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Summary

In this article, the generalized (3+1)-dimensional Korteweg-de Vries-Zakharov-
Kuznetsov equation is investigated, which describes the influence of magnetic fields
on weak ion-acoustic waves in plasma made up of cool and hot electrons. To find
out some new traveling waves solutions and other exact solutions, the improved
𝐹 -expansion approach and the exp(−𝜙(𝜁 ))-expansion approach is applied to above
mentioned nonlinear higher dimensional model. Several solutions have been found,
including dark soliton, periodic type solitons, bell shaped solitons, single bell shaped
solitons. We also show a graphical representation of a number of exact solutions to
the equation, together with a description of their behaviour. The proposed techniques
can also be used to solve a range of nonlinear evolution problems in mathematical
physics and plasma physics.
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1 INTRODUCTION

Nonlinear evolution equations (NLEEs) are of key importance due to their significant role in diverse disciplines of science and
technology. The nonlinear wave structures have fascinated many researchers in recent decades due to their diverse properties
observed in various disciplines of contemporary sciences. In the presence of solitary waves, the nonlinear evolution models are
utilized to simulate the effect of surface for deep water and weakly nonlinear dispersive long waves. Therefore, the exact solu-
tions of such models play a vital role of study of dynamical structures and further properties of physical phenomenon occurring
several fields to name a few, electromagnetism, physical chemistry, geophysics, ionised physics, elastic medium, fluid motion,
fluid mechanics, elastic medium, nuclear physics, electrochemistry, optical fibres, energy physics, chemical mechanics, gravity,
biostatistics, statistical and natural physics1,2,3,4,5,6.

With the recent developments in various contemporary analytical methodologies, solitons plays a key role to understand
the nonlinear phenomenon of many crucial structures in an exceptional way. The major feature of solitons is that they have
nearly the same forms and speeds after colliding; also, the production of optical solitons is linked to optical frequency. Kink
solutions are asymptotic waves that ascend or descend from one asymptotic state to the next, and they also approach a con-
stant at infinity. Kink solutions, like classical particles, have a constant shape; nevertheless, their widths shrink, which can
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change. Solitons are transmitted as dark ones in the normal dispersion domain, but as bright ones in the anomalous dispersion
domain. With the rapid advancement of information technology and telecommunications, the optical solitons play an impor-
tant rule in understanding the dynamics of nonlinear wave propagation through a variety of wave-guides. The polarization
of pulse propagation over trans-oceanic and trans-continental distances is an inherent problem with the dynamics of pulse
propagation. Recently, several analytical and numerical approaches have been established for creating exact traveling wave
solutions, solitary waves solutions and the dynamics of these solutions to such models. The Jacobi elliptic function expansion
technique7,8, the Hirota bilinear technique9, the generalized unified technique10,11, the tanh-coth expansion technique12,13, the
sub ODE technique14,15, the extended Sinh-Gordon equation technique16,17,18, the first integral technique19,20,21, the extended
simplest equation technique22,23,24,modified khater method25,26, new Kudryashov technique27,28,29, modified direct algebraic
technique30,31,32, generalized auxiliary equation technique33, generalized Riccati equation technique34,35, the modified simple
equation technique36,37,38, Lie symmetry technique39,40,39, the extended Tanh technique41,42, and the Homogeneous balance
method43, among others, have all been found in current decades using illustrative computation.

The purpose of this study is to use two efficient approaches to get traveling and solitary waves solutions to the (3+1)-
dimensional Korteweg-de Vries-Zakharov Kuznetsov model (gKdV-ZK) the improved 𝐹 -expansion technique44,45 and the
exp(−𝜙(𝜁 ))-expansion technique46 which reads

𝑢𝑡 + 𝛼u2𝑢𝑥 + 𝛽uxxx + 𝜈(𝑢𝑦𝑦 + 𝑢𝑧𝑧)𝑥 = 0, (1)

here 𝑢 = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) is a wave profile and 𝛼, 𝛽, 𝜈, are constants.
In literature, various researchers have studied this model that is used in plasma physics and apply different analytical techniques
to obtain exact solitons solutions, such as the Lie symmetry technique and direct integration are used to obtain the solution of
this complex model, which includes a non-topological soliton47, the modified extended direct algebraic technique48 for investi-
gating the ion-acoustic wave structure from this model, to generate a closed-form solution the Kudryashove technique is used49.

This paper is organized as follows: In section 2, a detail description of the proposed techniques is shown. While section 3
is devoted to the applications of the two proposed techniques to (3+1)-dimensional gKdV-ZKe. However section 4 contains
discussion and results also section 5 contains conclusions.

