([7.9)).
O

Theorem 7.3. Suppose that (H1), (H2), and (H3) hold. Then there exists a unique
solution to the problem (F*)).

Proof. For the case n > 2, the scheme is linear having positive definite coeffi-
cient matrix. Thus existence and uniqueness in this case follow immediately. For the
case n = 1 in the scheme , the equation is nonlinear so we again use Brouwer
fixed point Theorem Consider the case for n = 1 in the problem with
ag=kT(2—a) and Gg = (1 — o)t

(uh — ), 0n) + 2‘;’ (M (2,IV8}7 %) Va7, Vo)

— ZE (fl_",vh) + gsz (tl_a,to,ug,vh> ) (7.10)
Multiply the equation by (1 — o) to obtain
(@,11’0, vh) — (ug,w) +(1- 0)22 (M (x, ||Va}1LUH2> Vﬁi’”, Vvh)
=(1- J)ZS (fl_",vh) +(1- J)Z(())kB (tl_a,to,uz,vh> )
(7.11)

Further, proceeding analogously to the proof of Theorem [6.4] we conclude the exis-

1 .
tence of ;7. Hence existence of uj}, follows. O

Now, we derive the convergence estimate for the numerical scheme (F¢)). This

estimate is proved with the help of the following lemmas.

Lemma 7.4. [1] Ifu € C3([0,T]; L*(Q)) then truncation error Q"7 defined in (3.12)
satisfies
Q™| S K forn > 1. (7.12)
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Lemma 7.5. For any function u € C?[0,T), the linearization error (u™ — u"~17) :=

L1 defined in (3.15) and (u" — 0™°) := L™ defined in (3.16) undergo
IL" 57| < k? forn > 2. (7.13)

and
L™ < k2 forn > 1. (7.14)

Proof. This lemma is proved by an application of Taylor’s series expansion as we
have proved Lemma . O

Lemma 7.6. [29] If u € C*0,T] then quadrature error defined by (3.17) has the
following error estimate
17" (u)| S K* forn > 1. (7.15)

7.1 Proof of the Theorem 3.6

Proof. Take uj = W' — ' with §° = 0 in the scheme (F%)) for n = 1, we have the

following error equation for 6!
(D5, 0" o) + (M (2, [|Va,7||?) VO, Vo)
= (@7, 0) = (°D__pvn) + (M(x, | Vu! 7| (VIW? — VIV'79), V) (7.16)
+ ((M(a, | V7 |?) = M(a, [|Vu' =) VIV, Vo) + (V=7 (W), V) -
Set v, = 6" in with g = k°T'(2 — ) and ag = (1 — )’ to have
(1 _ 3‘0) 1612+ K (mo — 4Ly K?) [ V62
0
SKNQTIE + ko D pll? 4+ k[ VL2 + kvt (A7)
+EVg (w2

For small value of k with hypothesis (H2) and approximation properties (7.12)), (5.5),
(©-9), (7.14), and (7.15)), we deduce

102 + kWO 2 S (K + 12+ 2+ 4 82) S (R4 k) (7.18)
For n > 2, substitute up = W™ — 0" in the scheme , then 0" satisfies
(B, 0% on) + (M (2, |V |2) V8™, Vo)
= (@ 7, v) = (°Dg._pyon) + (M(x, [ Va7 |P) (VW™ = VIW"7), Vo)
+ ((M(z, Va7 |?) = M(x, [ V"= |?) VW™, Vuy,)
+ (V@7 (W), Vo) + nf Wi B(tn—g,t;, 67, 08).
~ (7.19)
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Put v, = 0™ in (7.19)) it follows

B, 1671 + 9672 S QI + 1| D, pl* + VLA 495

tn—o

+ VL2712 4 | Vg (W))? (7.20)

n—1
+ (VO P+ VO 2P + D || V|
j=1

Further, apply the approximation properties (7.12)), (5.5), (5.9), (7.13)), (7.14]), and
(7.15)) to arrive at

n—1
D% o 10" + IV 6" |I* < (IIQ”II2 H VO (VO 4 Y k‘1||V9J||2) 721)

j=1
+(k3‘°‘+h2+k2+h+k2+k2+h2+h2)2.

Now, follow the similar arguments as in Theorem and Theorem to obtain
m m 2
1071+ & 32 Bl VO P S (B )
n=1

Finally, triangle inequality and estimate (5.5) complete the proof. ]

8 Numerical results

In this section, we implement the theoretical results obtained from fully discrete
formulations (€°)) and (F) for the problem (P?)). For the space discretization linear
hat basis functions say {i,s, ..., } for J dimensional subspace X, of H}(Q) are

used, then numerical solution u} (n > 1) for the considered (P?)) at any time ¢, in

[0, 77 is written as
J
i=1

where o™ = (aof,ab,af,...,a%) is to be determined. Further, denote the error
estimates that we have proved in Theorems [3.4] and [3.6] by

N 1/2
_ I a o n||2
Error-1 = max, lu(t,) — upl| + <k nz::le,nHVu(tn) Vuy || ) ,

and

N 1/2
9 I fe ~(N) - n||2
Brvor-2 = o u(t) ~ o + (K 7, [utt,) - Vuil?)

n=1

respectively.
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Example 8.1. We consider the problem (P?%)) such that (z,y,t) € Q x [0,T] where
Q=10,1] x [0,1] and T =1 with following data

1. M (2,y,[Vull?) = a(z, y)+b(z, y)[Vul|* with a(z,y) = 2*+y*+1 and b(z, y) =
xy. This type of diffusion coefficient M has been studied by medeiros et.al. for

the purpose of numerical experiments in [27].

