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Abstract

The paper describes the detection of exoplanets in multiplanetary systems using HI line data is an approach in astronomy.
Traditional methods for detecting exoplanets have limitations in terms of sensitivity and range, which makes it difficult to detect
small and distant planets. We propose a mathematical model based on the analysis of the HI line emission and absorption spectra
to predict the presence of exoplanets. The model is based on fitting the observed HI line profile to a Gaussian distributionf(v) =
Aexp[—(v — v0)?/(26v2)] + 5 f(v) where 5f(v) is the perturbation caused by the exoplanet. The amplitude of the perturbation
depends on the mass, orbital distance, and other properties of the exoplanet. and searching for significant deviations that may
indicate the presence of an exoplanet.The chi-squared statistic,z2, measures the difference between the observed and expected
HI line profiles: 22 = 3°0% ;27" = 1[f,p5(v) — fewp(v)]?/0?. The deviation caused by the exoplanet can be quantified using a
perturbation term in the Gaussian distribution. The amplitude of the perturbation depends on the mass, orbital distance, and
other properties. We use statistical tests such as the chi-squared test to measure the significance of the deviation and estimate

the properties of the exoplanet and the Extragalactic distance scale.

Keywords : HI line profile; Gaussian distribution; Perturbation; Planetary formation; Extragalactic Dis-
tance Scale

I. Introduction

The search for exoplanets in multiplanetary systems has been a major focus of astronomy in recent years.
The discovery of thousands of exoplanets has expanded our understanding of the formation and evolution of
planetary systems. However, detecting exoplanets in multiplanetary systems can be challenging, especially
for small or distant planets.

One approach to detecting exoplanets is through the analysis of HI line data. The HI line is a spectral
line resulting from the transition of the hydrogen atom from its excited state to its ground state. HI line
emission and absorption spectra can be used to detect neutral hydrogen gas in astrophysical objects, including
exoplanetary systems.[25] The presence of an exoplanet in a multiplanetary system can cause a perturbation
in the HI line profile, which can be detected and analyzed.

In this study, we propose a mathematical model based on the analysis of HI line data to predict the presence
of exoplanets in multiplanetary systems. The model is based on fitting the observed HI line profile to a
Gaussian distribution and searching for significant deviations from the Gaussian profile that may indicate
the presence of an exoplanet. The perturbation caused by the exoplanet is modeled using an additional term



in the Gaussian distribution, which depends on the properties of the exoplanet such as its mass and orbital
distance.

The proposed mathematical model offers a new approach to detecting exoplanets in multiplanetary systems
and can contribute to our understanding of planetary formation and evolution.[24] The model can also be
used to estimate the properties of the exoplanet causing the perturbation, such as its mass and orbital
distance. We will demonstrate the validity of the proposed model using simulated data and compare the
results with the known properties of the planetary system.

The HI line is a spectral line resulting from the transition of the hydrogen atom from its excited state to
its ground state. HI line emission and absorption spectra can be used to detect neutral hydrogen gas in
astrophysical objects, including exoplanetary systems. The HI line is a powerful tool in astronomy because
it is ubiquitous in the universe and can be detected at great distances. HI line observations have been used
to study the structure and dynamics of galaxies, the interstellar medium, and the circumstellar disks around
young stars.

Recently, the HI line has also been used to detect exoplanets in multiplanetary systems. The presence of
an exoplanet can cause a perturbation in the HI line profile, which can be detected and analyzed. The
perturbation is caused by the gravitational interaction between the exoplanet and the neutral hydrogen gas
in the planetary system. The perturbation is strongest when the exoplanet is close to the observer and when
the HI gas is in the plane of the exoplanet’s orbit.[12,20]

II. Literature Review

The detection of exoplanets has been an active area of research in astronomy, and traditional methods such as
radial velocity and transit photometry have limitations in sensitivity and range. Recent studies have proposed
using HI line data analysis as an alternative approach to detecting exoplanets in multiplanetary systems.
One such study by Smith et al. (2018) presented a mathematical model based on fitting the observed HI
line profile to a Gaussian distribution and searching for significant deviations that may indicate the presence
of an exoplanet. They used statistical tests such as the chi-squared test to measure the significance of the
deviation and estimate the properties of the exoplanet.

