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Abstract

In this paper, we study the fourth-order m-point boundary value problem \begin{equation*} \left \{\begin{array}{lcr}
u™ {(4)}(t)=f(t,u(t)),\ t\in [0,1],\\ u’(0)=u(0)=u(1)=0 , u*(1)-\sum"{m-2}_{i=1}\alphai u”’(\xi-i)=0, \end{array}\right.
\end{equation*} with sign-changing Green’s function. By using some fixed theorems and the properties of Green’s function,

we mainly establish the existence and multiplicity of positive solution for the problems under some suitable conditions.
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ABSTRACT. In this paper, we study the fourth-order m-point boundary value
problem

u®(t) = f(t,u(t)), t€[0,1],
{ W/ (0) = w'(0) = u(1) = 0,u”(1) — 5752 e (&) =0,
with sign-changing Green’s function. By using some fixed theorems and the
properties of Green’s function, we mainly establish the existence and multi-
plicity of positive solution for the problems under some suitable conditions.

1. Introduction

This paper is concerned with the solvability of the fourth-order m-point boundary
value problem

W u®(t) = 7(t,u(t)). t€[0.1],
’ ' (0) =u”(0) =u(1l) =0,u"(1) — ZZ’;Q au (&) =0,
where oy, & and f satisfy the following assumptions

-2 -2 552 oy —4
(H1) X" " a; > 2 and 0 < Y7, ai<%(1— %)3
7y

557" 2o —4 -2 .
T g <8 << <Ena <1230y

(H3)f € C([0,1] x [0,+00), [0,400)), and satisfies

(i) For each u € [0,+00), f(t,u) is monotonically decreasing with respect to t;

(#4) For each t € [0,1], f(¢,u) is monotonically increasing with respect to w.

To the best of our knowledge, the fourth-order boundary value problem models
the deformations of an elastic beam in mechanics, so many authors pay more atten-
tion to studying the existence of solutions to this problem by using the variational
method [20], the method of upper and lower solutions [4, 5, 19], iterative method|8],
the fixed point index theory [7, 12, 13, 23], fixed point theorems [11, 14, 21] or the
bifurcation theory[15, 16, 18]. A standard approach to studying positive solutions
of the fourth-order boundary value problem such as (1.1) is to find the correspond-
ing nonnegative Green’s function G(t,s) and seek solutions as fixed points of the

2000 Mathematics Subject Classification. 34C25;34B15.

Key words and phrases. Fourth-order m-point boundary value problem; Sign-changing Green’s
function; Positive solutions; Fixed point theorems.

The authors were supported by the Fundamental Research Funds for the Central Universities
(No. B200202003).

1



2 HUIJUAN ZHU, FANGLEI WANG, NANNAN YANG

integral operator, see [11, 23] and references therein. Recently, many authors ana-
lyzed some possibilities of finding positive solutions for second-order boundary value
problems with the Dirichlet and periodic boundary conditions, for which the corre-
sponding Green’s functions change sign. We refer the readers to [6, 9, 10, 17, 22, 25]
and references therein.

To our attention, Y. Zhang.etc [25] are concerned with the following fourth-order
three-point BVP with sign-changing Green’s function

u® (t) = f(ta u(t))v te [Oa l]a
(12) { W (0) = u(0) = u () = u(l) = 0.

By imposing some suitable conditions on f and 7, the authors obtained the existence
of at least n-1 decreasing positive solutions of problem (1.2) by using the fixed point
index theory. Furthermore, H. Djourdem.etc [9] studied the following fourth-order
three-point BVP with sign-changing Green’s function

u(4) (t) = f(t’u(t»? te [07 1]7
(13) { W(0) = u”(0) = u(1) = 0, an (1) — u () = 0.

By imposing some suitable conditions on f, a and 7, the authors still obtained
the existence of at least two positive and decreasing solutions of problem (1.3). by
applying the two-fixed-point theorem due to Avery and Henderson.

Concerning the fourth-order BVP with sign-changing Green’s function, as far
as we know, no results for this more general fourth-order m-point boundary value
problem (1.1). So we establish some new criterions for the existence of positive
solutions for problem (1.1) by applying some fixed theorems, such as: Let K be a
cone in a Banach space X. If D is a bounded open subset of X, we denote an open
subset of K by Dg = DN K.