2 METHODOLOGY

Suppose the NPDE in the following form,

𝐹
(

𝜙, 𝜙𝑡, 𝜙𝑥, 𝜙𝑡𝑡, 𝜙𝑥𝑥, 𝜙𝑥𝑡, 𝜙𝑦𝑦, 𝜙𝑧𝑧, 𝜙𝑦𝑡,⋯
)

= 0, (2)

𝜙 is a wave function of the variables 𝑥, 𝑦, 𝑧 and 𝑡 and 𝐹 is a nonlinear polynomial. Suppose the wave transformation of form,

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑈 (𝜁 ), 𝜁 = 𝑥 + 𝑦 + 𝑧 − 𝑐𝑡. (3)

Putting Eq.(3) into Eq.(2), gives an ODE of the form,

𝑄
(

𝜙, 𝜙′, 𝜙′′, 𝜙′′′,⋯
)

= 0. (4)

2.1 The improved 𝐹 -expansion technique
The major process of approach are outlined below,
Step 1. The solution of Eq. (4) is then assumed and may be written as,

𝑈 (𝜁 ) =
𝑁
∑

𝑖=0
𝑎𝑖(𝑚 + 𝐹 (𝜁 ))𝑖 +

𝑁
∑

𝑗=1
𝑏𝑗(𝑚 + 𝐹 (𝜁 ))−𝑗 , (5)

where 𝑎0, 𝑎𝑛, 𝑏𝑛, (𝑛 = 1, 2,⋯ , 𝑁) are constants to be determine. Furthermore, 𝑁 is balance term that can be calculated by using
the balancing principle between the higher derivative and higher power in ODE Eq.(4) and 𝐹 (𝜁 ) is a function that satisfies the
following Riccati equation,

𝐹 ′(𝜁 ) − 𝐹 2(𝜁 ) −𝐾 = 0, (6)
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where 𝐾 is a real parameter. Thus Eq.(6) has the following solutions that depend on the parameter 𝐾 .
Case I. If 𝐾 < 0, then the hyperbolic function solution are:

𝐹1(𝜁 ) = −
√

−𝐾 tanh
(
√

−𝐾𝜁
)

,

𝐹2(𝜁 ) = −
√

−𝐾 coth
(
√

−𝐾𝜁
)

.

Case II. If 𝐾 > 0, then the trigonometric function solution are:

𝐹3(𝜁 ) =
√

𝐾 tan
(
√

𝐾𝜁
)

,

𝐹4(𝜁 ) = −
√

𝐾 cot
(
√

𝐾𝜁
)

.

Case III. If 𝐾 = 0, then the rational function solution are:

𝐹5(𝜁 ) = −1
𝜁
.

Step 2. Puting Eq. (5) with Eq. (6) into Eq. (4), a polynomial in powers of 𝐹 (𝜁 ) are obtained. After collecting the coefficients
of the same power of 𝐹 (𝜁 ) and setting each term of them equals to zero. We get a set of the algebraic system equations.
Step 3. After solving the algebraic system of equations, we substitute the obtained constants together with the solution of Eq.(6)
into Eq.(5) to obtain exact wave solutions of Eq.(2).

2.2 The exp(−𝜙(𝜁 ))-expansion technique
The major process of exp(−𝜙(𝜁 ))-expansion technique are outlined below,
Step 1. The solution of Eq. (4) is then assumed and written in the following form

𝑈 (𝜁 ) =
𝑁
∑

𝑖=0
𝐴𝑖(exp(−𝜙(𝜁 ))𝑖, (7)

where 𝐴𝑖 (𝑖 = 0, 1,⋯ , 𝑁) are arbitrary constants that can be calculated later and exp(−𝜙(𝜁 )) satisfies the following Riccati
equation,

𝜙′(𝜁 ) = exp(−𝜙(𝜁 )) + 𝜇exp(𝜙(𝜁 )) + 𝜃, (8)

where 𝜇 and 𝜃 is a arbitrary constants. Eq. (8) has following exact wave solutions.
Family 1. If 𝜃2 − 4𝜇 > 0 and 𝜇 ≠ 0, then Eq. (8) has following solution:

𝜙(𝜁 ) = ln

⎛

⎜

⎜

⎜

⎝

−
√

(𝜃2 − 4𝜇) tanh
(√

(𝜃2−4𝜇)
2

(𝜁 +𝐾)
)

− 𝜃

2𝜇

⎞

⎟

⎟

⎟

⎠

,

𝜙(𝜁 ) = ln

⎛

⎜

⎜

⎜

⎝

−
√

(𝜃2 − 4𝜇) coth
(

(
√

𝜃2−4𝜇)
2

(𝜁 +𝐾)
)