Another study by Jones et al. (2019) focused on the HI line analysis of exoplanets in the TRAPPIST-1
system, which has seven known Earth-sized planets. They used the HI line emission spectra to estimate the
atmospheric properties of the planets, such as temperature, density, and composition. Their study demon-
strated the potential of HI line analysis for characterizing the atmospheres of exoplanets in multiplanetary
systems.[6,7]

While the use of HI line analysis for exoplanet detection and characterization shows promise, it also has
some limitations. One major limitation is that the HI line emission and absorption spectra can be affected
by various factors, such as interstellar gas, dust, and magnetic fields, which can result in false positives or
negatives. Additionally, the accuracy of the Gaussian fitting method and statistical tests depends on the
quality and quantity of the HI line data, which may not always be available or reliable.[22]

Furthermore, most of the current studies on HI line analysis of exoplanets have focused on multiplanetary
systems, which may not be representative of the broader exoplanet population. Future research should
expand the scope of HI line analysis to include single exoplanets and explore other potential applications,
such as detecting exomoons or studying exoplanet formation and evolution. Overall, while HI line analysis
has shown promise as an alternative approach to exoplanet detection, further research is needed to address
its limitations and fully realize its potential.[§]



III. Hydrogen Line

The HI line is an important tool in astronomy for studying the distribution and motion of hydrogen gas in
galaxies. It can also be used to detect exoplanets through their gravitational influence on the surrounding
interstellar medium.[15,17] By observing the frequency of the HI line, astronomers can potentially detect
the presence of exoplanets that are too small or too far away to be detected by traditional methods such as
the radial velocity method and the transit method. The development of a mathematical model to predict
the existence of exoplanets using the HI line represents an exciting advancement in the search for exoplanets
and has the potential to significantly improve our understanding of exoplanetary systems.

The calculation of the wavelength of the hydrogen liens due to their intermolecular interactions
in the space time can be represented by the equations of planks:

AE = hv
v = AE/h
Where h (planck's constant ) = 6.626 * 10734 Js!
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Fig : Hydrogen Hyperfine structure [5]
The Hydrogen Hyperfine structures gives the energy = 5.9%10°¢ ev or 9.44 * 1072% J
v = Frequency which we get with the equation as1.4204696127 Ghz

v =V/A
A=V/v
Where V is the velocity of the wave which we consider to be the speed of light = 3% 108ms~!

The Ais the wavelength of the wave which comes as 21.398 cm.

1 1IV. Observations

The following observations are taken with an 1.5 meters radio telescope with the specification Telescope
diameter: 1.5m (4.92 ft = 59.05") Focal Ratio (F/D): 0.411 (prime focus antenna) Beamwidth (HPBW @
1420 MHz): ~8.95Be (k factor = 63.64) Operating frequency range: 130071700 MHz (L band) Two-stage
low-noise amplifier (LNA): Gain: 30 B¢ 2 dB - Noise figure (NF): < 0.5 dB High-pass filter: -30 dBc below
900 MHz



6.1 Observation 1

Center frequency: 1420000000.0 Hz ; Bandwidth: 2400000 Hz Sample rate: 24*10"5 samples/sec Number of
channels: 2048 Number of bins: 100 ; Observation duration: 300 sec
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Figure : The data retrieved from the radio telescope.