Definition 1.1. A map « is said to be a nonnegative continuous concave func-
tional on a cone K of a real Banach space X if
a: K —[0,+00)
is continuous and
a(Au+ (1 — M) > Aa(u) + (1 — Na(v)

for all u,v € K, t € [0,1]. Similarly, we say the map S is a nonnegative continuous
convex functional on a cone K of a real Banach space X if

B: K —[0,+00)
is continuous and
BAu+ (1 —=X)v) < AB(u)+ (1 —N)B(v)
for all w,v € K, t € ]0,1].

Definition 1.2. Let ¢, ¢, o be a nonnegative, continuous functional on K. Then
for positive real number a, b and ¢, we define some sets by

K(¢,a) ={zr € K : ¢(z) < a},

K(p,p;a,b) ={x € K :a < p(z),d(x) < b},
K(¢,p,050,b,¢c) ={x € K :a < ax),p(x) <b,¢(x) < c}.
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Lemma 1.3.[1] Let D be an open bounded set with Dx # () and Dy # K. As-
sume that T': D — K is a compact map such that z # Tz for x € 0Dg. Then
the fixed point index ik (T, Dk ) has the following properties.

(1) If there exists e € K\{0} such that z # Ta + Xe for all © € 9Dk and all
A > 0, then iK(T, DK) =0.

(2) If |Tz|| < ||z|| for z € 0D, then ix (T, Dg) = 1.

(3) Let D' be open in X with DI C Dg. If we have ix(T,Dg) = 1 and
ix(T, DY) = 0, then T has a fixed point in Dg\D). The same result
holds if iy (T, Dx) = 0 and ix (T, Dk) = 1.

Lemma 1.4.[2] Let ¢ and 7 be increasing, nonnegative, and continuous functionals
on K, and let w be a nonnegative continuous functional on K with w(0) = 0 such
that for some ag > 0 and M > 0,

Y(u) S w(u) < P(u), [lu] < My(u)
for all uw € K(v,as). Suppose there exist a completely continuous operator 7' :
K(vy,a3) = K(v,a3) and 0 < a1 < ag < a3 such that

w(Au) < dw(u) for 0 < A<1, uedK(w,az),

and

(1) v(Tu) > ag for all u € OK(y,as3);

(2) w(Tu) < agag for all u € 0K (w,az);

(3) K(¢,a1) # 0 and (Tu) > aq for all u € 0K (¢, aq).

Then T has at least two fixed points u; and ug in K (7, as) such that

a1 < P(uy) with w(ur) < ag,

as < w(ug) with y(us) < as.

Lemma 1.5.[3] Let K be a cone in a real Banach space X. Let ¢ and ¢ be
nonnegative, continuous convex functional on K, a be a nonnegative, continuous
concave functional on K, and i be a nonnegative, continuous functional on K
satisfying ¥(Az) < Ap(z) for 0 < A < 1, such that for some positive numbers M
and d, a(z) < ¥(z) and ||z|| < M¢(x), for all x € K(¢,d). Suppose

T:K(¢,d) = K(¢,d)

is completely continuous and there exist positive numbers a, b and ¢ with a < b
such that
(1) {zeK(p,p,a;b,¢,d): a(x) >b} #Pand «(Tz) > blor x € K(¢,p,a;b,c,d);
(15) a(Tx) >b for x € K(¢,a;b,d) with o(Tz) > ¢;
(#it) 0¢ K(¢,v;a,d) and ¢(Tx) < a with « € K(¢,9;a,d) with ¢(z) = a.
Then T has at least three fixed points x1, z2, 3 € K(¢,d) such that

d(x;) <d fori=1,2,3;

b<alrr), a<iy(ry) with a(zs) <b
and

Y(xs3) < a.
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The rest of this article is organized in the following way: In Section 2, we state
some preliminary results considering the Green’s function may change sign. In
Section 3, some new results concerning the positive solutions of a fourth-order m-
piont BVP with sign-changing Green’s function are proved. In Section 4, we give
some examples to illustrate our main results.

2. Preliminaries and lemmas
Throughout this paper, let X denote the Banach space C[0,1] with the norm
llul| = max;ejo,1) |u(t)], for u € X. In addition, define a subcone Ky of X by

Ky = {u € X : u(t) is nonnegative and decreasing on [0, 1]}.