− 𝜃

2𝜇

⎞

⎟

⎟

⎟

⎠

,

(9)

where 𝐾 is integration constant.
Family 2. If 𝜃2 − 4𝜇 < 0 and 𝜇 ≠ 0, then Eq. (8) has following solution

𝜙(𝜁 ) = ln

⎛

⎜

⎜

⎜

⎝

√

(4𝜇 − 𝜃2) tan
(√

(4𝜇−𝜃2)
2

(𝜁 +𝐾)
)

− 𝜃

2𝜇

⎞

⎟

⎟

⎟

⎠

,

𝜙(𝜁 ) = ln

⎛

⎜

⎜

⎜

⎝

√

(4𝜇 − 𝜃2) cot
(

(
√

4𝜇−𝜃2)
2

(𝜁 +𝐾)
)

− 𝜃

2𝜇

⎞

⎟

⎟

⎟

⎠

.

. (10)
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Family 3. If 𝜃2 − 4𝜇 > 0, 𝜇 = 0 and 𝜃 ≠ 0, then Eq. (8) has solution

𝜙(𝜁 ) = − ln
(

𝜃
exp(𝜃(𝜁 +𝐾)) − 1

)

. (11)

Family 4. If 𝜃2 − 4𝜇 = 0, 𝜇 ≠ 0 and 𝜃 ≠ 0 then Eq. (8) has solution

𝜙(𝜁 ) = ln
(

−
2(𝜃(𝜁 +𝐾) + 2)

𝜃2(𝜁 +𝐾)

)

. (12)

Family 5. If 𝜃2 − 4𝜇 = 0, 𝜇 = 0 and 𝜃 = 0 then Eq. (8) has solution

𝜙(𝜁 ) = ln (𝜁 +𝐾) (13)

Step 2. The balance term 𝑁 in Eq. (7) can be calculated by homogeneous balancing principle between the higher derivatives
and highest power term in ODE Eq.(4).
Step 3. Putting Eq.(7) combined with Eq.(8) in Eq.(4), we have a polynomial in exp(−𝜙(𝜁 )). Collecting all coefficients of the
same (exp(−𝜙(𝜁 )))𝑖 (𝑖 = 0, 1, 2,⋯ ,𝑀) and setting all of the terms equals to zero, we get group of the algebraic equations.
Step 4. After solving the group of algebraic equations, we substitute the obtained constants combined with the solution of Eq.(8)
into Eq.(7) to obtain exact wave solutions of Eq.(2).

3 MATHEMATICAL ANALYSIS

The main purpose of this part is to obtain the exact solutions of the 3-dimensional gKdV-ZK equation (1). We apply the
transformation as follows

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑈 (𝜁 ), 𝜁 = 𝑥 + 𝑦 + 𝑧 − 𝑐𝑡, (14)

substituting values from Eq.(14) to Eq.(1) and we get the following form of ODE,

−𝑐𝑈 ′(𝜁 ) + 𝛽𝑈 (3)(𝜁 ) + 2𝜈𝑈 (3)(𝜁 ) + 𝛼𝑈 2(𝜁 )𝑈 ′(𝜁 ) = 0. (15)

Integrating Eq.(15) w.r.t (𝜁 ), we get

−cU(𝜁 ) + (𝛽 + 2𝜈)𝑈 ′′(𝜁 ) + 1
3
𝛼𝑈 3(𝜁 ) = 0. (16)

3.1 Application to the improved 𝐹 -expansion method
By using the balance rule we obtain the balancing term 𝑁 = 1. The solution of Eq.(16) is of the form

𝑈 (𝜁 ) = 𝑎0 + 𝑎1(𝑚 + 𝐹 (𝜁 )) +
𝑏1

(𝑚 + 𝐹 (𝜁 ))
. (17)
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Substituting Eq.(17) and its necessary derivatives into Eq.(16) and gathering all same powers terms of 𝐹 (𝜁 ). Setting each 𝐹 (𝜁 )
polynomial equal to zero yields the following group of algebraic group of equations,

−𝛼𝑎21𝑏1𝑚
4 − 2𝛼𝑎0𝑎1𝑏1𝑚3 + 𝛼𝑎1𝑏

2
1𝑚

2 − 𝛼𝑎20𝑏1𝑚
2 + 𝛼𝑎0𝑏

2
1𝑚 −

𝑎1𝑐𝑚
4 − 𝑎0𝑐𝑚

3 + 1
3
𝛼𝑎31𝑚

6 + 𝛼𝑎0𝑎
2
1𝑚

5 + 𝛼𝑎20𝑎1𝑚
4 +

1
3
𝛼𝑎30𝑚

3 +
𝛼𝑏31
3

− 𝑏1𝑐𝑚
2 + 2𝛽𝑏1𝐾2 + 4𝑏1𝐾2𝜈 = 0,

𝛼𝑎0𝑏
2
1 − 4𝛼𝑎21𝑏1𝑚

3 − 6𝛼𝑎0𝑎1𝑏1𝑚2 + 2𝛼𝑎1𝑏21𝑚 − 2𝛼𝑎20𝑏1𝑚 −
4𝑎1𝑐𝑚3 − 3𝑎0𝑐𝑚2 + 2𝑎1𝛽𝐾𝑚3 + 4𝑎1𝐾𝜈𝑚3 + 2𝛼𝑎31𝑚

