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Abstract

The steady states of an antitone electric system are described by an antitone function with respect to the componentwise order.

When this function is bounded from below by a positive vector, it has only one fixed point. This fixed point is attractive for

the fixed point iteration method. In the general case, we find existence and uniqueness results of fixed points using the set of
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1 Introduction

Some relevant mathematical models of power systems have the steady states modeled
by the system1

y = k− M̃ 1

y
, (1.1)

where the unknown y is an element of (R∗)n and k ∈ Rn, M̃ ∈ Mn(R) are parameters.
In this paper we call the above system the electric power system.

As a first example, we specify that the steady states of a linear time invariant DC
system with CPLs, see [1] and [3], are the solutions (y,u) ∈ Rn × Rn of the problem{

y = Mu + k

y ◦ u = −P,
(1.2)

where M ∈ Mn(R), P ∈ Rn, k ∈ Rn, and ”◦” is the Hadamard product2. Using

the notation M̃ := Mdiag(P) we can reduce this problem to the system (1.1). In the

1If y := (y1, . . . , yn)t, then 1
y =

(
1
y1
, . . . , 1

yn

)t
.

2If y, z ∈ Rn have the components y1, . . . , yn and z1, . . . , zn, then the Hadamard product (or the
Schur product, [2]) y ◦ z ∈ Rn has the components y1z1, . . . , ynzn (see [6]).
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specialized literature the above system is studied making certain assumptions about the
matrix M . In [15] and [1] the symmetric part of M is considered to be positive definite.

In [12] it is assumed that A := M
−1

is a Stieltjes matrix3.
A second example comes from the papers [8] and [9] where a DC power grid model

with constant-power loads at steady state is considered. For a given power grid with n
loads and m sources the voltage potentials V, the power P, and the Kirchhoff matrix Y
are partitioned according to whether nodes are loads (L) and sources (S)

V =

(
VL

VS

)
∈ Rn+m,P =

(
PL

PS

)
∈ Rn+m, and Y =

(
YLL YLS
YSL YSS

)
∈Mn+m(R).

The DC power flow equations for constant-power loads are given by

diag(VL)YLL(VL −V∗L) + Pc = 0, (1.3)

where V∗L ∈ (R∗+)n is the vector of the open-circuit voltages and Pc ∈ Rn is the vector

of constant power demands at the loads. If we note y := VL, k := V∗L, and M̃ :=
Y −1
LL diag(Pc) the above system can be reduced to the system (1.1). All voltage potentials

are assumed to be positive. The equation (1.3) is feasible for Pc if it has a positive
solution VL (operating point associated to Pc). In the papers [8] and [9] is presented a
study of the solutions of (1.3) and are obtained necessary and sufficient conditions for
feasibility.

In many situations a component of the unknown vector y of the system (1.1) has a
fixed sign. Possibly making a change of variable we can assume that y is positive. The
positive solutions of (1.1) are the fixed points of the function Fk,M̃ :

(
R∗+
)n → Rn given

by Fk,M̃(y) = k− M̃ 1
y
.

In the paper [3] we studied the isotone electric system case characterized by the

condition that M̃ is a nonnegative matrix. The solutions of the isotone electric system
are the fixed points of an isotone function with respect to the componentwise order4 ”≤”
on Rn.

In this paper, we continue the study of electric power systems of the form (1.1),

assuming that M := −M̃ is a nonnegative matrix and the unknown vector y is positive.
The system (1.1) becomes the antitone electric system

y = k +M
1

y
. (1.4)

The positive solutions of (1.4) are the fixed points of the function Sk,M :
(
R∗+
)n → Rn

given by

Sk,M(y) = k +M
1

y
. (1.5)

3The symmetric positive definite matrix A = [Aij ] ∈ Mn(R) is called a Stieltjes matrix if for i 6= j
we have Aij ≤ 0 (see [13]).

4x ≤ y ↔ xi ≤ yi ∀i ∈ {1, . . . , n} (see [4]).
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The function Sk,M is antitone with respect to the componentwise order; for y,y ∈
(
R∗+
)n

with y ≤ y we have Sk,M(y) ≤ Sk,M(y). ΦSk,M
is the set of fixed points of Sk,M .

In Section 2 we present some properties of the fixed points of a continuous, antitone
function S :

(
R∗+
)n → Rn. When S is bounded from below by a positive vector, we use

our study [3] on the fixed points of a continuous isotone function to prove the existence
of a fixed point. In this case, the set of continuous antitone functions is divided into the
set of type I functions and the set of type II functions. We show that a type I function
has a single fixed point that is attractive for the fixed point iteration method. In the
general case, we find existence and uniqueness results of fixed points using the Jacobian
matrix and the set of P-matrices (see Appendix B).

