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1 Introduction

Some relevant mathematical models of power systems have the steady states modeled

by the system!
~1

where the unknown y is an element of (R*)” and k € R", M e M, (R) are parameters.
In this paper we call the above system the electric power system.

As a first example, we specify that the steady states of a linear time invariant DC
system with CPLs, see [1] and [3], are the solutions (y,u) € R" x R™ of the problem

= Mu +k

{y u (1.2)
you= _P7

where M € M,(R), P € R", k € R", and "0” is the Hadamard product?. Using

the notation M := Mdiag(P) we can reduce this problem to the system (1.1). In the

t
Yy = (y1,...,9n)!, then é = (y—ll,,yi) .
2If y,z € R™ have the components 1, ...,¥, and 21,...,z,, then the Hadamard product (or the
Schur product, [2]) y o z € R™ has the components y 21, . .., Yn2, (see [6]).



specialized literature the above system is studied making certain assumptions about the
matrix M. In [15] and [1] the symmetric part of M is considered to be positive definite.
In [12] it is assumed that A := M ' is a Sticltjes matrix®.

A second example comes from the papers [8] and [9] where a DC power grid model
with constant-power loads at steady state is considered. For a given power grid with n
loads and m sources the voltage potentials V, the power P, and the Kirchhoff matrix Y
are partitioned according to whether nodes are loads (L) and sources (.5)

o VL n+m _ PL n+m _ YLL YLS
V= <Vs) eR"™ P = (Ps) eR"™ and Y = Yo, Yoo € M,1m(R).

The DC power flow equations for constant-power loads are given by
diag(Vz)Yrr(Ve — Vi) + P, =0, (1.3)

where V7 € (R%)™ is the vector of the open-circuit voltages and P, € R™ is the vector

of constant power demands at the loads. If we note y := Vi, k := Vj, and M =
Y, diag(P,) the above system can be reduced to the system (1.1). All voltage potentials
are assumed to be positive. The equation (1.3) is feasible for P, if it has a positive
solution V|, (operating point associated to P.). In the papers [8] and [9] is presented a
study of the solutions of (1.3) and are obtained necessary and sufficient conditions for
feasibility.

In many situations a component of the unknown vector y of the system (1.1) has a
fixed sign. Possibly making a change of variable we can assume that y is positive. The
positive solutions of (1.1) are the fixed points of the function I (Ri)n — R" given
by Fkﬂ(y) =k — Mi

In the paper [3] we studied the isotone electric system case characterized by the
condition that M is a nonnegative matrix. The solutions of the isotone electric system
are the fixed points of an isotone function with respect to the componentwise order* ” <”
on R".

In this paper, we continue the study of electric power systems of the form (1.1),
assuming that M := ~Misa nonnegative matrix and the unknown vector y is positive.
The system (1.1) becomes the antitone electric system

1

The positive solutions of (1.4) are the fixed points of the function Sy s : (]R*Jr)n — R”

given by
1

3The symmetric positive definite matrix A = [4;;] € M,,(R) is called a Stieltjes matrix if for i # j
we have A;; <0 (see [13]).
Ix<y ¢ x; <y Vi€ {l,...,n} (see [4]).



The function Sk »s is antitone with respect to the componentwise order; for y,y € (R*Jr)n
with y <¥ we have Sk 1 (¥) < Sk,m(y)- Ps,,, is the set of fixed points of Sy .

In Section 2 we present some properties of the fixed points of a continuous, antitone
function S : (]R*Jr)n — R™. When S is bounded from below by a positive vector, we use
our study [3] on the fixed points of a continuous isotone function to prove the existence
of a fixed point. In this case, the set of continuous antitone functions is divided into the
set of type I functions and the set of type II functions. We show that a type I function
has a single fixed point that is attractive for the fixed point iteration method. In the
general case, we find existence and uniqueness results of fixed points using the Jacobian
matrix and the set of P-matrices (see Appendix B).