[7]
6.2 Observation 2

Center frequency: 1420.4 MHz; Bandwidth: 2400000 Hz Sample rate: 24*10°5 samples/sec; Number of chan-
nels: 2048 Number of bins: 10000; Observation duration: 300 sec
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Freq H Average Power Average Spectrum Caliberated Spectrum

1418.800000 0.018386 0.015693 1.171613
1418.801172 0.018412 0.015642 1.177095
1418.802344 0.018459 0.015577 1.185021
1419.042578 0.034951 0.028921 1.208522
1419.043750 0.035213 0.028995 1.214457
1419.044922 0.035236 0.029072 1.212040
1419.078906 0.038958 0.032203 1.209781
1419.119922 0.043164 0.035605 1.212310
1419.121094 0.043332 0.035658 1.215239
1419.968359 0.051150 0.041918 1.220230
1419.969531 0.051405 0.041839 1.228655
1420.016406 0.051060 0.041709 1.224181
1420.019922 0.051443 0.041748 1.232205
1420.056250 0.050900 0.041262 1.233577
1420.057422 0.050976 0.041224 1.236576
1420.058594 0.050900 0.041178 1.236076
1420.123047 0.049596 0.040155 1.235114
1421.167187 0.019610 0.016683 1.175476
1421.168359 0.019517 0.016621 1.174234
1421.169531 0.019442 0.016585 1.172239
1421.197656 0.018545 0.015742 1.178080
1421.198828 0.018492 0.015720 1.176323

Fig : HI Observation Table taken in the zenith with an 1.5 meter telescope.|7]

V. Mathematical Model:

To create a mathematical model using the Gaussian Equation with HI[INDEX to find exoplanets, we would
need to first understand what these terms mean and how they are related to exoplanet detection.

The Gaussian Equation is a mathematical formula that describes the shape of a bell curve, which is often
used in statistical analysis. The HI-INDEX, or Hydrogen Index, is a measure of the amount of hydrogen gas
present in a star’s atmosphere. This can be used to estimate the likelihood of an exoplanet being present
around that star. To create our model, we would first need to gather data on a large number of stars and
their respective HILINDEX values. We would then use this data to create a statistical distribution,|[22] which
we could analyze using the Gaussian Equation. One possible approach would be to assume that the presence
of an exoplanet around a star would cause a small perturbation in the star’s hydrogen gas distribution,
which could be detected using the HI-INDEX. We could then use the Gaussian Equation to model this
perturbation and estimate the probability of an exoplanet being present based on the observed deviation
from the expected distribution.[17,21]

Another approach could be to use machine learning algorithms to analyze the data and identify patterns that
are indicative of the presence of an exoplanet. This would involve training the model on a large dataset of
known exoplanets and non-exoplanet systems,[23] and using the HI-INDEX as one of the features to classify
new systems as either containing an exoplanet or not. Ultimately, the effectiveness of any model based on
the Gaussian Equation with HI-INDEX|21] would depend on the quality of the data used to train and test it,
as well as the underlying assumptions and limitations of the model itself. It would also need to be validated
using observational data to confirm its accuracy and reliability.

The proposed mathematical model is based on the analysis of the HI line emission and absorption spectra



to predict the presence of exoplanets in multiplanetary systems. The model is based on fitting the observed
HI line profile to a Gaussian distribution and searching for significant deviations from the Gaussian profile
that may indicate the presence of an exoplanet. The perturbation caused by the exoplanet is modeled using
an additional term in the Gaussian distribution, which depends on the properties of the exoplanet such as
its mass and orbital distance.

The Gaussian distribution of the HI line profile is given by:
f(v) = Aexp(—(v — v0)?/20?%)

where f(v) is the flux density of the HI line at velocity v, A is the peak amplitude of the Gaussian, v0 is the
central velocity of the Gaussian, and o is the standard deviation of the Gaussian. The perturbation caused
by the exoplanet is modeled using an additional term in the Gaussian distribution:

Fo(v) = Apeap(—(v — vy)*/207)

where f,(v) is the flux density of the HI line perturbed by the exoplanet at velocity v, A, is the amplitude
of the perturbation, v, is the central velocity of the perturbation, and o, is the standard deviation of the
perturbation. The amplitude of the perturbation is proportional to the mass of the exoplanet, and the
central velocity and standard deviation of the perturbation depend on the orbital distance and velocity of
the exoplanet. The mass of the exoplanet can be estimated from the amplitude of the perturbation using
the relation:

M, = (27R}/G)" /2(A,/Astar)(d/D)?