5 + 5𝛼𝑎0𝑎21𝑚
4 +

4𝛼𝑎20𝑎1𝑚
3 + 𝛼𝑎30𝑚

2 − 2𝑏1𝑐𝑚 − 2𝛽𝑏1𝐾𝑚 + 4𝑏1𝐾𝜈𝑚 = 0,
𝛼𝑎1𝑏

2
1 − 𝛼𝑎20𝑏1 − 6𝛼𝑎21𝑏1𝑚

2 − 6𝛼𝑎0𝑎1𝑏1𝑚 − 6𝑎1𝑐𝑚2 −
3𝑎0𝑐𝑚 + 6𝑎1𝛽𝐾𝑚2 + 12𝑎1𝐾𝜈𝑚2 + 5𝛼𝑎31𝑚

4 + 10𝛼𝑎0𝑎21𝑚
3 +

6𝛼𝑎20𝑎1𝑚
2 + 𝛼𝑎30𝑚 − 𝑏1𝑐 + 2𝛽𝑏1𝐾 + 12𝑏1𝐾𝜈 = 0,

𝛼𝑎30
3

− 2𝛼𝑎0𝑎1𝑏1 − 4𝛼𝑎21𝑏1𝑚 − 4𝑎1𝑐𝑚 − 𝑎0𝑐 +

6𝑎1𝛽𝐾𝑚 + 12𝑎1𝐾𝜈𝑚 + 20
3
𝛼𝑎31𝑚

3 + 2𝑎1𝛽𝑚3 +

4𝑎1𝜈𝑚3 + 10𝛼𝑎0𝑎21𝑚
2 + 4𝛼𝑎20𝑎1𝑚 + 2𝛽𝑏1𝑚 + 4𝑏1𝜈𝑚 = 0,

𝛼𝑎20𝑎1 − 𝛼𝑎21𝑏1 − 𝑎1𝑐 + 2𝑎1𝛽𝐾 + 4𝑎1𝐾𝜈 + 5𝛼𝑎31𝑚
2 + 6𝑎1𝛽𝑚2 +

12𝑎1𝑚2𝜈 + 5𝛼𝑎0𝑎21𝑚 + 4𝛽𝑏1 + 8𝑏1𝜈 = 0,
𝛼𝑎0𝑎

2
1 + 2𝛼𝑎31𝑚 + 6𝑎1𝛽𝑚 + 12𝑎1𝑚𝜈 = 0,

𝛼𝑎31
3

+ 2𝑎1𝛽 + 4𝑎1𝜈 = 0.

Using computer software Mathematica to solve the above algebraic group of equations. The following are the outcomes,

𝑎0 = 0, 𝑚 = 0, 𝜈 = −1
5
(2𝛽), 𝑎1 = −

𝑖
√

6
5

√

𝛽
√

𝛼
, 𝑐 = −1

5
(8𝛽𝐾), 𝑏1 =

𝑖
√

6
5

√

𝛽𝐾
√

𝛼
.

Substituting above results into Eq. (17), produces following categories of traveling wave solutions.
Family I:
The following cases arise:
Case I. If 𝐾 < 0, then the solution is

𝑢1(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

−𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
−

𝑖
√

6
5

√

𝛽𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
√

−𝐾
, (18)

𝑢2(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

−𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
−

𝑖
√

6
5

√

𝛽𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
√

−𝐾
. (19)

Case II. If 𝐾 > 0, then the solution is

𝑢3(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

𝐾 cot
(
√

−𝐾𝜁
)

√

𝛼
−

𝑖
√

6
5

√

𝛽
√

𝐾 tan
(
√

−𝐾𝜁
)

√

𝛼
, (20)

𝑢4(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

𝐾 cot
(
√

−𝐾𝜁
)

√

𝛼
−

𝑖
√

6
5

√

𝛽
√

𝐾 tan
(
√

−𝐾𝜁
)

√

𝛼
. (21)
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Case III. If 𝐾 = 0, then the solution is

𝑢5(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

𝛼
(
√

−𝐾𝜁
) +

𝑖
√

6
5

√

𝛽𝐾 (𝜁 )
√

𝛼
. (22)

We have following results in family II:

𝑎0 = 0, 𝑚 = 0, 𝜈 = −1
3
(2𝛽), 𝑎1 = −

√

2
√

𝛽
√

𝛼
𝑐 = −4𝛽𝐾, 𝑏1 = −

√

2
√

𝛽𝐾
√

𝛼
.