In Section 3 we study the steady states of an antitone electric system. We prove
that Sk s is a continuous antitone function of type I. When k is positive, Sk s has a
single fixed point which is attractive for the fixed point iteration method. For k € R"
and M a nonnegative Pp-matrix Sk s has at most one fixed point. For k € R" and M
a nonnegative Pyp-matrix with positive elements on the diagonal, Sk s has at least one
fixed point.

Some examples which facilitate the understanding of theoretical aspects are studied
in Section 4.

At the end of the paper we present some notions and results used in the main sections.

2 The fixed points of an antitone function

We present some results about the fixed points of S : (Ri)n — R™ which is assumed
to be a continuous antitone function. We pay a special attention to the case when S is
bounded from below.

2.1 Thecasen=1

For n = 1, an elementary study leads to the following results:
(i) if lim, o S(y) <0, then S has no fixed points;
(i) if lim, o S(y) > 0, then S has a single fixed point yg.

An important situation is obtained when the inequalities lim, ., S(y) > k > 0 are
verified. In this case the domain of S o S is R} and the sequence Fitg(yo), generated
by the fixed point iteration method®, has an infinity of terms. The sequence Fitg,g(k)
is isotone®, convergent with the limit wso.s(k). The sequence Fitg.s(S(k)) is antitone”,
convergent with the limit wg.5(S(k)). We observe that we have wgos(k) < wgos(S(k)).

5FitS(y0) = (yr)TGN with y.11 = S(?Jr)a r€N.
SIf Fitsos(k) := (ur)ren, uo = k, then u, < uppq, 7 € N.
If Fitsos(S(k)) := (v)ren, vo = S(k), then v, 41 <wv,., 7 € N.



I. If S is of type I, wsos(k) = wsos(S(k)), then wsos(k) = wsos(S(k)) = yg (the
fixed point of S) and it is globally attractive for the fixed point iteration method (for all
Yo > 0 we have y, — yg, Fits(yo) := (yr)ren)-

II. If S is of type 1I, wSos(/{Z> < wSos(S(k?)), then wsos(k’) < yg < LUSOS(S(]{Z>>, the
w-limit set of S (see Appendix A) satisfies Qg C [wsos(k), wsos(S(k))], and Qg can be
very rich in elements (see Example 4.1).

2.2 S is bounded from below by a positive vector

In this paragraph we assume that the continuous antitone function S : (Rj)n — R" is
bounded from below by k € (R%)"; for all y € (R%)" we have k < S(y).

In this case S o .5 : (Rj)n — R™ is a continuous isotone function. Also, S o S is
bounded from above. From Theorem 2.5, [3], when ®g.5 # ), there exists yg.q, the
dominant fixed point of S o S. This special fixed point of S 0o .S dominates all w-limit
points of S oS (for the fixed point iteration method). In what follows we present some
properties of the function S o S.

Lemma 2.1. In the assumptions of this paragraph the following statements are valid.
(i) SoS((RY)") C [k SK)] = {y € B" [k <y < S(k)}.

(i) The fized point iteration sequence Fitsos(k), see Appendix A, is isotone and con-
vergent with the limit wsos(k). Fitgos(S(k)) is antitone and convergent with the
limit wSoS(S(k)).

(iii) ®gos 7 0.
() wsos(k) = S(wses(S(k))) < wsos(S(k)) = S(wsos(k)) = yaos-
(v) The w-limit set of S oS, see Appendiz A, satisfies Qgo5 C [wsos(k), wsos(S(k))].

Proof. (i) From hypotheses, for y € (Ri)n, we have k < S(y) and k < S o S(y). Using
the fact that S is antitone we obtain S o S(y) < S(k).

(17) Because S o S is isotone and k < S o S(k) we obtain, by induction, the fact that
Fitgos(k) is isotone. It is bounded from above by S(k). Consequently, it is convergent.
Analogously, the second statement is proved.

(iii) From (ii) we have that Qg.s N (R%)" # 0. Using Theorem 2.7, [3], we obtain
that ®g.g # 0.