To discuss BVP(1.1), we consider the corresponding fourth-order linear boundary
value problem (LBVP)

u® (t) = y(t),t € [0,1],
21) {w@=wmwwm=mwm—zzﬂwwm=o

Lemma 2.1. Assume that (H1) and (H2) hold Then for any given y(t) € X, the
LBVP(2.1) has a unique solution u(t fo s)ds, where

(t—s)3—(1—s)3+1—t3—f(1%t3)a, s<ts<é&,

s(1—1¢3
—(1—s)? 1—t3—%, t<s <&,
—3)3 —
(t S) 172?;712
1-3m
=)+ (1 9), G S5 S,

ﬁ(l )7 gm—Q <s,t <s.

(t—s5)% —
(-’

Proof. Integrating the equation u(*)(t) = y(t) from 0 to t, we get

u"'(t) = /o y(T)dT + c.

As the similar process, combining the boundary conditions u(1) = «/(0) = «”(0) =

0, we have
/ / s)dsdr + ct
/ / s)drds + ct

/@—ﬁ(wvma

0

u// (t)

+
(1
(1= =L (1= s = 02 ), £ < 8,6 <5< &1 i=1,2,.m
(1
+

=)’ e (L— s — Y, s <t <s <&, i=1,2,.m

-3,

-3,
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¢
u'(t) = // (1 —38)y deT+/CTdT
0
= //7'—8 d7d5+2t2

- 2[/0@—5) ()ds+ct2}

1 1
u(t) = 31 // T —3) dsdTJrc/ 2d7]

1 1

= —= / /(T—S deT+// T —35) deT—I—/ TQdT]
2LJe Jo t
1r [t

= —= //(T—S deS+// (1 —s)%y(s)drds + = (l—t?’)}
2— O t 3

- 1
= il [ o= [a-o ()ds+c<1—t5>]

Then by these above expressions, we have

u'(1) = /0 (1—s)y(s)ds+c

and
m—2 m—2 & m—2
> a6 = 3 i [ uslds ey a
=1 =1 0 =1
Furthermore, from u” (1) — 221712 a;u’ (&) = 0, it follows that
I AR YA e
= ——o— Q; y(s)ds — — s)y(s)ds|,
L=y e b 0 0
which yields
1 1 5 t 5 1_t3 m—2 13 1
u(t) = —= 1-s ysdsf/ t—s ysder al/y /1fsysds.
e A R O | [ (1-9(s)a)
If s <t, s <&, then
G(t,s) = [(1—5)°—(t—8)°+ ——— 1_t3 Za 1+ )]
’ 1_22 1 Oéz i=1 '
_ 43
= %[(t—s) (1—s)+1—1¢%— sl t) ].
_Z’L 1 al
Ift <s <&, then
Glls) = —La—spe 2P Za 1+ 3)]
6 1_21 1 al i=1
43
= [-(1-s3+1-1¢3 sl i)
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Ifs<t & <s<&q1 (j=1,2...,m—3), then

m—2

1 1—t3
Glt,s) = —=[(1—s)®—(t—s)°+ — () @i —1+59)]
6 1_21 1 Q= j+1
1 1—¢3 e
— —[(t—s)3—(1—8)3+T(1—8— Z a;)].
6 1- Zi:jJrl @ i=j+1
Ift<s,& <s<&q1 (j=1,2...,m—3), then
1 1—¢3 e
Gt,s) = —=[(1—s)?+ — (Y ai—1+59)]
6 1_21 1 @i j+1
1 1—t3 m—2
= -t (15— > )l
6 1- Ziij+1 @ i=j+1
Ifs<t, &n_o <s, then
G(t,9) (=8P — (=P — — = (-
,8) = — s —s)7 — — — s
1_221120%
3 1—1¢3
= (=)~ (=8 4 ——t— (1= 5)].
1= j4+1 Qi
Ift<s, &n_o <s, then
1 . 1-1¢3
G(t,s) = —=[(1—-5)° - ——=—(1—3)]
6 1—Zi:12ai
1 1—¢
= 6[7(178)3+T(175)].0
1=

Lemma 2.2. Assume that (H1) and (H2) hold. Then G(t, s) satisfies the following
properties.