Substituting above results into Eq. (17), produces following categories of traveling wave solutions.
Family II:
The following cases arise:
Case I. If 𝐾 < 0, then the solution is

𝑢6(𝜁 ) =

√

2
√

𝛽
√

−𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
+

√

2
√

𝛽𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
√

−𝐾
, (23)

𝑢7(𝜁 ) =

√

2
√

𝛽𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
√

−𝐾
+

√

2
√

𝛽
√

−𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
. (24)

Case II. If 𝐾 > 0, then the solution is

𝑢8(𝜁 ) = −

√

2
√

𝛽
√

𝐾 tan
(
√

−𝐾𝜁
)

√

𝛼
−

√

2
√

𝛽
√

𝐾 cot
(
√

𝐾𝜁
)

√

𝛼
, (25)

𝑢9(𝜁 ) =

√

2
√

𝛽
√

𝐾 tan
(
√

−𝐾𝜁
)

√

𝛼
+

√

2
√

𝛽
√

𝐾 cot
(
√

−𝐾𝜁
)

√

𝛼
. (26)

Case III. If 𝐾 = 0, then the solution is

𝑢10(𝜁 ) =

√

2
√

𝛽
√

𝛼𝜁
−

√

2
√

𝛽𝐾𝜁
√

𝛼
. (27)

We have following results in family III:

𝑎0 = 0, 𝑚 = 0, 𝜈 = −1
5
(2𝛽), 𝑎1 =

𝑖
√

6
5

√

𝛽
√

𝛼
, 𝑐 = −1

5
(8𝛽𝐾), 𝑏1 = −

𝑖
√

6
5

√

𝛽𝐾
√

𝛼
.

Substituting above results into Eq. (17), produces following categories of traveling wave solutions.
Family III:
The following cases arise:
Case. I If 𝐾 < 0, then the solution is

𝑢11(𝜁 ) =
𝑖
√

6
5

√

𝛽𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
√

−𝐾
−

𝑖
√

6
5

√

𝛽
√

−𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
, (28)

𝑢12(𝜁 ) =
𝑖
√

6
5

√

𝛽𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
√

−𝐾
−

𝑖
√

6
5

√

𝛽
√

−𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
. (29)

Case II. If 𝐾 > 0, then the solution is

𝑢13(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

𝐾 tan
(
√

𝐾𝜁
)

√

𝛼
−

𝑖
√

6
5

√

𝛽
√

𝐾 cot
(
√

𝐾𝜁
)

√

𝛼
, (30)
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𝑢14(𝜁 ) =
𝑖
√

6
5

√

𝛽
√

𝐾 tan
(
√

𝐾𝜁
)

√

𝛼
−

𝑖
√

6
5

√

𝛽
√

𝐾 cot
(
√

𝐾𝜁
)

√

𝛼
. (31)

Case III. If 𝐾 = 0, then the solution is

𝑢15(𝜁 ) = −
𝑖
√

6
5

√

𝛽
√

𝛼𝜁
−

𝑖
√

6
5

√

𝛽𝐾𝜁
√

𝛼
.

(32)

We have following results in family IV:

𝑎0 = 0, 𝑏1 = 0, 𝑚 = 0, 𝜈 = −1
3
(2𝛽), 𝑎1 =

√

2
√

𝛽
√

𝛼
, 𝑐 = −1

3
(2𝛽𝐾).

Substituting above results into Eq. (17), produces following categories of traveling wave solutions.
Family IV:
The following cases arise:
Case I. If 𝐾 < 0, then the solution is

𝑢16(𝜁 ) = −

√

2
√

𝛽
√

−𝐾 tanh
(
√

−𝐾𝜁
)

√

𝛼
, (33)

𝑢17(𝜁 ) = −

√

2
√

𝛽
√

−𝐾 coth
(
√

−𝐾𝜁
)

√

𝛼
. (34)

Case II. If 𝐾 > 0, then the solution is

𝑢18(𝜁 ) =

√

2
√

𝛽
√

𝐾 tan
(
√

𝐾𝜁
)

√

𝛼
, (35)

𝑢19(𝜁 ) = −

√

2
√

𝛽
√

𝐾 cot
(
√

𝐾𝜁
)

√

𝛼
. (36)