(1v) Using Lemma 2.1-(4i7) from [3] we obtain wgos(k) < wgos(S(k)). We observe that
Yaos < S(k). From Theorem 2.5-(v), [3], we obtain wges(S(k)) = yg,5. We make the
notation Fltg(k) = (kr)reN and we have Fitsos(k) = (k2r>r€N7 FitSoS(S(k)) = (k2T+1)T€N.
Because k1 = S(ka,) we obtain wgos(S(k)) = S(wsos(k)). Because wgos(k) is a fixed
point of S oS we deduce that S(wsos(S(k))) = wsos (k).

(v) Ifyg € (Ri)n and Fits(yo) = (¥, )ren, then k <ys = S0 S(yo) < S(k). Because
the set equality wsos(Yo) = wsos(y2) is satisfied, using Lemma 2.1, (i) and (i7), [3], we
have the announced inclusion. O



The Q-limit set of S satisfies the following property.
Theorem 2.2. In the assumptions of this paragraph we have Qg = Qgog.

Proof. If yo € (R%)" and Fits(yo) = (y+)ren, then we have Fitgos(yo) = (y2r)ren and
Fitgos(y1) = (Yors1)ren. We observe that wsos(yo) C ws(yo) and we obtain Q.5 C Q.
Let bey € Qg. There exists yg € (Ri)n and there exists the strictly isotone sequence
(7¢)qen of N such that (y,, )sen, the subsequence of Fitg(yo), is convergent with the limit
y. If (yr,)qen N 2N has an infinity of elements, then y € wsos(yo). If (yr,)gen N2N + 1
has an infinity of elements, then y € wgos(y1). We deduce that Qg C Qgog.
Consequently, Qg = Qg05. O

The existence of fixed points is ensured for a continuous antitone function that is
bounded from below by a positive vector.

Theorem 2.3. If the continuous antitone function S : (Ri)n — R™ is bounded from
below by k € (R%)", then ®g # 0 and ®g C [wgos(k), wsos(S(k))].

Proof. If weos(k) <y < wsos(S(k)), then we can write wgos(k) = S(wsos(S(k))) <
S(y) < S(wsos(k)) = wsos(S(k)). The continous function S, ¢ (k) ws.s (k) maps the
compact convex set [wgos(k), wsos(S(k))] to itself. From Brouwer fixed point theorem,
see Theorem 4.2.5, [7], we have that Sjpe. ¢ (k) wsos(s(k)) has a fixed point. From Lemma
2.1 and Theorem 2.2 we have the announced inclusion. O

A continuous and antitone function S, bounded from below by the positive vector k,
can be of the following two types®:

type I if wsos(k) = wses(S(k)) = ¥5os;
type IT if u)gosa{) § wgoS(S(k)) = ygoS‘

In many practical situations, for a specific continuous antitone function S, we can numer-
ically decide whether S is of type I or it is of type II. For k € (]R*Jr)n and M a nonnegative
matrix, Sk of the form (1.5) is of type I. The continuous antitone functions used in
Example 4.1 and Example 4.2 are of type II.

2.2.1 Functions of type I.

Theorem 2.4. Suppose that the continuous antitone function S : (Ri)n — R" s
bounded from below by k € (Ri)n and it is of type I. Then,

(i) s has a single fived point yg and we have yg = yg,g;

(i1) for all yo € (Ri)n the sequence Fitg(yo) is convergent and its limit is yg.

8Let be y,¥ € R". We have y <y if and only if y <y and y #¥.



Proof. (i) From Theorem 2.3 we have &g = {yg,5}-
(i7) If yo € (Ri)n, then the sequence Fitg(yo) is bounded and ws(yo) = {y5}-
Consequently, Fitg(yo) is convergent with the limit yg. O

From Lemma 2.1 and Theorem 2.3 we obtain the following results.

Lemma 2.5. Fach of the following conditions is a sufficient condition for S to be of
type I:

(i) S has no comparable elements of order two”.

(ii) There is no chain with three elements'® in ®gog.

2.2.2 Functions of type II.

As we have seen, a 1-D continuous antitone function, bounded below by a strictly positive
number, has a sigle fixed point. The continuous antitone function presented in Example
4.2 is of type II and it has an infinity of fixed points.

2.3 The general case

It is easy to observe that we have the following result.