2. Moreover, we take the following memory operator as in [3]
bo(t, s, x,y) = —e=5I; bi(t,s,xz,y) = bo(t, s, x,y) = 0.

3. Source term f(x,t) = fi(x,t) + fo(z,t) + f3(x,t) with

Al = gyt =2 =)
folx,t) =2(x +y — 2° —9?) <t2x2 + %% + QZJ;G —2t—2+ 26t> ,

4 4
fa(z,t) = (20 — 1)(y — ) (23: + Zj;) + 22y — 1)(z — 2?) (Zy + x4t5> .

Corresponding to the above data, the exact solution of the problem ([P?)) is given
by u=1t*(x —2%) (y — y*).

This example can be used to model the diffusion of a substance in a domain €2, see
[3].

We obtain errors and convergence rates in the space direction as well as in the
time direction for different parameters h, k, and «. The convergence rate is calculated

through the following log vs. log formula

log(E(1,h1)/E(7,h2)) .
log(h1/h2) !
log(E(71,h)/E(12,h)) .
log(71/72) !

In space direction

Convergence rate =
In time direction

where E(T,h) denotes the error at mesh points 7 and h.

Linearized L1 Galerkin FEM: This numerical scheme (€| provides a convergence
order of O(h + k*®) (3.11). To observe this order of convergence numerically, we
run the MATLAB code at different iterations by setting h ~ k*~®. Here h is taken
as the area of the triangle in the triangulation of domain ©Q = [0,1] x [0,1]. For
next iteration, we join the midpoint of each edge and make another triangulation
as presented in Figures 1-3. In this way we collect the numerical results upto five

iterations to support our theoretical estimates.
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Figure 1: Iteration no. 1

uuuuuu

Figure 2: Iteration no. 2

‘‘‘‘‘‘

Figure 3: Iteration no. 3

From Tables and [3] we conclude that the convergence rate is linear in space
and (2 — «) in the time direction as predicted in Theorem We also observe that
as a — 1 then convergence rates is approaching to 1 in the time direction which

coincide with the results established in [I7] for classical diffusion case.
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Table 1: Error and Convergence Rates in space-time direction for o = 0.25

Iteration No. | Error-1 | Rate in Space | Rate in Time
1 3.04e-02 - -
2 1.50e-02 1.0175 1.7807
3 7.60e-03 0.9824 1.7192
4 3.82e-03 0.9909 1.7342
5 1.89e-03 1.0166 1.7790

Table 2: Error and Convergence Rates in space-time direction for o = 0.5

Iteration No. | Error-1 | Rate in Space | Rate in Time
1 2.63e-02 - -
2 1.35e-02 0.9568 1.4352
3 6.53e-03 1.0521 1.5781
4 3.20e-03 1.0285 1.5428
5 1.58e-03 1.0141 1.5212

Table 3: Error and Convergence Rates in space-time direction for o = 0.75

Iteration No. | Error-1 | Rate in Space | Rate in Time
1 2.23e-02 - -
2 1.09e-02 1.0340 1.2925
3 5.33e-03 1.0345 1.2931
4 2.65e-03 1.0087 1.2960
5 1.29e-03 1.0331 1.2914
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Linearized L2-1, Galerkin FEM: This numerical scheme has theoretical conver-
gence order of O(h+k?) (3.21). Here we set h ~ k? to conclude the convergence rates
in the space-time directions. Here iteration numbers have the same meaning as for
L1 Galerkin FEM (€°). From the Tables 4] [5 and[6] we deduce that the convergence
rate is linear in space and quadratic in the time direction which coincide with the
estimate proved in Theorem

Table 4: Error and Convergence Rates in space-time direction for a = 0.25

Iteration No. | Error-2 | Rate in Space | Rate in Time
1 2.32e-02 - -
2 1.10e-02 1.0679 2.1359
3 5.38e-03 1.0393 2.0787
4 2.52e-03 1.0904 2.1809
5 1.24e-03 1.0225 2.0451

Table 5: Error and Convergence Rates in space-time direction for o = 0.5

Iteration No. | Error-2 | Rate in Space | Rate in Time
1 2.42e-02 - -
2 1.16e-02 1.0573 2.1147
3 5.70e-03 1.0329 2.0658
4 2.68e-03 1.0873 2.1746
5 1.32e-03 1.0207 2.0414

Table 6: Error and Convergence Rates in space-time direction for o = 0.75

Iteration No. | Error-2 | Rate in Space | Rate in Time
1 1.97e-02 - -
2 9.05e-03 1.1284 2.2569
3 4.25e-03 1.0873 2.1746
4 1.94e-03 1.1335 2.2671
5 9.30e-04 1.0614 2.1228

Now, we plot the graph of an approximate solution as well as an exact solution in
Figure 4 using linearized L1 Galerkin FEM.
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Figure 4: Approximate solution(L.H.S) and Exact solution(R.H.S) at 7" = 1 and
a=0.5.

9 Conclusions

In this work, we established the well-posedness of the weak formulation correspond-
ing to the time-fractional integro-differential equations of Kirchhoff type for non-
homogeneous materials. As a consequence of new Ritz-Volterra type projection op-
erator, semi discrete error estimate in energy norm is derived. Further, to obtain

the numerical solution for this class of equations, we have developed and analyzed
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two different kinds of efficient numerical schemes. First, we constructed a linearized

L1 Galerkin FEM and derived the convergence rate of order (2-a/) in the time direc-

tion. Next, to enhance the convergence order in the time direction we proposed a

new linearized L.2-1, Galerkin FEM which has quadratice rate of convergence in the

time direction. Finally, numerical results revealed that theoretical error estimates

are sharp.
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