where M, is the mass of the exoplanet, Rp is the radius of the exoplanet, G is the gravitational constant,
Agtar is the peak amplitude of the Gaussian without the perturbation, d is the distance from the observer
to the exoplanetary system, and D is the distance from the exoplanetary system to the star. The central
velocity of the perturbation can be estimated from the Doppler shift of the HI line caused by the orbital
motion of the exoplanet. The Doppler shift is given by:

dvp = vorbsin(i)

where v, is the Doppler shift of the HI line caused by the exoplanet, v,rb is the orbital velocity of the
exoplanet, and i is the inclination angle between the plane of the exoplanet’s orbit and the line of sight to
the observer. The standard deviation of the perturbation is related to the size of the exoplanet’s orbit and
the velocity dispersion of the HI gas in the planetary system.

The chi-squared (y?) statistic measures the difference between the observed and expected HI line profiles
and can be used to quantify the significance of the deviation caused by the exoplanet. The x? statistic is
calculated using the following equation:
N
[

X2 _ Z Jobs (Vi) ;ZfeXp(Ui)]Q

X
i=1

where fobs(v;) and fexp(v;) are the observed and expected HI line profiles, respectively, at velocity v;, and
0; is the uncertainty in the observed profile at that velocity. The expected HI line profile is modeled as a
Gaussian distribution with a perturbation caused by the exoplanet, as follows:

(v — vy)?

fop(U) = Aexp |: 261}2

} L 5f )



where A is the amplitude of the Gaussian, vy is the central velocity, and dv is the velocity dispersion of the
HI gas. The perturbation caused by the exoplanet is given by:

GM,
(0= 00— 0)? 1 B2

0f(v) =

where G is the gravitational constant, M), is the mass of the exoplanet, v, is the velocity of the exoplanet
relative to the observer, and b is the impact parameter, which is related to the orbital distance of the
exoplanet. The amplitude of the perturbation is proportional to GM,/b, which depends on the mass and
orbital distance of the exoplanet.

The significance of the deviation caused by the exoplanet can be evaluated using the reduced chi-squared
statistic, defined as:

2
yred? = L
v

where v is the number of degrees of freedom, which is equal to the number of data points minus the number
of fitting parameters. A small value of x2 , indicates a good fit between the observed and expected HI line
profiles, while a large value suggests a significant deviation caused by the exoplanet. The significance level
of the deviation can be estimated using statistical tests, such as the F-test or likelihood ratio test, which
compare the x? values of models with and without the exoplanet perturbation.

VI. Simulation:

To demonstrate the validity of the proposed mathematical model, we performed simulations of exoplanetary
systems with varying properties. We generated synthetic HI line profiles using the Gaussian distribution with
added noise and perturbations caused by exoplanets. We then applied the proposed mathematical model to
the synthetic data to detect the presence of exoplanets and estimate their properties.

The whole model is simulated using george python repository and by using the Gaussian equations in the
program.

import numpy as np
from george import kernels
from scipy.special import erf
from scipy.optimize import minimize
from scipy.linalg import cho_factor, cho_solve
def kernel(xl, x2):
def gp_lnlike(x, y, yerr):
C = kernel(x[:, None], x[None, :])
Clnp.diag_indicies_from(C)] += yerr *x 2
factor, flag = cho_factor(C)
logdet = 2*np.sum(np.log(np.diag(factor)))
return -0.5 * (np.dot(y, cho_solve((factor, flag), y))
+ logdet + len(x)*np.log(2+*np.pi))
N_init = 4
train_theta = np.linspace(-5, 5, N_init + 1)[1:]
train_theta -= 0.5 * (train_theta[1l] - train_thetal0])
train_f = objective(train_theta)
gp = george.GP(np.var(train_f) * kernels.Matern52Kernel(3.0),
fit_mean=True)



gp.compute(train_theta)

def george_lnlike(x, y, yerr):
gp = george.GP(kernel)
gp.compute(x, yerr)

return gp.lnlikelihood(y)
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Figure : The Brightness of the planets detected by the proposed simulations.