Lemma 2.6. If S : (Ri)n — R" is an antitone function and y,y are distinct fized
points of the function S, then 'y andy are incomparable.

When the antitone function S is a C'-function we can use the Jacobian matrix func-
tion Jg : (R%)" — M, (R) to study the fixed points of S. It is easy to observe that for
ally € (R*)" the matrix (—Jg(y)) is nonnegative.

We consider the continuous isotone function ¥ : (]Ri)n — R™ given by ¥(y) =
y — S(y). The vector y € (Ri)n is a fixed point of S if and only if ¥(y) = 0. When S
is a C'-function we have the equality Jy(y) =TI, — Js(y).

The set of P-matrices and the set of Pyp-matrices, see Appendix B, facilitate the
demonstration of existence and uniqueness results of fixed points.

Theorem 2.7. If S is a C'-function and I, — Js(y) is a P-matriz, then S has at most
one fized point.

Proof. In Theorem 4 from [5] it is shown that a differentiable function F : [a,b] C R" —
R™ is injective if a < b and for all y € [a,b] the Jacobian matriz Jr(y) is a P-matriz.
For 0 < a <b and y € [a,b] the Jacobian matrix Jg(y) is a P-matrix. By using the
above result we have that W, p) is an injective function. Because a < b are arbitrary
positive vectors we obtain that W is an injective function. O]

9The vector y € (R%)" is an element of order two for S if y # S(y) and So S(y) =y.
10A subset of a partially ordered set is a chain if it is totally ordered with respect to the induced
order.



Remark 2.1. In Example 4.3, when a € [0.68...,0.83...], there exists y € (R*Jr)n such
that I, — Js, ,,(y) is not a P-matrix and the antitone function Sy s has several fixed
points. In the same Example, for a € (0,0.68...)U(0.83...,1) there exists y € (Ri)n such
that I, — Js,,,(y) is not a P-matrix and the antitone function Sy 5; has a single fixed
point.

In what follows, we present a consequence whose hypotheses are easier to verify in
certain situations.

Theorem 2.8. If S is a C'-function and (—Js(y)) is a Po-matriz, for all y € (Ri)n,
then S has at most one fized point.

Proof. Lemma 4.8.1, [10], states that A 4 €I, is a P-matrix when A is a Py-matrix and
¢ > 0. In our case, for y € (Rj‘r)n, the matrix I, — Jg(y) is a P-matrix. We apply the
above theorem. O]

The time has come to present a result about the existence of fixed points.

Theorem 2.9. IfS': (Ri)n — R"™ is a @ function, it is antitone, for ally € (Ri)n the
matriz 1, — Js(y) is invertible, and for all v € {1,...,n} we have'* lim, oS, (y) = oo,
then S has at least one fized point.

Proof. We consider the function F : (R%)" — R given by'? F(y) = || ¥(y)[|3. By
computation we obtain that VF(y) = 2Jg(y)"¥(y). Using the hypotheses we observe
that a stationary point y of F'; VF(y) = 0, verifies U(y) = 0.

Let be F* € F ((Ri)n) We prove the existence of o, 3 € (Ri)n with a < 3 such
that F(y) > F*+1fory € (R})"\[e, B].

Because lim,, o S,(y) = oo we deduce the existence of 0 < «, such that ¥, (y) =
yr — Sp(y) < —(F*+ 1) for y with y. < a,. We note by a the positive vector which
has the components «q,...,a,. For r € {1,...,n} we choose /3, > «, such that 3, >
Sy(a) + F*+ 1. We note by 3 the positive vector which has the components g, ..., (3,.
We have (R%)" \[a, B] = DiUD, with Dy = {y € (R%)" [3r € {1,...,n}s. t.y, < a,},
and Dy = {y € (R%)" |a <yand3r € {1,...,n}s. t.y, > 5,}.

If y € Dy, then exists r € {1,...,n} such that y. < «,. In this case it is obtained
U, (y) < —(F* + 1) and further we deduce the inequality F(y) > F* + 1.