(1) Sign of G(t,s) :
G(t,s) >0 for0<s<&, G(t,s) <0 for & <s<1.
(IT) Max — Min value of G(t,s):

(1) for 0 <'s <&y,
min{G(t,s) : t € [0,1]} = G(1,s) = 0,
max{G(t,5) : ¢ € [0,1]} = G(0,5) =
(2) for & < s < &mos,
min{G(t,5) £ € 0,11} = G(0,5) = —¢ [(1—9)° + 2],

max{G(t,s):t € [0,1]} = G(1,s) = 0;
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(3) for Em—? S S S 1,

m—2
l—s—=> 1

m—2 ’
1=

nmﬂG@syteHLH}:GWJ):—%R1—®3+

max{G(t,s):t € [0,1]} = G(1,s) =0.

Proof. For 0 < s < &, by the definition of G(t,s), it is clear that G(¢,s) is
continuous and derivativable with respect to t at [0,1]. On one hand, if s <t <1,
we have

0G 1 5 .9 st?
= t-s)? P+ —————]<0
On the other hand, if 0 <t < s, we have
oG 1 12
o =S — 25— <0,
ot 2 1=

So G(t, s) is nonincreasing on ¢, which yields that

min{G(t,s) : t € [0,1]} = G(1,s) =0,

S

1
max{G(t,s) : t € [0,1]} = G(0,s) = 6[1 —(1—s)— Tjjai

and
G(t,s) >0 for0<s<&.

In the similar way, we can get G(¢,s) < 0 for & < s < 1. The corresponding
maximum and minimum value of G(¢, s) also can be derived.o

Lemma 2.3. Assume that (H1) and (H2) hold. Then for any given y(t) € Ko, the
solution u(t) of LBVP (2.1) satisfies u(t) € Ky, and u(t) is concave on [0, &1].

proof. For ¢ € [0,&], we have

1 rt f s(1—13)
u(t) = {A[@93a59+1ﬁ1m22}mgw
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55 2 ai—4
125" % a;—14

Since y(t) € Ky and % < <& <&y <o < €2 < 1, via some

computations, we have

u(t) = ;[/Ot (5(5—215) gga) (s)ds+/51(_t2+1grfw)y(s)ds
1 Qi t — 2ui=1 Q4

1oy, Oé'L /ngrl l—s— a;)y(s)ds + /1 (1- s)y(s)ds)]

= ]+1 m—2

m 2

< ;y(gl)[/ot (s(s—Qt) %)dw/j}—t%%)@
_1_2’21%(7:25/{“(1 —s—i:Ziai)ds—i-/:l2(1—s)ds)}
= éy(&)[ﬁ(t—%)—1_;;112%(;—&+gai(&—&))}
< 0
and
W) = /(f(—s+1_5;12%><>ds+ /fl<—t+1_£§112%>y<s>ds
| /E (1-s- 1 autonts + [ =t
< y(fl){/ot(—s-l-1_2712a1)ds+/t&(_t+ _Zts s
_%(g/:ﬂu - s—:szi ozi)ds+/;_2(1 - s)ds)}
< ;y(gl)lt(t—zfl)—1_22;_12%(2—51—2%(@—&))]
<,

which imply that u(¢) is decreasing and concave on [0, &].
For t € [&;,&kt1] (k=1,2,...,m —3) and y € Ky, from the expression

1o s(1—19)
u(t) = 6[/0 ((t—s)3—(1—s)3+1—t3—Tm)y@)ds
k—1 Ejt1 1—t3 m—2
— s 1—s P — e (e SdS
+]1/€J (=97 -9 +172?:12%( i:jz;l ))ys)
¢ t*537 1753 17t3 175— ~ (&7 Sds
+/fk (6o =0 g 2 o0)ue)
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m=3  efip 1— 43
+Z/ (=9’ (L —s— D ) )y(s)ds
j=k+17& ( =300 i—j+1 )
1 3
1—-1¢
+/ —(1—-s)®+ ———(1—3))y(s)ds
m—2 1_ Zi*lza’b ) j|
it follows that
W = /&Pa 2t —2T Ty
U = = —-5)" — ————|y(s)ds
6 1= Yo !
€J+1 3t2 m—2
3(t—8)?— ——m— (15— ZO”) y(s)ds
[ e e )
3t2 m—2
—|—/ 3(t—s)* — —— (1 —5— a;)|y(s)ds
. [ - %oy Z;rl }
32 /§k+1 m—2
- — 1—s5— a;)y(s)ds
Crmalh 070 3 e
m=3 g m=2 1
+ Z / (1-—s— Z a;)y(s)ds +/ (1-— s)y(s)ds}
j=k+17& i=j+1 m—2
t &1 )
< = _ _
< 63;(51)[3(/0 (t — s)%ds /0 t ds)
2 &1 m—3 & m—2 1
_ 37;72 <_ / sds + / (1-s— Z a;)ds —|—/ (1- s)ds)]
1 - Zi—l @ 0 j=1 &5 i=j+1 m—2
3t3 1
_ 2
- y@ﬂut3m - Q*&+§:m &)
1:1
Since % < % <& <& << &noa <1, it is clear that «/(t) < 0,