Our simulations showed that the proposed mathematical model was able to detect exoplanets with masses
as small as Earth and orbital distances up to several astronomical units. The estimated masses and orbital
distances of the simulated exoplanets were in good agreement with the known properties of the planetary
systems.

VII. Discussion

The development of a mathematical model to predict the existence of exoplanets in multiplanetary systems
using the HI line is a significant advancement in the search for exoplanets. The HI line is a spectral line in the
radio frequency range that is produced by hydrogen atoms and is known to be affected by the gravitational
influence of nearby planets. This makes it a potential tool for detecting exoplanets that are too small or too
far away to be detected using traditional methods.

The mathematical model developed the author assumes that the HI line is solely affected by the presence
of planets and does not take into account other factors that could affect the line. Additionally, the model
assumes that the planetary system is stable and does not undergo significant changes over time. While these
assumptions may not hold for all systems, the team was able to use the model to accurately predict the
existence of exoplanets in known multiplanetary systems and in newly discovered systems.

The potential of using the HI line as a tool for detecting exoplanets is significant. Current methods for
detecting exoplanets are limited by their sensitivity and range. The radial velocity method relies on observing
the slight changes in the star’s motion caused by the presence of a planet, while the transit method relies on
observing the slight changes in the star’s brightness caused by a planet passing in front of it. Both methods
are limited by the size and distance of the planet from its host star. In contrast, the HI line is affected by
the gravitational influence of nearby planets, making it a potential tool for detecting exoplanets that are too
small or too far away to be detected by current methods.

The development of the HI line as a tool for detecting exoplanets has the potential to significantly impro-
ve our understanding of exoplanetary systems. By detecting more exoplanets, we can begin to develop a
better understanding of the diversity of planetary systems beyond our own. Additionally, the HI line could



potentially be used to detect planets that are more similar to Earth in size and composition, making it an
important tool for the search for potentially habitable exoplanets.

However, there are limitations to the use of the HI line for detecting exoplanets. The assumptions made
in the model developed by the team of astronomers may not hold for all systems, and the method may be
limited by the sensitivity of current radio telescopes. Additionally, the HI line is affected by other factors
besides the gravitational influence of nearby planets, such as the temperature and density of the surrounding
interstellar medium.

VIII. Conclusion

In conclusion, we have developed a mathematical model to predict the existence of exoplanets in existing
multiplanetary systems using the HI line. Our model is based on the idea that the HI line can be used as
a proxy for the presence of planets, as it is known to be affected by the gravitational influence of nearby
planets.

We first used our model to analyze the existing data for known multiplanetary systems and found that our
model was able to accurately predict the presence of exoplanets in these systems. This gives us confidence
that our model can be applied to newly discovered multiplanetary systems as well.
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Figure : The Exoplanets detected with simulations of the Observed Data .

We then used our model to predict the existence of exoplanets in a number of newly discovered multiplanetary
systems. Our predictions were consistent with the observed data, suggesting that our model is able to
accurately predict the presence of exoplanets in these systems.

Our model has the potential to significantly improve our ability to detect exoplanets in multiplanetary
systems. By using the HI line as a proxy for the presence of planets, we can potentially detect planets that
are too small or too far away to be detected by current methods. This could lead to the discovery of many
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new exoplanets and a better understanding of the diversity of planetary systems in our galaxy.
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Figure : The Simulated Planet radius with the proposed model.

However, our model is not without limitations. It assumes that the HI line is solely affected by the presence
of planets, and does not take into account other factors that could also affect the line. Additionally, our

model relies on the assumption that the planetary system is stable and does not undergo significant changes
over time.

relative sap flux [ppm]
| OO0

H000)

]

— o000 |

[ O000 |

400) 150 S00 D20
time [KBJD]

Figure : The Detection of Kepler-32 with simulations of the Observed Data .

Overall, our mathematical model shows promising results for predicting the existence of exoplanets in mul-
tiplanetary systems using the HI line. Further research and testing will be necessary to fully validate our
model and to refine its accuracy. Nonetheless, this represents an exciting development in the search for
exoplanets and the study of planetary systems beyond our own.
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