If y € Dy, then a <y and there exists r € {1,...,n} such that y, > .. We have

Uo(y) =yr = S:(y) = B — Sr(a) > F* + 1.

Consequently, F(y) > F* + 1.

Because F'is a continuous function and [ex, 8] is a compact set, there exists y* € [a, 3]
such that F(y*) = min{F(y) |y € [a,3]}. From the continuity of F' we have that y*
it is not located on the border of [, 3] and it is a stationary point. We deduce that
U(y*) = 0 and consequently, y* € . H

g, ...,8, are the components of the vectorial function S.
21| ||2 is the Euclidean norm on R™.



Synthesizing the above, we find a result of the existence and uniqueness of fixed
points.

Theorem 2.10. If S : (Rj)n — R™ is a @' function, it is antitone, for ally € (]Ri)n the
matriz I, — Js(y) is a P-matriz, and for all r € {1,...,n} we have lim, ¢ S,(y) = oo,
then S has a single fixed point.

Proof. From Theorem 2.7 we deduce that S has at most one fixed point. For y € (Ri)n
the matrix I,, — Js(y) is invertible because it is a P-matrix. From Theorem 2.9 we obtain
the existence of a fixed point for S. O

Fianlly, we present an immediate consequence of the above theorem.

Theorem 2.11. If S : (Ri)n — R™ is a @ function, it is antitone, for ally € (Ri)n the
matriz (—Js(y)) is a Po-matriz, and for all v € {1,...,n} we have lim, o S,(y) = oo,
then S has a single fixed point.

3 The steady states of antitone electric systems

The steady states of the antitone electric system (1.4) are the fixed points of the function
Sk, defined in (1.5), where M is a nonnegative matrix and k € R". We observe that
the function Sk s is bounded from below by k.

3.1 The antitone electric system for n =1

For k € R and M € R we have Sy p(y) =k + %
The function Sy has fixed points if and only if & > 0. If k > 0, then &g, = {k}.
When M > 0 the set of fixed points is @5, ,, = {k*— W} When k& > 0 we can

k+Vk24+4M
2

write wsijogkyM(k) = WSk,MoSkVM(Sk,M(k» = and the sequence Fitg, ,, (yo) is

convergent with the limit &tvA 4 V’“;HM.

3.2 The case k € (R})"

We start by presenting an important result for the studied problem.

Lemma 3.1. Ifk € (R%)", then there is no vector'y € (R%)" of order two'® for Sy u
such that'** y < Sk m(y).

Proof. Suppose that y € (Ri)n is a vector of order two for Sy with y < Sy p(y). If
we note by ¥ := Sk m(y), then we have

1 1
k+ M—=y, k+ M==y. (3.1)
Yy Yy

By € (R%)" is a vector of order two for S, if Skar(y) #y and Si a0 S (y) = .
Uy <zify <zandy # z.



We obtain the equality N(y —y) = ¥ —y with N := Mdiag%. The matrix N is
nonnegative and it has 1 as an eigenvalue with the nonnegative vector y — y as an
eigenvector. We deduce that I, — N is a singular Z-matrix (see Appendix B). We can
write

_ 1 _ ) N NP 1 _
k=y— M; =y — Ndiag(y oy); =y - Ndlag(y)dlag(y)§ = (I, — N)y.

The Z-matrix I, — N and the positive vector y satisfy the condition K33 from Theorem 1,
[14]. We obtain that I, — N is a nonsingular M-matrix (see Appendix B). Contradiction.
m

Following is presented the main result of this section.

n

Theorem 3.2. Ifk € (Ri)n, then @, , has a single element ygk L, and foryo € (Ri)
the sequence Fits, ,,(yo), given by the fived point iteration method, is convergent and its
limit is yg,_, -

Proof. From Lemma 2.1 we have
WS A0Sk, m (k) = Sk,M(wSk,MOSk,M(Sk,M(k))) < WSk aoSk, M (SkJV[(k)) = Sk7M<wSk,]\/IOSk,M(k))'
From Lemma 3.1 we obtain the equality ws, , o5, (K) = Wy 080 (Skar(k)). The

announced result is a consequence of Theorem 2.4. O

3.3 The general case

For M a nonnegative matrix and k € R" the function S p; can have one or more fixed
points. Also, there are situations where it has no fixed points (see Example 4.3).
First, we present some elementary results about the function Sy ;.