In Section 3 we study the steady states of an antitone electric system. We prove
that Sk,M is a continuous antitone function of type I. When k is positive, Sk,M has a
single fixed point which is attractive for the fixed point iteration method. For k ∈ Rn
and M a nonnegative P0-matrix Sk,M has at most one fixed point. For k ∈ Rn and M
a nonnegative P0-matrix with positive elements on the diagonal, Sk,M has at least one
fixed point.

Some examples which facilitate the understanding of theoretical aspects are studied
in Section 4.

At the end of the paper we present some notions and results used in the main sections.

2 The fixed points of an antitone function

We present some results about the fixed points of S :
(
R∗+
)n → Rn which is assumed

to be a continuous antitone function. We pay a special attention to the case when S is
bounded from below.

2.1 The case n = 1

For n = 1, an elementary study leads to the following results:

(i) if limy→0 S(y) ≤ 0, then S has no fixed points;

(ii) if limy→0 S(y) > 0, then S has a single fixed point y2S .

An important situation is obtained when the inequalities limy→∞ S(y) ≥ k > 0 are
verified. In this case the domain of S ◦ S is R∗+ and the sequence FitS(y0), generated
by the fixed point iteration method5, has an infinity of terms. The sequence FitS◦S(k)
is isotone6, convergent with the limit ωS◦S(k). The sequence FitS◦S(S(k)) is antitone7,
convergent with the limit ωS◦S(S(k)). We observe that we have ωS◦S(k) ≤ ωS◦S(S(k)).

5FitS(y0) := (yr)r∈N with yr+1 = S(yr), r ∈ N.
6If FitS◦S(k) := (ur)r∈N, u0 = k, then ur ≤ ur+1, r ∈ N.
7If FitS◦S(S(k)) := (vr)r∈N, v0 = S(k), then vr+1 ≤ vr, r ∈ N.
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I. If S is of type I, ωS◦S(k) = ωS◦S(S(k)), then ωS◦S(k) = ωS◦S(S(k)) = y2S (the
fixed point of S) and it is globally attractive for the fixed point iteration method (for all
y0 > 0 we have yr → y2S , FitS(y0) := (yr)r∈N).

II. If S is of type II, ωS◦S(k) < ωS◦S(S(k)), then ωS◦S(k) < y2S < ωS◦S(S(k)), the
ω-limit set of S (see Appendix A) satisfies ΩS ⊂ [ωS◦S(k), ωS◦S(S(k))], and ΩS can be
very rich in elements (see Example 4.1).

2.2 S is bounded from below by a positive vector

In this paragraph we assume that the continuous antitone function S :
(
R∗+
)n → Rn is

bounded from below by k ∈
(
R∗+
)n

; for all y ∈
(
R∗+
)n

we have k ≤ S(y).

In this case S ◦ S :
(
R∗+
)n → Rn is a continuous isotone function. Also, S ◦ S is

bounded from above. From Theorem 2.5, [3], when ΦS◦S 6= ∅, there exists y2
S◦S, the

dominant fixed point of S ◦ S. This special fixed point of S ◦ S dominates all ω-limit
points of S ◦ S (for the fixed point iteration method). In what follows we present some
properties of the function S ◦ S.

Lemma 2.1. In the assumptions of this paragraph the following statements are valid.

(i) S ◦ S
((
R∗+
)n) ⊂ [k, S(k)] := {y ∈ Rn |k ≤ y ≤ S(k)}.

(ii) The fixed point iteration sequence FitS◦S(k), see Appendix A, is isotone and con-
vergent with the limit ωS◦S(k). FitS◦S(S(k)) is antitone and convergent with the
limit ωS◦S(S(k)).

(iii) ΦS◦S 6= ∅.

(iv) ωS◦S(k) = S(ωS◦S(S(k))) ≤ ωS◦S(S(k)) = S(ωS◦S(k)) = y2
S◦S.

(v) The ω-limit set of S ◦ S, see Appendix A, satisfies ΩS◦S ⊂ [ωS◦S(k), ωS◦S(S(k))].

Proof. (i) From hypotheses, for y ∈
(
R∗+
)n

, we have k ≤ S(y) and k ≤ S ◦ S(y). Using
the fact that S is antitone we obtain S ◦ S(y) ≤ S(k).

(ii) Because S ◦ S is isotone and k ≤ S ◦ S(k) we obtain, by induction, the fact that
FitS◦S(k) is isotone. It is bounded from above by S(k). Consequently, it is convergent.
Analogously, the second statement is proved.