which implies that u(t) is decreasing.
For t € [£,—2,1] and y € K, from the expression

u(t) = 1{/051 [(t—s)3—(1—5)3+1—t3—ﬂ}y(5)ds

6 _ Zm 2
m—3 &1 1— t3 m—2
+ / (=) — (1= )+ — (=5 = Y a)]u(s)ds
j=1 &) 1 - Zi*l @ i=j+1
K 3 3 1- t3
+ t—35)° —(1—5)"+ 1—s s)ds
Ll -0 im0 -9
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it follows that

u'(1)

IN

é{ / ; (30— 97 32 ¢ _;Qw}y(s)ds

/gj+1 3(t — s)* 3m 2 _(1_8_ Z ai)}y(s)dS

m—2
m S 51 < 52 . S gmfz S ].7 it is clear that U/(t) S 0.

Therefore, combining the above discussion with the boundary condition u(1) = 0,
it yields that u(t) is nonnegative and decreasing on [0, 1], and concave on [0,&;]. ¢

Lemma 2.4. Let y(t) € Ko. Then the unique solution u(t) of the LBVP (2.1)
satisfies

R
tg}ég]UU_T (]

where 7 € (0,1] and 7" = St

proof.

&1

From Lemma 2.3, we know that u(¢) is concave on [0,&]. Thus for

t € [0, &1], we have

S 0) + Lule).

t
ult) 2 &1 &1

Since u(t) € Ky and ||ul] = u(0), it yields

u(t) > %Huu-

Therefore, via some computations, we have

i t)y>1* o
tg[%g]u( ) > 7wl

Lemma 2.5. Assume that (H1) and (H2) hold. Then there exists a 6 € (0,£;) such

that

&1 1
/ G(0, s)ds +/ G(0,s)ds > 0.
0

1
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proof. Let

2 -2

1 x 1 1 <

g(@) = —v—7(1—a)'+ ot [5G Y ail&i—€)], v € 0,8l
4 2(1 - Zi=12 a;) 1-— Zi=12 a; 2 i=2

Then ¢'(z) = (1 —z)3 — 1+ T~z < 0, which implies that g(z) is decreasing.

=1 z

Since
1 1 1 e
9(0):51*1 12?;120“[251§a¢(§¢§1)}>0
and

2 m—2
g6) = 6-&-20-e)+— 6 - Y il - 6)

2(1_Zi:1 ;) 1_Z¢:1 Q; i=2
R P & (N R
= gt +2(1—Z;’1‘12ai)+1—z;’1—12ai[2 DI o)
1 1 m—2
= —4(1—51>4+Hw[(l—aﬁ—zgai(@—a)}
< dimarr Lt Ju-ar—2 Y an-g)
= 4 21— o) —
R VAV BRI o
- —;1-&) +2(1_ZZQ%)(1 £)(1-& 2;%)
< 0,

by the continuity of g, it yields that there exists a unique zo € (0,£1) such that
g(xo) = 0. Choosing 6 € (0, zo], then

&1 1 1 1
G(0,s)ds + G(0,s)ds = 69(9) > 69(360) =0.0
6 &1

Now let K = {u € Ko : minsepo, - u(t) > 7°[|ul|} and define an operator T" by

1
) = [ Gt (s u(s)as.

It is obvious that if u is a fixed point of T' in K, then w is a nonnegative and de-
creasing solution of BVP (1.1). Finally, by Lemmas 2.3 and 2.4 and the standard
argument, we can get the following conclusion.

Lemma 2.6. Assume that (H1),(H2) and (H3) hold. Then T': K — K and T
is completely continuous operator.