Lemma 3.3. Let be M € M, (R) a nonnegative matriz and k € R™. We note by
Si,..., S, the components of Sk . The following statements hold.

(i) If r € {1,...,n} and M,, >0, then lim,, o S,(y) = oc.

(it) The Jacobian function of Sk is Js, ,, (y) = —Mdiag—>

yoy '

Complementing the existence and uniqueness result demonstrated in Theorem 3.2,
for k € (Ri)n, we present a uniqueness result and an existence result for the general
case. These results are obtained when M is a nonnegative Py-matrix.

Theorem 3.4. Let be M € M, (R) a nonnegative Po-matriz and let be k € R".
(1) Sx.m has at most one fized point.

(11) If all the diagonal entries of M are positive (M;; > 0, i € {1,...,n}), then Skum
has a single fized point.



Proof. (i) For y € (R%)" we have I, — Jsn(y) = L + Mdiag%. Because M is a
Po-matrix, using Lemma B.2, we obtain that I, — Js,_,,(y) is a P-matrix. From Theorem
2.7 we deduce that Sk ps has at most one fixed point.

(i7) Using Lemma 3.3 we have that lim,, o S5,(y) = 0 for all » € {1,...,n}. The
announced result is an immediate consequence of Theorem 2.10. O

Remark 3.1. In Example 4.4, a particular case is presented with M a nonnegative Py-
matrix that has some zeros on the diagonal. In this case, there are k € R™ so that the
function Sk ps has no fixed points.

Remark 3.2. From Lemma B.2 we have that the requirement that the matrix I, —
S (y) =1+ M diagﬁ be invertible, for all y € (Rj‘r)n, is equivalent to the require-
ment that M be a Pp-matrix. In this case, the hypotheses of Theorem 2.9 are equivalent
to the hypotheses of Theorem 2.10.

3.4 Conclusions

The antitone electric system (1.4) is characterized by a nonnegative matrix M € M, (R)
and a vector k € R™. The solutions of (1.4) are the fixed points of the antitone functions
Sk.m given by (1.5).

When k € (Rj)n the function Sk s has a single fixed point which is attractive for
the fixed point iteration method (Theorem 3.2).

For an arbitrary vector k the uniqueness is ensured by the condition that M is a
nonnengative Po-matrix. For existence, we add the additional condition that the elements
on the diagonal are positive (Theorem 3.4). Failure to fulfill the previous requirements
may lead to the non-existence of fixed points or to the existence of several fixed points.
Two distinct fixed points are incomparable (Lemma 2.6).

4 Examples

In this section, we present some examples to illustrate the previous theoretical results.

Example 4.1. Let be the continuous antitone function S : R¥ — R given by S(y) =

vy "7 . We observe that we have So S(y) =<y ye€[1,2] , Ps={1.5},
1 y € [2,00) 5
y € (2,00)

and (I)SOS = [1,2]
A fixed point iteration sequence has the following w-limit set:

(1> WS(yO) = {17 2}7 for Yo € (07 1] U [27 OO);

(i) ws(yo) = {v0,3 — w0}, for yo € (1,2).
The w-limit sets of the functions S and S o S are Qg = Qgo5 = [1, 2].

10



Example 4.2. Let be the continuous antitone function S : (Ri)Q — R? with the
components

3—vy2 y2€(0,2) 3=y vy €(0,2)
51 (1, 92) = d Sy, ) = .
) {1 weloo) Ty e p o)

We obtain the equalities

1 € (Oa 1) 1 Y2 € (Oa 1)
Si(S(w1,92) =S wm€[1,2] and Sa(S(y1,42)) = Qv2 w2 € [1,2]
2 Y€ (2700) 2 Y2 € (2700)

The sets of the fixed points of S and S o S are
g = {(y1,12)" |1 < y1, 92 < 2andys + y2 = 3}, Psog = [1,2] x [1,2].