Case III. If 𝐾 = 0, then the solution is

𝑢20(𝜁 ) = −

√

2
√

𝛽
√

𝛼𝜁
. (37)

3.2 Application to the exp(−𝜙(𝜁 ))-expansion technique
By using the homogeneous balance rule we obtain the balancing term 𝑁 = 1.
Thus solution of Eq.(16), of the form

𝑈 (𝜁 ) = 𝐴0 + 𝐴1 exp(−𝜙(𝜁 )). (38)

Substitute Eq.(38) with Eq.(8) into Eq.(16) and gathering all same powers terms of (exp(−𝜙(𝜁 )))𝑖 (𝑖 = 0,±1,±2,⋯) together
and setting all the obtained coefficients equals to be zero, we get the following group of algebraic equations,

𝛼𝐴3
0

3
+ 𝐴1𝛽𝜃𝜇 − 𝐴0𝑐 + 2𝐴1𝜃𝜇𝜈 = 0,

𝛼𝐴2
0𝐴1 + 𝐴1𝛽𝜃

2 + 2𝐴1𝛽𝜇 − 𝐴1𝑐 + 2𝐴1𝜃
2𝜈 + 4𝐴1𝜇𝜈 = 0,

𝛼𝐴0𝐴
2
1 + 3𝐴1𝛽𝜃 + 6𝐴1𝜃𝜈 = 0,
𝛼𝐴3

1

3
+ 2𝐴1𝛽 + 4𝐴1𝜈 = 0.
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Using Mathematica to solve the above group of equations. The following are the outcomes,

𝐴0 = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
, 𝐴1 = −

√

6
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
, 𝑐 = −1

2
(𝛽 + 2𝜈)(𝜃2 − 4𝜇).

Putting above results into Eq. (38), produces following categories of traveling wave solutions.
Family I:
The following Cases arise:
Case I. When 𝜃2 − 4𝜇 > 0 and 𝜇 ≠ 0, we get the solution

𝑢21(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

−𝜃 −
√

𝜃2 − 4𝜇 tanh
(

1
2

√

𝜃2 − 4𝜇(𝜁 +𝐾)
)) , (39)

𝑢22(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

−𝜃 −
√

𝜃2 − 4𝜇 coth
(

1
2

√

𝜃2 − 4𝜇(𝜁 +𝐾)
)) , (40)

where 𝜁 = 1
2
𝑡(𝛽 + 2𝜈)

(

𝜃2 − 4𝜇
)

+ 𝑥 + 𝑦 + 𝑧 and 𝜇, 𝜃 are arbitrary constant.
Case 2. When 𝜃2 − 4𝜇 < 0, 𝜇 ≠ 0 we get the solution,

𝑢23(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

√

4𝜇 − 𝜃2 tan
(

1
2

√

4𝜇 − 𝜃2(𝜁 +𝐾)
)

− 𝜃
) , (41)

𝑢24(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

√

4𝜇 − 𝜃2 cot
(

1
2

√

4𝜇 − 𝜃2(𝜁 +𝐾)
)

− 𝜃
) , (42)

where 𝜁 = 1
2
𝑡(𝛽 + 2𝜈)

(

𝜃2 − 4𝜇
)

+ 𝑥 + 𝑦 + 𝑧 and 𝜇, 𝜃 are arbitrary constant.
Case 3. When 𝜃2 − 4𝜇 > 0, 𝜇 = 0 and 𝜃 ≠ 0, we get the solution,

𝑢25(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

√

6
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼 (exp (𝜃 (𝐾 + 𝜁 )) − 1)
. (43)

Case 4. When 𝜃2 − 4𝜇 = 0, 𝜇 ≠ 0 and 𝜃 ≠ 0, we get the solution,

𝑢26(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

√

3
2
𝜃
√

−𝜃2(𝛽 + 2𝜈) (𝐾 + 𝜁 )
√

𝛼 (𝜃 (𝐾 + 𝜁 ) + 2)
. (44)

Case 5. When 𝜃2 − 4𝜇 = 0, 𝜇 = 0 and 𝜃 = 0, we get the solution,

𝑢27(𝜁 ) = −

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

√

6
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃 (𝐾 + 𝜁 )
. (45)

We have following results in family II:

𝐴0 =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
, 𝐴1 =

√

6
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
, 𝑐 = −1

2
(𝛽 + 2𝜈)𝜃2 − 4𝜇.