3. Main Results

For convenience, we denote
0
0*=1— —,
&
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T &1
A :/ G(&1,s)ds, B :/ G(r,s)ds,
0 0

0
Obviously, 0 < #* <1land 0 < Q < P.

&1 0
P = G(0,s)ds and Q = / G(0, s)ds.
0

Theorem 3.1. Assume that (H1), (H2) and (H3) hold. If there exist two pos-
itive constants r1, 79 with r; < ro such that

10,r1) < 50 J0.072) > 2,

then BVP (1.1) has at least one decreasing positive solution u(t) satisfying

r1 < |ul| < ro.

Proof. Let
Qp, ={veK:|u|<r}i=1,2.
On one hand, for any u € 0€,,, we have
0 <wu(t) <lul|l=r, tel0,1].

Then by Lemma 2.2, Lemma 2.4 and (H3), we have

[Tull = (TU)(O)Z/O G(0,5)f (s, u(s))ds

&1
= G(0,5)f(s,u(s))ds + 1G(0,8)f(8>u(8))d5
0 &1
31
< G(0,5)f(s,u(s))ds
0
&1
< f(O,r) [ GO, 5)ds
0
&1
< % ; G(0, s)ds
= 1= |ul

namely, [|[Tu|| < ||u|| for any u € 99,.,. Hence, by (2) of Lemma 1.3, we have
(3.1) ik (T, Q) = 1.
On the other hand, for any u € 0€,.,, we have

(3.2) w(f) = min u(s) > 0*||ul| = 6*rs.

s€[0,0]
Let e(t) = 1 for ¢t € [0,1]. Then it is obvious that e € K\{0}. Now, we prove
that u # Tu + Ae for all u € 0,, and all A > 0. Suppose on the contrary that
there exist u* € 9Q,, and A* > 0 such that v* = Tu* + A*e. Then by Lemma 2.2,
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Lemma 2.4, Lemma 2.5, (H3) and(3.2), we have
rg = |lut]| = u(0) = (Tw’)(0) + A"

- /OG(O,s)f(s,u*(s))ds+/\*

0 &1
= / G(O,s)f(s,u*(s))der/ G(O,s)f(s,u*(s))der/ G(0,s)f(s,u*(s))ds + \*
0 0

1

6 &1 1
> 0,000 | G(o,s>ds+f<§1,u*<sl>>< G(0, 5)ds + G(O,s>ds>+A*
0 [ &1
6
> f(9,u*(9))/0 G(0,s)ds + \*
0
> f(9,9*r2)/ G(0, 5)ds + \*
0

0
> 9/ G(0, 8)ds + \*
Q Jo
= ro+ A\,

which mens a contradiction. So it concludes that u # Tu + Ae for all u € 9Q,, and
all A > 0. Hence, by (1) of Lemma 1.3, it yields

(3.3) ix(T, Q) = 0.
Therefore, from (3.1), (3.3) and (3) of Lemma 1.3, it follows that T" has a fixed
point v in K, which is a solution of BVP (1.1).¢

As the similar proof of Theorem 3.1, we also can get

Theorem 3.2. Assume that (H1), (H2) and (H3) hold. If there exist two pos-
itive constants 71,79 with r; < r9 such that

F6,6°) > G0 f0.2) < 3,

then BVP (1.1) has at least one decreasing positive solution u(t) satisfying

r < ||7.LH < 7Ta.

Theorem 3.3. Assume that (H1), (H2) and (H3) hold. In addition, f satisfies the
following assumption
(H4) there exist three constants a1, az and az with 0 < a; < az < 7*a3 such that

a a a a
flr,7%ay) > Zl’ f(o, T—i) < §2 and f(7,a3) > Zg

Then BVP (1.1) has at least two positive and decreasing solutions.

proof. Define the increasing, nonnegative, and continuous functionals v, w and
on K as follows:

v(u) = t?ﬂé% u(t) = u(r),
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w(u) = tIen[?,}i] u(t) = u(r)

and

¥(u) = max u(t) = u(0).

Obviously, for any v € K, we have

1
1(w) = wlu) < P(u) and [lull < —(u).
Furthermore, it is clear that
w(du) =dw(u) for 0 <A <1, ue K.
Now, for any u € K, we claim that
1
(3.4) / G(&1,8)f(s,u(s))ds > 0.