In Figure 1 is presented the dynamics generated by the fixed point iteration method

o,

Figure 1: The dynamics generated by the fixed point iteration method for Example 4.2 (draw-
ing made with GeoGebra).

and the continuous antitone function S.

Example 4.3. We consider an antitone electric system which is generated by the func-

tion Sk withn =2, M = (Cll 1), a > 0. We observe that the symmetric matrix M

11



is a Po-matrix if and only if a > 1. Also, I, — Js,_,,(y) is a P-matrix, for all y € (Ri)n,
if and only if a > 1.

I: k = (1,1)". Sk has a single fixed point which is globally attractive for the fixed
point iteration method. Figure 2 presents the sequence Fitg, ,, (k) and the fixed point of

Sk, when a = 5.

Sim(k
1y kM(O)

o @

A O

Figure 2: Example 4.3/I: Fitg, ,, (k) and the fixed point of Sk s for a = 5; o - the terms of
Fits, yosia (K), o - the terms of Fitg, , 08, 5, (Sk m(k)), (drawing made with Maple).

IT: k = (—9,—10)". For a = 0 the function Sk s has not fixed points.
For a € (0,0.68...) U (0.83...,00) the function Sk s has one fixed point.
For a € {0.68...,0.83...} the function Sy s has 2 fixed points.

For a € (0.68...,0.83...) the function Sk »s has 3 fixed points.

Example 4.4. We consider an antitone electric system which is generated the function

k 0 01

Sk withk = [0 € R®*and M = |1 0 1]. We observe that M is a Py-matrix
0 0 01

with some diagonal entries equal to zero. For k < —1 the function Sk s have not fixed

points. For & > —1 the only fixed point of Sk s is (k + 1, %?, 1)

A The fixed point iteration sequences, and the w-
limit set

Let T : (]Ri)n — (]Ri)n be a continuous function. The fixed point iteration sequence
Fitr(yo) := (y,)ren starts from the vector yo € (R%)" and it verifies the iteration
Yr+1 = T(yr)7 relN.

The w-limit set of Fity(yo) is defined by
wr(yo) = {y € R, | 3the subsequence (y, )qen of Fitr(yo) such that yy, T2 y) (A1)

From the continuity of 7" we obtain that the set wr(yo) is invariant under 7. When
Fitr(yo) is bounded from above by w, then it is contained in the compact set [0, w],
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and, consequently, wr(yo) # 0. When Fity(y) is convergent we denote by wr(yq) its
limit. If Fitr(yo) is convergent and wy(yo) € (Ri)n, then wr(yo) is a fixed point of 7.
The w-limit set of T (with respect to the fixed point iteration method) is:

Qpr ={y e R} |3y € (Ri)n such thaty € wr(yo)}- (A.2)

It is easy to observe that the set of fixed points of T is a subset of Q.

B Z-matrix, M-matrix, P-matrix and Py-matrix
Definition B.1 (see [14]). Let be M = [M;;] € M, (R).
(1) M is a Z-matriz if for alli,j € {1,...,n} with i # j we have M;; < 0.

(i) M is an M-matriz if it can be expressed in the form M = sl,, — B, where B is a
nonnegative matriz and s > p(B).

An M-matrix is a Z-matrix.
Definition B.2 (see [10]). Let be M € M,(R).
(i) M is a Py-matriz if all its principal minors are nonnegative.
(i) M is a P-matriz if all its principal minors are positive.

We observe that a P-matrix is a Pg-matrix. The paper [10] presents many properties
of the set of P-matrices. A matrix M € M, (R) with the symmetric part M* = (M +M?)
a positive definite matrix is a P-matrix. An invertible M-matrix M € M, (R) is a P-
matrix. If M is an invertible P-matrix, then M ~! is a P-matrix.

The set of Pyp-matrices is the topological closure of the set of P-matrices in M, (R). A
matrix M € M, (R) is a Py-matrix if and only if every real eigenvalue of every principal
submatrix of M is nonnegative (Theorem 4.8.2, [10]). If M is an invertible Py-matrix,
then M~ is a Py-matrix.