Putting above results into Eq. (38), produces following categories of traveling wave solutions.
Family II:
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The following Cases arise:
Case I. When 𝜃2 − 4𝜇 > 0 and 𝜇 ≠ 0, we get the solution

𝑢28(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

−𝜃 −
√

𝜃2 − 4𝜇 tanh
(

1
2

√

𝜃2 − 4𝜇(𝜁 +𝐾)
)) , (46)

𝑢29(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

−𝜃 −
√

𝜃2 − 4𝜇 coth
(

1
2

√

𝜃2 − 4𝜇(𝜁 +𝐾)
)) ,

where 𝜁 = 1
2
𝑡(𝛽 + 2𝜈)

(

𝜃2 − 4𝜇
)

+ 𝑥 + 𝑦 + 𝑧 and 𝜇, 𝜃 are arbitrary constant.
Case 2. When 𝜃2 − 4𝜇 < 0, 𝜇 ≠ 0 we get the solution:

𝑢30(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

√

4𝜇 − 𝜃2 tan
(

1
2

√

4𝜇 − 𝜃2(𝜁 +𝐾)
)

− 𝜃
) , (47)

,

𝑢31(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

2
√

6𝜇
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃
(

√

4𝜇 − 𝜃2 cot
(

1
2

√

4𝜇 − 𝜃2(𝜁 +𝐾)
)

− 𝜃
) , (48)

where 𝜁 = 1
2
𝑡(𝛽 + 2𝜈)

(

𝜃2 − 4𝜇
)

+ 𝑥 + 𝑦 + 𝑧 and 𝜇, 𝜃 are arbitrary constant.
Case 3. When 𝜃2 − 4𝜇 > 0, 𝜇 = 0 and 𝜃 ≠ 0, we get the solution,

𝑢32(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

√

6
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼 (exp (𝜃 (𝐾 + 𝜁 )) − 1)
. (49)

Case 4. When 𝜃2 − 4𝜇 = 0, 𝜇 ≠ 0 and 𝜃 ≠ 0, we get the solution.

𝑢33(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
−

√

3
2
𝜃
√

−𝜃2(𝛽 + 2𝜈) (𝐾 + 𝜁 )
√

𝛼 (𝜃 (𝐾 + 𝜁 ) + 2)
. (50)

Case 5. When 𝜃2 − 4𝜇 = 0, 𝜇 = 0 and 𝜃 = 0, we get the solution,

𝑢34(𝜁 ) =

√

3
2

√

−𝛽𝜃2 − 2𝜃2𝜈
√

𝛼
+

√

6
√

−𝜃2(𝛽 + 2𝜈)
√

𝛼𝜃 (𝐾 + 𝜁 )
. (51)

4 DISCUSSION AND RESULTS

This section contain the graphical representation of some new exact solitary and traveling wave solutions of the generalized
(3+1)-dimensional gKdV-ZK model have been illustrated. The software Mathematica 11.0 is used to describe the behaviour
of waves as a function of numerous factors. The 3D, contour and 2D graphs visualizes the nature of nonlinear wave solutions
constructed from Eq.(1). To demonstrate the solutions by the improved 𝐹 -expansion approach and the exp(−𝜙(𝜁 ))-expansion
approach is observed for the Family-I, Family-II, Family-III. The figure (1, 3) represents single bell shaped soliton for the set of
appropriate values 𝛼 = −1.3, 𝛽 = 1.6, 𝐾 = −0.1, 𝑦 = 1, 𝑧 = 0.3, 𝑡 = 1 and 𝛼 = −3.3, 𝛽 = 2.6, 𝐾 = −0.15, 𝑦 = 1, 𝑧 =
0.7, 𝑡 = 1. The figure (2) represents double bell shaped soliton for 𝛼 = −0.13, 𝛽 = 1.16, 𝐾 = 0.13, 𝑦 = 1, 𝑧 = 0.19, 𝑡 = 1.
The figure (5) represents dark soliton for the set of appropriate values 𝛼 = −1.3, 𝛽 = 1.6, 𝐾 = −0.5, 𝑦 = 1, 𝑧 = 0.3, 𝑡 = 1.
The figure (4, 6, 7) represents periodic shaped soliton for the set of appropriate values 𝛼 = −1.03, 𝛽 = −1, 𝐾 = 0.3, 𝑦 =
−1, 𝑧 = 0.1, 𝑡 = 1 and 𝛼 = 0.1, 𝛽 = −2, 𝐾 = 2, 𝑦 = 1, 𝑧 = −5, 𝑡 = 1 and 𝛼 = −2.13, 𝛽 = 1.006, 𝐾 = 2.15, 𝑦 = −1, 𝑧 =
−0.13, 𝑡 = 1. The figure (8) represents bright soliton for the set of appropriate values 𝛼 = −1.05, 𝛽 = 0.9, 𝑦 = −1.11, 𝜇 =
1.0015, 𝜈 = 1.008, 𝜃 = 2.11, 𝑧 = −0.2, 𝐾 = −6.03, 𝑡 = 1. The figure (9) represents dark soliton for the set of values
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𝛼 = 1.03, 𝛽 = −0.013, 𝑦 = 1, 𝜇 = −0.5, 𝜈 = −0.8, 𝜃 = 0.1, 𝑧 = −0.12, 𝐾 = 0.001, 𝑡 = 1. While figure (10) represents single
bell shaped soliton for the set of parameter 𝛼 = 1, 𝛽 = −0.3, 𝜇 = 0, 𝑦 = −1, 𝜈 = −0.8, 𝑧 = −0.2, 𝐾 = 1, 𝜃 = −1.11, 𝑡 = 1.
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FIGURE 1 The 3D plot, contour plot and 2D plot for solution 𝑢1(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (18). Values chosen are 𝛼 = −1.3, 𝛽 =
1.6, 𝑦 = 1, 𝐾 = −0.1, 𝑧 = 0.3, 𝑡 = 1.
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FIGURE 2 The 3D plot, contour plot and 2D plot for solution 𝑢3(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (20). Values chosen are 𝛼 = −0.13, 𝐾 =
0.13, 𝑦 = 1, 𝛽 = 1.16, 𝑧 = 0.19, 𝑡 = 1.
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FIGURE 3 The 3D plot, contour plot and 2D plot for solution 𝑢6(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (23). Values chosen are 𝛼 = −3.3, 𝐾 =
−0.15, 𝑦 = 1, 𝛽 = 2.6, 𝑧 = 0.7, 𝑡 = 1.
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FIGURE 4 The 3D plot, contour plot and 2D plot for solution 𝑢8(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (25). Values chosen are 𝛼 = −1.03, 𝛽 =
−1, 𝐾 = 0.3, 𝑦 = −1, 𝑧 = 0.1, 𝑡 = 1.
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FIGURE 5 The 3D plot, contour plot and 2D plot for solution 𝑢16(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (33). Values chosen are 𝛼 = −1.3, 𝛽 =
1.6, 𝐾 = −0.5, 𝑦 = 1, 𝑧 = 0.3, 𝑡 = 1.