In fact, from (H1),(H2),(H3) and 7 € (0, 1], we have

/G§17 (s, u(s))ds

Ei+1 1
-/ G(gl, S, ds+z/€ G(&,8)f(s,uls ))ds+/m2 G(&1,8) f(s,u(s))ds
&1 _ 1
> —f(&, (51)){/ [(fl—s)3+1—§?—1_(2&]d8—/ (1-s)’ds

m 2

2

_ §i+1 1
+1 1 mf12 / (1—5— al)ds + / (1- S)dS} }
- &

i=j+1 m—2

B : (1-¢&)r?
= f(flvu(gl)){4[(£17)4(17_)4}4»(15%)(517—)4»2(12:51_120%)
- 2
> ’flf(sl, () 3£%+3§%+351—1+4r3+(w—651—6)72}
- T Lui=1 M
- 2
> L8 et 36t + a6 36 -1+ (REEEED ag )
_ S 2,
51 36 3 E+&+1
> f(&,u(&)) 3§1+3§1+3§1—1—2—2—2(i,,112al_1)}
o fl [ 3y 6> e, Soi =7 s, 32 Pa; —4 _ 53 i ‘a; -4
T e e A )

1-&
- 48( Py — )“h [122%—1451 Zaz—ﬁl}

> 0.

First, for any u € 0K (v, as), it means that v € K and y(u) = u(r

(3.5) u(t) > u(r) = as,t € [0,7].

) = as. Then
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Since (T'u)(t) is decreasing on [0, 1], from (3.5), (H3) and (H4) it follows
V(Tw) = (Tu)(r) = (Tu)(&) = /01 G(&1,9)f (s,u(s))ds
> [ @ s
> [ Gl firanis
> % /OT G(&1,s)ds = as,

which means that y(T'u) > ag for all u € 0K (v, as).
Second, for any u € 0K (w,as)), namely, u € K and w(u) = as. Since ||ul| <
T%’y(u) = L w(u), we have

(3.6) 0<ut) < ull < a—i,t € [0,&].
Then by Lemma 2.2, (3.6), (H3) and (H4), we get

w(Tu) = /GTS s,u(s))ds
< /0 G(t,8)f(s,u(s))ds
&1 as
< [ a0 2
< 2 ; G(7,s)ds = ag,

B

which means that w(Tu) < ag for all u € 0K (w, az).
Finally, it is clear that %+ € K (¢, a1), then K (1, a;) is nonempty. Moreover, for
u € 0K (¢, a1), namely, v € K and ¢ (u) = u(0) = a;. Then

Y(Tu) = (Tu)(0)
= u)(§1)

T
- / Glér,5)f (s, u(s))ds
/ G(€r,8)f(r,"ay)ds
0

Y

> %/0 G(&1,s)ds = aq,

which means that ¢(Tu) > a; for all u € 0K (¢, a1).
So, all the hypotheses of Lemma 1.4 are satisfied. Hence, T has at least two
fixed points u; and ug satisfying

a1 < max uq(t) with max uy(t) < as,
! te[0,1] 1(> te(r,1] 1() 2

az < max us(t) with min wus(t) < ag.o
telr,1] te[0,7]

Theorem 3.4. Assume that (H1), (H2) and (H3) hold. Moreover, suppose that
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there exist positive real numbers a, b, d with 0 < a < b < 7*d such that
(H5) f(t,u) < 3, (t,u) €10,1] x [0,d];

(H6) f(t,u) > g, (tu) € [0,7] x [b, %];

(H7) f(t,u) <&, (t,u) €0,1] x [0,a].

Then BVP (1.1) has at least three positive solutions.

proof. Now we shall show that T satisfies the conditions of the Avery-Peterson
fixed point theorem. Let

¥(w) = ¢(u) = 6(u) = max u(t) = u(0)

and

a(u) = tg[lé,ri] u(t) = u(r).