(iii) From (ii) we have that ΩS◦S ∩
(
R∗+
)n 6= ∅. Using Theorem 2.7, [3], we obtain

that ΦS◦S 6= ∅.
(iv) Using Lemma 2.1-(iii) from [3] we obtain ωS◦S(k) ≤ ωS◦S(S(k)). We observe that

y2
S◦S ≤ S(k). From Theorem 2.5-(v), [3], we obtain ωS◦S(S(k)) = y2

S◦S. We make the
notation FitS(k) = (kr)r∈N and we have FitS◦S(k) = (k2r)r∈N, FitS◦S(S(k)) = (k2r+1)r∈N.
Because k2r+1 = S(k2r) we obtain ωS◦S(S(k)) = S(ωS◦S(k)). Because ωS◦S(k) is a fixed
point of S ◦ S we deduce that S(ωS◦S(S(k))) = ωS◦S(k).

(v) If y0 ∈
(
R∗+
)n

and FitS(y0) = (yr)r∈N, then k ≤ y2 = S ◦S(y0) ≤ S(k). Because
the set equality ωS◦S(y0) = ωS◦S(y2) is satisfied, using Lemma 2.1, (i) and (ii), [3], we
have the announced inclusion.
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The Ω-limit set of S satisfies the following property.

Theorem 2.2. In the assumptions of this paragraph we have ΩS = ΩS◦S.

Proof. If y0 ∈
(
R∗+
)n

and FitS(y0) = (yr)r∈N, then we have FitS◦S(y0) = (y2r)r∈N and
FitS◦S(y1) = (y2r+1)r∈N. We observe that ωS◦S(y0) ⊂ ωS(y0) and we obtain ΩS◦S ⊂ ΩS.

Let be y ∈ ΩS. There exists y0 ∈
(
R∗+
)n

and there exists the strictly isotone sequence
(rq)q∈N of N such that (yrq)q∈N, the subsequence of FitS(y0), is convergent with the limit
y. If (yrq)q∈N ∩ 2N has an infinity of elements, then y ∈ ωS◦S(y0). If (yrq)q∈N ∩ 2N + 1
has an infinity of elements, then y ∈ ωS◦S(y1). We deduce that ΩS ⊂ ΩS◦S.

Consequently, ΩS = ΩS◦S.

The existence of fixed points is ensured for a continuous antitone function that is
bounded from below by a positive vector.

Theorem 2.3. If the continuous antitone function S :
(
R∗+
)n → Rn is bounded from

below by k ∈
(
R∗+
)n

, then ΦS 6= ∅ and ΦS ⊂ [ωS◦S(k), ωS◦S(S(k))].

Proof. If ωS◦S(k) ≤ y ≤ ωS◦S(S(k)), then we can write ωS◦S(k) = S(ωS◦S(S(k))) ≤
S(y) ≤ S(ωS◦S(k)) = ωS◦S(S(k)). The continous function S|[ωS◦S(k),ωS◦S(S(k))] maps the
compact convex set [ωS◦S(k), ωS◦S(S(k))] to itself. From Brouwer fixed point theorem,
see Theorem 4.2.5, [7], we have that S|[ωS◦S(k),ωS◦S(S(k))] has a fixed point. From Lemma
2.1 and Theorem 2.2 we have the announced inclusion.

A continuous and antitone function S, bounded from below by the positive vector k,
can be of the following two types8:

type I if ωS◦S(k) = ωS◦S(S(k)) = y2
S◦S;

type II if ωS◦S(k) � ωS◦S(S(k)) = y2
S◦S.

In many practical situations, for a specific continuous antitone function S, we can numer-
ically decide whether S is of type I or it is of type II. For k ∈

(
R∗+
)n

and M a nonnegative
matrix, Sk,M of the form (1.5) is of type I. The continuous antitone functions used in
Example 4.1 and Example 4.2 are of type II.

2.2.1 Functions of type I.

Theorem 2.4. Suppose that the continuous antitone function S :
(
R∗+
)n → Rn is

bounded from below by k ∈
(
R∗+
)n

and it is of type I. Then,

(i) ΦS has a single fixed point y2
S and we have y2

S = y2
S◦S;

(ii) for all y0 ∈
(
R∗+
)n

the sequence FitS(y0) is convergent and its limit is y2
S .

8Let be y,y ∈ Rn. We have y � y if and only if y ≤ y and y 6= y.
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Proof. (i) From Theorem 2.3 we have ΦS = {y2
S◦S}.

(ii) If y0 ∈
(
R∗+
)n

, then the sequence FitS(y0) is bounded and ωS(y0) = {y2
S}.

Consequently, FitS(y0) is convergent with the limit y2
S .

From Lemma 2.1 and Theorem 2.3 we obtain the following results.

Lemma 2.5. Each of the following conditions is a sufficient condition for S to be of
type I:

(i) S has no comparable elements of order two9.

(ii) There is no chain with three elements10 in ΦS◦S.

2.2.2 Functions of type II.

As we have seen, a 1-D continuous antitone function, bounded below by a strictly positive
number, has a sigle fixed point. The continuous antitone function presented in Example
4.2 is of type II and it has an infinity of fixed points.