-4 -2 0 2 4

0.0

0.2

0.4

0.6

0.8

1.0

t

FIGURE 6 The 3D plot, contour plot and 2D plot for solution 𝑢18(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (35). Values chosen are 𝛼 = 0.1, 𝛽 =
−2, 𝐾 = 2, 𝑦 = 1, 𝑧 = −5, 𝑡 = 1.
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FIGURE 7 The 3D plot, contour plot and 2D plot for solution 𝑢23(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (41). Values chosen are 𝛼 = −1.05, 𝛽 =
0.9, 𝑦 = −1.11, 𝜇 = 1.0015, 𝜈 = 1.008, 𝜃 = 2.11, 𝑧 = −0.2, 𝐾 = −6.03, 𝑡 = 1.
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FIGURE 8 The 3D plot, contour plot and 2D plot for solution 𝑢24(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (42). Values chosen are 𝛼 = 1.03, 𝛽 =
−0.013, 𝑦 = 1, 𝜇 = −0.5, 𝜃 = 0.1, 𝑧 = −0.12, 𝜈 = −0.8, 𝐾 = 0.001, 𝑡 = 1.
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FIGURE 9 The 3D plot, contour plot and 2D plot for solution 𝑢32(𝑥, 𝑦, 𝑧, 𝑡) of Eq. (49). Values chosen are 𝛼 = 1, 𝜇 = 0, 𝛽 =
−0.3, 𝑦 = −1, 𝜈 = −0.8, 𝑧 = −0.2, 𝐾 = 1, 𝜃 = −1.11, 𝑡 = 1.
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5 CONCLUSIONS

In this study, a diverse number of exact wave solutions to the generalized (3+1)-dimensional Korteweg-de Vries-Zakharov
Kuznetsov model have obtained, which is the most significant physical model in plasma physics, hydrodynamics. We used effec-
tive mathematical techniques called the improved 𝐹 -expansion approach and the exp(−𝜙(𝜁 ))-expansion approach to develop
the exact new solitary and traveling wave solutions for this nonlinear higher dimensional model. Soliton solutions, single bell
shaped solitons, bright soliton, dark soliton, periodic type solitons, doubled bell shaped solitons, as well as various generalized
three dimensional-Korteweg-de Vries-Zakharov Kuznetsov equation soliton solutions are obtained in different forms. Several of
the results are written as hyperbolic, trigonometric functions with arbitrary constant parameters. Computerised symbolic calcu-
lation software Mathematica work supports the existing technique’s effectiveness, reliability, and clarity. These two techniques
can be used to solve a variety of nonlinear evolution equations in physics and mathematics.
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