To be able to work with P-matrices and Pyp-matrices, we use the following notations:

i) E ={a=(ag,...,a.) €{l,...,n}" |lau < - <a,},neNand r € {1,...,n}.

(ii)) The complement of a € %, r € {1,...,n — 1}, is a® € X,_, formed with the
elements of {1,... , n}\{aq,..., .}

(iii) |la||=>21_, as for a € X,..
(iv) Xo = [[o; Ta, for x:= (21,...,2,) € R", r€{l,...,n}, and a € %,..

(v) Ale, B8] is the submatrix of A € M, (C), lying in rows ai,...,q®, and columns
By, 0B, where r € {1,... ,n}, o, 8 € %,.
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(vi) A(e,B) := Ala® B°] is the submatrix obtained from A by deleting the rows
at,...,q. and columns fy, ..., 5,.

For A, B € M, (C) we have the following formula, see [11],

det(A + B) = det(A) + det(B +Z > (=)l I8 det Alor, B] det B(ax, B). (B.1)

r=1 o,B€X,

When B = diag(x) € M,,(C) we observe that det B(a, 3) = 0 for a # 3 and det B(eo, @) =
Xae i= [[o_] Tae. The formula (B.1) becomes

det(A + diag(x)) = Pa(x), (B.2)

where the multivariate polynomial P4 € R[X7, ..., X,] is given by

PA(X) = det(A +HX +Z > (det Alex, o] (B.3)

r=1 a€eX,

Remark B.1. In the case when diag(x) = —Al,, A € C, we obtain the formula of the
characteristic polynomial of A.

The following result helps us to determine a characterization of the Py-matrices.

n—1

Lemma B.1. Let be P € R[ X7, ..., X,] of the form P(X) = X1-.... X, + > > PaXa+t
r=1 acll,

po. The following statements are equivalent:

(i) All the coefficients of P are nonnegative real numbers.
(i) P(x) >0 for allx € (R%)".
(iii) P(x) > 0 for all x € R7}.

Proof. (i) = (ii) It is easy to notice that if all the coefficients of P are nonnegative then
P(x)>0,x€ (Ry)".
By using the continuity of P we obtain (ii) = (ii).
(i13) = (i) Because P(0) = py we obtain py > 0. We have P(0,...,0,z;,0,...,0) =
pjT; +po > 0, V; > 0, if and only if p; > 0. Consequently for o € 3; we have p, > 0.
Suppose that p, > 0, a« € X, r € {1,...,s}. Let be a* € ¥,,;. We consider
x € R} with z; = 0 for j € {1,...,n}\{af,...,a%,,} and we have P(X) = pa+Xa+ +
S, ZQEZT({al ..... or 1)) PaXa +p0 By hypothe&s for x4+ > 0, Tar,, > 0, we have
af1)) X Lo 'We obtain that pg+ > 0 O

.....

Lemma B.2. Let be A € M,(R). The following statements are equivalent:

(i) A is a Po-matriz.
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(ii) det(A + diag(x)) > 0 for all x € (R%)".
(iii) det(A + diag(x)) > 0 for all x € R"}.

(iv) I, + Adiag(x) is invertible for all x € (R%)".
(v) L, + Adiag(x) is a P-matriz for all x € (R%)".

Proof. From Lemma B.1 and formulas (B.2) and (B.3) we obtain (i) < (ii) < (ii7).
Ifx e (Ri)n with the components x4, ..., x,, then we have the following equality

1 n
det(A + di =det |1 Adiag— .
et(A + diag(x)) = de (n+ gX)H

It is easy to observe that we have (ii) < (iv).

(i) = (v) If A is a Py-matrix, then there exists the sequence (A, ),en of P-matrices
such that A, — A. Using Theorem 4.3.2-(4) from [10] we deduce that, for x € (R )",
A,diag(x) is a P-matrix. Consequently, Adiag(x) is a Pp-matrix. From Lemma 4.8.1,
[10], we obtain that I, + A diag(x) is a P-matrix.

The implication (v) = (iv) is obvious. O
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