2.3 The general case

It is easy to observe that we have the following result.

Lemma 2.6. If S :
(
R∗+
)n → Rn is an antitone function and y,y are distinct fixed

points of the function S, then y and y are incomparable.

When the antitone function S is a C1-function we can use the Jacobian matrix func-
tion JS :

(
R∗+
)n → Mn(R) to study the fixed points of S. It is easy to observe that for

all y ∈
(
R∗+
)n

the matrix (−JS(y)) is nonnegative.

We consider the continuous isotone function Ψ :
(
R∗+
)n → Rn given by Ψ(y) =

y − S(y). The vector y ∈
(
R∗+
)n

is a fixed point of S if and only if Ψ(y) = 0. When S
is a C1-function we have the equality JΨ(y) = In − JS(y).

The set of P-matrices and the set of P0-matrices, see Appendix B, facilitate the
demonstration of existence and uniqueness results of fixed points.

Theorem 2.7. If S is a C1-function and In − JS(y) is a P-matrix, then S has at most
one fixed point.

Proof. In Theorem 4 from [5] it is shown that a differentiable function F : [a,b] ⊂ Rn →
Rn is injective if a ≤ b and for all y ∈ [a,b] the Jacobian matrix JF (y) is a P-matrix.

For 0 < a ≤ b and y ∈ [a,b] the Jacobian matrix JΨ(y) is a P-matrix. By using the
above result we have that Ψ|[a,b] is an injective function. Because a ≤ b are arbitrary
positive vectors we obtain that Ψ is an injective function.

9The vector y ∈
(
R∗+
)n

is an element of order two for S if y 6= S(y) and S ◦ S(y) = y.
10A subset of a partially ordered set is a chain if it is totally ordered with respect to the induced

order.
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Remark 2.1. In Example 4.3, when a ∈ [0.68..., 0.83...], there exists y ∈
(
R∗+
)n

such
that In − JSk,M

(y) is not a P-matrix and the antitone function Sk,M has several fixed

points. In the same Example, for a ∈ (0, 0.68...)∪ (0.83..., 1) there exists y ∈
(
R∗+
)n

such
that In − JSk,M

(y) is not a P-matrix and the antitone function Sk,M has a single fixed
point.

In what follows, we present a consequence whose hypotheses are easier to verify in
certain situations.

Theorem 2.8. If S is a C1-function and (−JS(y)) is a P0-matrix, for all y ∈
(
R∗+
)n

,
then S has at most one fixed point.

Proof. Lemma 4.8.1, [10], states that A + εIn is a P-matrix when A is a P0-matrix and
ε > 0. In our case, for y ∈

(
R∗+
)n

, the matrix In − JS(y) is a P-matrix. We apply the
above theorem.

The time has come to present a result about the existence of fixed points.

Theorem 2.9. If S :
(
R∗+
)n → Rn is a C1 function, it is antitone, for all y ∈

(
R∗+
)n

the
matrix In − JS(y) is invertible, and for all r ∈ {1, . . . , n} we have11 limyr→0 Sr(y) =∞,
then S has at least one fixed point.

Proof. We consider the function F :
(
R∗+
)n → R given by12 F (y) = ‖Ψ(y)‖2

2. By
computation we obtain that ∇F (y) = 2JΨ(y)TΨ(y). Using the hypotheses we observe
that a stationary point y of F , ∇F (y) = 0, verifies Ψ(y) = 0.

Let be F ∗ ∈ F
((
R∗+
)n)

. We prove the existence of α,β ∈
(
R∗+
)n

with α < β such

that F (y) ≥ F ∗ + 1 for y ∈
(
R∗+
)n \[α,β].

Because limyr→0 Sr(y) = ∞ we deduce the existence of 0 < αr such that Ψr(y) =
yr − Sr(y) < −(F ∗ + 1) for y with yr < αr. We note by α the positive vector which
has the components α1, . . . , αn. For r ∈ {1, . . . , n} we choose βr > αr such that βr >
Sr(α) +F ∗+ 1. We note by β the positive vector which has the components β1, . . . , βn.
We have

(
R∗+
)n \[α,β] = D1∪D2 with D1 = {y ∈

(
R∗+
)n | ∃r ∈ {1, . . . , n} s. t. yr < αr},

and D2 = {y ∈
(
R∗+
)n |α ≤ y and∃r ∈ {1, . . . , n} s. t. yr > βr}.

If y ∈ D1, then exists r ∈ {1, . . . , n} such that yr < αr. In this case it is obtained
Ψr(y) < −(F ∗ + 1) and further we deduce the inequality F (y) > F ∗ + 1.

If y ∈ D2, then α ≤ y and there exists r ∈ {1, . . . , n} such that yr > βr. We have

Ψr(y) = yr − Sr(y) ≥ βr − Sr(α) > F ∗ + 1.