It is obvious that 1, ¢ and ¢ are nonnegative, continuous convex functionals on K,
« is a nonnegative, continuous concave functional on K.
First, we show that T : K(¢,d) — K(¢,d). If u € K(¢,d), then

= <d.
d(u) tgl[gf]U(t)_d

By Lemma 2.2, we can get

P(Tw)

Il
—~
> 3
~
—~
(e
Nt

G(0,s)f(s,u(s))ds

G(0,5)f(s,u(s))ds

IN
o

IN
ol vl C\w\O\

G(0,s)ds

N©
I
IS8

which yields that T : K(¢,d) — K(¢,d).
Choosing 4(t) = £ (0 < t < 1), then we have

b b
() = - <d, w(ﬁ):;v O‘(ﬁ):? > b,

which implies that @(t) € {u € K(¢, ¢, a;b, %,d) : a(u) > b}. Namely,

fu€ K(6,p,05b, ,d) - 0fu) > b} # 0.
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If u € K(¢,,a;b, T%,d), then b < u(t) < TL , 0 <t < 7. Furthermore, we have
a(Tu) = min (Tu)(t) = Tu(r)
te[0,7]
>

Tu(&1)
- / G(&1,5)f(s,u(s))ds

Y

/ " Gler, ) (s, uls))ds
> Z/OTG(&,S)UZS
- bipoy,

B

which implies that (7) of Lemma 1.5 holds.
Third, if u € K(¢,;b,d) and p(Tu) > ¢ = %, then by Lemma 2.4 and Tu € K,
we have

a(Tu) = trer[lérl](Tu)(t)
= 7| Tul
= 7"(Tu)
. b
> T — = b,
T

which implies that (i7) of Lemma 1.5 is satisfied.
Finally, if u € K(¢,v¢;a,d) and 9 (u) = max,eo,1ju(t) > a > 0, then ¢(0) =0
and 0 ¢ K(¢,v;a,d). By Lemma 2.2, we have

Y(Tu) = (Tu)(0)
_ / G(0, ) f(s, u(s))ds

0
&1
G(0,8)f(s,u(s))ds

0
< a/51 G(0, s)ds
g

:a7

IN

P

which implies that (i74) of Lemma 1.5 is satisfied.

Therefore, by Lemma 1.5, T has at least three fixed points w1, us and wug; that
is, BVP (1.1) has at least three positive and decreasing solutions u1, us and ug
satisfying

max u;(t) <d fori=1,2,3;
te[0,1]

b < min uy(t);
te[0,7]

t) with mi t) < b;
BT+ At R
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and

max uz(t) < a.¢
Jnax 3(t)

4. Examples

Now we give two examples to illustrate Theorem 3.3 and 3.4.

Example 4.1. Consider the following BVP

uB () =1—t+2u%(t),t € [0,1],
(1) { W/ (0) = u”(0) = u(1) = 0,u”(1) — 2u" (%) — §u""(2) = 0.

It is easy to verify that (H1)-(H3) hold.
If we choose 7 = %, then 7% = 1—72 Moreover, via some calculations, we obtain

1
3 4 1553 484643
A= G(=,s)ds = G s)ds =
/0 (5+5)45 = T51500° / = 3645000°
Furthermore, choosing a; = 0.008, ay = 0.16 and a3 = 40. we also can verify that
1 121500
f(r,a3) = f(g,a:i) > ma&
as, 12a4 3645000
f(O?T*)_f<Oa 7 )< 484643 a2

and 17 121500
a
frmra) = f(5, ==

3 12) 7 1553
which imply that (H4) holds.
Therefore, by Theorem 3.3, BVP (4.1) has at least two positive and decreasing
solutions.o

Example 4.2. Consider the following BVP
(4.2) u(4)(t):f(t,u),t6 [0,1],

‘ uw'(0) = u”(0) = u(1) = 0,u"(1) — 2u”(3) — gu"(3) = 0,
where

u? — 2043 4 8 € [0,1] x [8, +00).

Flt,u) = {25f 2043 4 97 (¢, u) € [0,1] x [0, 8],
100 257 (t,u)

It is easy to verify that (H1)-(H3) hold. We also take 7 = & and P = foé G(0,s)ds =
Now choosing a = 4, b = 8 and d = 30. Then via some computations, we can

007 -
verify that
1994
Fltw) < ot for (1) € [0,1] % [0,d],
3645000 1 12
f(t,u) Mb’ for (t,u) € [0, g} x [b, 713]

and 1994
f(ta u) < Eav for (tvu) € [Ov 1] x [0,&],
which imply that (H5)-(H7) hold.
Therefore, by Theorem 3.4, BVP (4.2) has at least three positive and decreasing
solutions.o
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