Consequently, F (y) > F ∗ + 1.
Because F is a continuous function and [α,β] is a compact set, there exists y∗ ∈ [α,β]

such that F (y∗) = min{F (y) |y ∈ [α,β]}. From the continuity of F we have that y∗

it is not located on the border of [α,β] and it is a stationary point. We deduce that
Ψ(y∗) = 0 and consequently, y∗ ∈ ΦS.

11S1, . . . , Sn are the components of the vectorial function S.
12‖ · ‖2 is the Euclidean norm on Rn.
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Synthesizing the above, we find a result of the existence and uniqueness of fixed
points.

Theorem 2.10. If S :
(
R∗+
)n → Rn is a C1 function, it is antitone, for all y ∈

(
R∗+
)n

the
matrix In − JS(y) is a P-matrix, and for all r ∈ {1, . . . , n} we have limyr→0 Sr(y) =∞,
then S has a single fixed point.

Proof. From Theorem 2.7 we deduce that S has at most one fixed point. For y ∈
(
R∗+
)n

the matrix In−JS(y) is invertible because it is a P-matrix. From Theorem 2.9 we obtain
the existence of a fixed point for S.

Fianlly, we present an immediate consequence of the above theorem.

Theorem 2.11. If S :
(
R∗+
)n → Rn is a C1 function, it is antitone, for all y ∈

(
R∗+
)n

the
matrix (−JS(y)) is a P0-matrix, and for all r ∈ {1, . . . , n} we have limyr→0 Sr(y) =∞,
then S has a single fixed point.

3 The steady states of antitone electric systems

The steady states of the antitone electric system (1.4) are the fixed points of the function
Sk,M , defined in (1.5), where M is a nonnegative matrix and k ∈ Rn. We observe that
the function Sk,M is bounded from below by k.

3.1 The antitone electric system for n = 1

For k ∈ R and M ∈ R+ we have Sk,M(y) = k + M
y

.

The function Sk,0 has fixed points if and only if k > 0. If k > 0, then ΦSk,0
= {k}.

When M > 0 the set of fixed points is ΦSk,M
=
{
k+
√
k2+4M
2

}
. When k > 0 we can

write ωSk,M◦Sk,M
(k) = ωSk,M◦Sk,M

(Sk,M(k)) = k+
√
k2+4M
2

and the sequence FitSk,M
(y0) is

convergent with the limit k+
√
k2+4M
2

.

3.2 The case k ∈ (R∗+)n

We start by presenting an important result for the studied problem.

Lemma 3.1. If k ∈
(
R∗+
)n

, then there is no vector y ∈
(
R∗+
)n

of order two13 for Sk,M

such that14 y � Sk,M(y).

Proof. Suppose that y ∈
(
R∗+
)n

is a vector of order two for Sk,M with y � Sk,M(y). If
we note by y := Sk,M(y), then we have

k +M
1

y
= y, k +M

1

y
= y. (3.1)

13y ∈
(
R∗+
)n

is a vector of order two for Sk,M if Sk,M (y) 6= y and Sk,M ◦ Sk,M (y) = y.
14y � z if y ≤ z and y 6= z.

8



We obtain the equality N(y − y) = y − y with N := Mdiag 1
y◦y . The matrix N is

nonnegative and it has 1 as an eigenvalue with the nonnegative vector y − y as an
eigenvector. We deduce that In − N is a singular Z-matrix (see Appendix B). We can
write

k = y −M 1

y
= y −Ndiag(y ◦ y)

1

y
= y −Ndiag(y)diag(y)

1

y
= (In −N)y.

The Z-matrix In−N and the positive vector y satisfy the condition K33 from Theorem 1,
[14]. We obtain that In−N is a nonsingular M-matrix (see Appendix B). Contradiction.

Following is presented the main result of this section.

Theorem 3.2. If k ∈
(
R∗+
)n

, then ΦSk,M
has a single element y2

Sk,M
and for y0 ∈

(
R∗+
)n

the sequence FitSk,M
(y0), given by the fixed point iteration method, is convergent and its

limit is y2
Sk,M

.

Proof. From Lemma 2.1 we have

ωSk,M◦Sk,M
(k) = Sk,M(ωSk,M◦Sk,M

(Sk,M(k))) ≤ ωSk,M◦Sk,M
(Sk,M(k)) = Sk,M(ωSk,M◦Sk,M

(k)).

From Lemma 3.1 we obtain the equality ωSk,M◦Sk,M
(k) = ωSk,M◦Sk,M

(Sk,M(k)). The
announced result is a consequence of Theorem 2.4.

3.3 The general case

For M a nonnegative matrix and k ∈ Rn the function Sk,M can have one or more fixed
points. Also, there are situations where it has no fixed points (see Example 4.3).

First, we present some elementary results about the function Sk,M .

Lemma 3.3. Let be M ∈ Mn(R) a nonnegative matrix and k ∈ Rn. We note by
S1, . . . , Sn the components of Sk,M . The following statements hold.

(i) If r ∈ {1, . . . , n} and Mrr > 0, then limyr→0 Sr(y) =∞.

(ii) The Jacobian function of Sk,M is JSk,M
(y) = −Mdiag 1

y◦y .

Complementing the existence and uniqueness result demonstrated in Theorem 3.2,
for k ∈

(
R∗+
)n

, we present a uniqueness result and an existence result for the general
case. These results are obtained when M is a nonnegative P0-matrix.

Theorem 3.4. Let be M ∈Mn(R) a nonnegative P0-matrix and let be k ∈ Rn.

(i) Sk,M has at most one fixed point.

(ii) If all the diagonal entries of M are positive (Mii > 0, i ∈ {1, . . . , n}), then Sk,M

has a single fixed point.
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Proof. (i) For y ∈
(
R∗+
)n

we have In − JSk,M
(y) = In + Mdiag 1

y◦y . Because M is a

P0-matrix, using Lemma B.2, we obtain that In−JSk,M
(y) is a P-matrix. From Theorem

2.7 we deduce that Sk,M has at most one fixed point.
(ii) Using Lemma 3.3 we have that limyr→0 Sr(y) = 0 for all r ∈ {1, . . . , n}. The

announced result is an immediate consequence of Theorem 2.10.

Remark 3.1. In Example 4.4, a particular case is presented with M a nonnegative P0-
matrix that has some zeros on the diagonal. In this case, there are k ∈ Rn so that the
function Sk,M has no fixed points.

Remark 3.2. From Lemma B.2 we have that the requirement that the matrix In −
JSk,M

(y) = In +Mdiag 1
y◦y be invertible, for all y ∈

(
R∗+
)n

, is equivalent to the require-
ment that M be a P0-matrix. In this case, the hypotheses of Theorem 2.9 are equivalent
to the hypotheses of Theorem 2.10.

3.4 Conclusions

The antitone electric system (1.4) is characterized by a nonnegative matrix M ∈Mn(R)
and a vector k ∈ Rn. The solutions of (1.4) are the fixed points of the antitone functions
Sk,M given by (1.5).

When k ∈
(
R∗+
)n

the function Sk,M has a single fixed point which is attractive for
the fixed point iteration method (Theorem 3.2).

For an arbitrary vector k the uniqueness is ensured by the condition that M is a
nonnengative P0-matrix. For existence, we add the additional condition that the elements
on the diagonal are positive (Theorem 3.4). Failure to fulfill the previous requirements
may lead to the non-existence of fixed points or to the existence of several fixed points.
Two distinct fixed points are incomparable (Lemma 2.6).

4 Examples

In this section, we present some examples to illustrate the previous theoretical results.

Example 4.1. Let be the continuous antitone function S : R∗+ → R given by S(y) ={
3− y y ∈ (0, 2)

1 y ∈ [2,∞)
. We observe that we have S ◦ S(y) =


1 y ∈ (0, 1)

y y ∈ [1, 2]

2 y ∈ (2,∞)

, ΦS = {1.5},

and ΦS◦S = [1, 2].
A fixed point iteration sequence has the following ω-limit set:

(i) ωS(y0) = {1, 2}, for y0 ∈ (0, 1] ∪ [2,∞);

(ii) ωS(y0) = {y0, 3− y0}, for y0 ∈ (1, 2).

The ω-limit sets of the functions S and S ◦ S are ΩS = ΩS◦S = [1, 2].
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Example 4.2. Let be the continuous antitone function S :
(
R∗+
)2 → R2 with the

components

S1(y1, y2) =

{
3− y2 y2 ∈ (0, 2)

1 y2 ∈ [2,∞)
and S2(y1, y2) =

{
3− y1 y1 ∈ (0, 2)

1 y1 ∈ [2,∞)
.

We obtain the equalities

S1(S(y1, y2)) =


1 y1 ∈ (0, 1)

y1 y1 ∈ [1, 2]

2 y1 ∈ (2,∞)

and S2(S(y1, y2)) =


1 y2 ∈ (0, 1)

y2 y2 ∈ [1, 2]

2 y2 ∈ (2,∞)

.

The sets of the fixed points of S and S ◦ S are

ΦS = {(y1, y2)t | 1 ≤ y1, y2 ≤ 2 and y1 + y2 = 3}, ΦS◦S = [1, 2]× [1, 2].

In Figure 1 is presented the dynamics generated by the fixed point iteration method

Figure 1: The dynamics generated by the fixed point iteration method for Example 4.2 (draw-

ing made with GeoGebra).

and the continuous antitone function S.

Example 4.3. We consider an antitone electric system which is generated by the func-

tion Sk,M with n = 2, M =

(
a 1
1 1

)
, a ≥ 0. We observe that the symmetric matrix M
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is a P0-matrix if and only if a ≥ 1. Also, In − JSk,M
(y) is a P-matrix, for all y ∈

(
R∗+
)n

,
if and only if a ≥ 1.

I: k = (1, 1)t. Sk,M has a single fixed point which is globally attractive for the fixed
point iteration method. Figure 2 presents the sequence FitSk,M

(k) and the fixed point of
Sk,M when a = 5.

Figure 2: Example 4.3/I: FitSk,M
(k) and the fixed point of Sk,M for a = 5; � - the terms of

FitSk,M◦Sk,M
(k), ◦ - the terms of FitSk,M◦Sk,M

(Sk,M (k)), (drawing made with Maple).

II: k = (−9,−10)t. For a = 0 the function Sk,M has not fixed points.
For a ∈ (0, 0.68...) ∪ (0.83...,∞) the function Sk,M has one fixed point.
For a ∈ {0.68..., 0.83...} the function Sk,M has 2 fixed points.
For a ∈ (0.68..., 0.83...) the function Sk,M has 3 fixed points.

Example 4.4. We consider an antitone electric system which is generated the function

Sk,M with k =

k0
0

 ∈ R3 and M =

0 0 1
1 0 1
0 0 1

. We observe that M is a P0-matrix

with some diagonal entries equal to zero. For k ≤ −1 the function Sk,M have not fixed
points. For k > −1 the only fixed point of Sk,M is (k + 1, k+2

k+1
, 1)t.

A The fixed point iteration sequences, and the ω-

limit set

Let T :
(
R∗+
)n → (

R∗+
)n

be a continuous function. The fixed point iteration sequence

FitT (y0) := (yr)r∈N starts from the vector y0 ∈
(
R∗+
)n

and it verifies the iteration
yr+1 = T (yr), r ∈ N.

The ω-limit set of FitT (y0) is defined by

ωT (y0) = {y ∈ Rn+ | ∃ the subsequence (ykq)q∈N of FitT (y0) such that ykq
q→∞−→ y}. (A.1)

From the continuity of T we obtain that the set ωT (y0) is invariant under T . When
FitT (y0) is bounded from above by w, then it is contained in the compact set [0,w],
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and, consequently, ωT (y0) 6= ∅. When FitT (y0) is convergent we denote by ωT (y0) its
limit. If FitT (y0) is convergent and ωT (y0) ∈

(
R∗+
)n

, then ωT (y0) is a fixed point of T .
The ω-limit set of T (with respect to the fixed point iteration method) is:

ΩT = {y ∈ Rn+ | ∃y0 ∈
(
R∗+
)n

such that y ∈ ωT (y0)}. (A.2)

It is easy to observe that the set of fixed points of T is a subset of ΩT .

B Z-matrix, M-matrix, P-matrix and P0-matrix

Definition B.1 (see [14]). Let be M = [Mij] ∈Mn(R).

(i) M is a Z-matrix if for all i, j ∈ {1, . . . , n} with i 6= j we have Mij ≤ 0.

(ii) M is an M-matrix if it can be expressed in the form M = sIn − B, where B is a
nonnegative matrix and s ≥ ρ(B).

An M-matrix is a Z-matrix.

Definition B.2 (see [10]). Let be M ∈Mn(R).

(i) M is a P0-matrix if all its principal minors are nonnegative.

(ii) M is a P-matrix if all its principal minors are positive.

We observe that a P-matrix is a P0-matrix. The paper [10] presents many properties
of the set of P-matrices. A matrix M ∈Mn(R) with the symmetric part M s = 1

2
(M+M t)

a positive definite matrix is a P-matrix. An invertible M-matrix M ∈ Mn(R) is a P-
matrix. If M is an invertible P-matrix, then M−1 is a P-matrix.

The set of P0-matrices is the topological closure of the set of P-matrices in Mn(R). A
matrix M ∈Mn(R) is a P0-matrix if and only if every real eigenvalue of every principal
submatrix of M is nonnegative (Theorem 4.8.2, [10]). If M is an invertible P0-matrix,
then M−1 is a P0-matrix.

To be able to work with P-matrices and P0-matrices, we use the following notations:

(i) Σr = {α = (α1, . . . , αr) ∈ {1, . . . , n}r |α1 < · · · < αr}, n ∈ N∗ and r ∈ {1, . . . , n}.

(ii) The complement of α ∈ Σr, r ∈ {1, . . . , n − 1}, is αc ∈ Σn−r formed with the
elements of {1, . . . , n}\{α1, . . . , αr}.

(iii) ‖α‖ =
∑r

s=1 αs for α ∈ Σr.

(iv) xα :=
∏r

s=1 xαs for x := (x1, . . . , xn)t ∈ Rn, r ∈ {1, . . . , n}, and α ∈ Σr.

(v) A[α,β] is the submatrix of A ∈ Mn(C), lying in rows α1, . . . , αr and columns
β1, . . . , βr, where r ∈ {1, . . . , n}, α,β ∈ Σr.
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(vi) A(α,β) := A[αc,βc] is the submatrix obtained from A by deleting the rows
α1, . . . , αr and columns β1, . . . , βr.

For A,B ∈Mn(C) we have the following formula, see [11],

det(A+B) = det(A) + det(B) +
n−1∑
r=1

∑
α,β∈Σr

(−1)‖α‖+‖β‖ detA[α,β] detB(α,β). (B.1)

WhenB = diag(x) ∈Mn(C) we observe that detB(α,β) = 0 for α 6= β and detB(α,α) =
xαc :=

∏n−r
s=1 xαc

s
. The formula (B.1) becomes

det(A+ diag(x)) = PA(x), (B.2)

where the multivariate polynomial PA ∈ R[X1, . . . , Xn] is given by

PA(X) = det(A) +
n∏
s=1

Xs +
n−1∑
r=1

∑
α∈Σr

(detA[α,α])Xαc . (B.3)

Remark B.1. In the case when diag(x) = −λIn, λ ∈ C, we obtain the formula of the
characteristic polynomial of A.

The following result helps us to determine a characterization of the P0-matrices.

Lemma B.1. Let be P ∈ R[X1, . . . , Xn] of the form P (X) = X1·...·Xn+
n−1∑
r=1

∑
α∈Σr

pαXα+

p0. The following statements are equivalent:

(i) All the coefficients of P are nonnegative real numbers.

(ii) P (x) > 0 for all x ∈
(
R∗+
)n

.

(iii) P (x) ≥ 0 for all x ∈ Rn+.

Proof. (i)⇒ (ii) It is easy to notice that if all the coefficients of P are nonnegative then
P (x) > 0, x ∈

(
R∗+
)n

.
By using the continuity of P we obtain (ii)⇒ (iii).
(iii) ⇒ (i) Because P (0) = p0 we obtain p0 ≥ 0. We have P (0, . . . , 0, xj, 0, . . . , 0) =

pjxj + p0 ≥ 0, ∀xj ≥ 0, if and only if pj ≥ 0. Consequently for α ∈ Σ1 we have pα ≥ 0.
Suppose that pα ≥ 0, α ∈ Σr, r ∈ {1, . . . , s}. Let be α∗ ∈ Σr+1. We consider

x ∈ Rn+ with xj = 0 for j ∈ {1, . . . , n}\{α∗1, . . . , α∗s+1} and we have P (x) = pα∗xα∗ +∑s
r=1

∑
α∈Σr({α∗

1,...,α
∗
s+1})

pαxα + p0. By hypothesis, for xα∗
1
> 0, ..., xα∗

s+1
> 0, we have

pα∗ ≥ − p0
xα∗
−
∑s

r=1

∑
α∈Σr({α∗

1,...,α
∗
s+1})

pα
xαc

. We obtain that pα∗ ≥ 0.

Lemma B.2. Let be A ∈Mn(R). The following statements are equivalent:

(i) A is a P0-matrix.
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(ii) det(A+ diag(x)) > 0 for all x ∈
(
R∗+
)n

.

(iii) det(A+ diag(x)) ≥ 0 for all x ∈ Rn+.

(iv) In + A diag(x) is invertible for all x ∈
(
R∗+
)n

.

(v) In + A diag(x) is a P-matrix for all x ∈
(
R∗+
)n

.

Proof. From Lemma B.1 and formulas (B.2) and (B.3) we obtain (i)⇔ (ii)⇔ (iii).
If x ∈

(
R∗+
)n

with the components x1, . . . , xn, then we have the following equality

det(A+ diag(x)) = det

(
In + A diag

1

x

) n∏
r=1

xr.

It is easy to observe that we have (ii)⇔ (iv).
(i) ⇒ (v) If A is a P0-matrix, then there exists the sequence (Ar)r∈N of P-matrices

such that Ar → A. Using Theorem 4.3.2-(4) from [10] we deduce that, for x ∈
(
R∗+
)n

,
Ardiag(x) is a P-matrix. Consequently, Adiag(x) is a P0-matrix. From Lemma 4.8.1,
[10], we obtain that In + A diag(x) is a P-matrix.

The implication (v)⇒ (iv) is obvious.
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[3] Comănescu D., The steady states of isotone electric systems, Math. Meth. Appl.
Sci. (2023), 1–15, DOI 10.1002/mma.9375.

[4] Ehrgott M., Multicriteria Optimization. Second edition, Springer, 2005.
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