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ABSTRACT

This paper investigates the theoretical modeling and coupled free vibration behaviors of a rotating
double-bladed shaft assembly resting on elastic supports in a spacecraft system. According to the
Kirchhoff plate theory and the Euler-Bernoulli beam theory, the theoretical model is established.
The studied rotor is considered to be made of porous foam metal matrix and graphene nanoplatelet
(GPL) reinforcement. Non-uniform distributions of porosity and graphene nanoplatelets (GPLs) are
taken into account and lead to functionally graded (FG) structures. The effective material properties
of the double-bladed shaft are varying along the radius and thickness direction of the shaft and
blade, respectively. Moreover, the rule of mixture, the Halpin-Tsai model, and the open-cell scheme
are used to determine its material properties. Considering the gyroscopic effect, the Lagrange
equation is utilized to derive the coupled equations of motion. Then the traveling wave frequencies
of the double-bladed shaft assembly is obtained by employing the assumed modes method and
substructure modal synthesis method. A detailed parametric analysis is conducted to examine the
effects of the rotating speed, GPL weight fraction, GPL distribution pattern, GPL
length-to-thickness ratio, GPL length-to-width ratio, porosity coefficient, porosity distribution
pattern, shaft length-to-radius ratio, blade length-to-thickness ratio, support stiffness and support
location on the free vibration behaviors of the double-bladed shaft assembly.
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1. Introduction

Rotating double-bladed shaft assemblies are extensively applied in many engineering fields,
such as spacecraft, aeroengine, marine propulsion system, et al. Because the double-bladed shaft
assemblies are usually under the poor working conditions, their failures occur frequently, where the

vibration failure is the most common [1-4].

Fig. 1 Rotating double-bladed shaft assemblies in a spacecraft.

In theory, the blade should be modeled by elastic plate model. For rotating plates, their
vibration behaviors have been given in many open literatures [5-9]. Yoo et al. [10] presented the
vibration performance of a rotating rectangular plate attached to a rigid hub. Liu et al. [11]
investigated the dynamic behaviors of rotating cantilever plates with fully covered active
constrained layer damping. Hashemi et al. [12] developed a finite element formulation to study the
nonlinear vibration of a rotating thick plate. Li et al.[13] carried out the free vibration characteristics
of FG rectangular plates with large overall motions. By adopting the finite element method,
Arumugam et al. [14] studied free and forced vibrations of variable thickness tapered composite
plates with whirl motion. According to the Mindlin plate theory, Rostami et al. [15] presented an
analytical investigation on vibration characteristics of a rotating plate with a stagger angle.

From above, it can be told that the rotating blade (plate) is generally taken as an individual
structure or attached to a rigid shaft in previous studies. However, the elasticity of the shaft in a
double-bladed shaft assembly cannot be ignored. So, it is quite necessary to carry out coupled

theoretical model of double-bladed shaft structure.
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High strength and light weight have been the development tendency for the rotating
double-bladed shaft structure. Great mechanical performance nanocomposite, such as graphene
reinforced material and the like, can be adopted to meet the above requirements. Since Rafiee et al.
[16] experimentally found that GPLs were significantly better than carbon nanotube as additives at
low content, FG-GPLRC (functionally graded graphene nanoplatelet reinforced composite) [17-22]
has stimulated a surge of scientific interest. In addition, metal foams are well known as a new type
of advanced material due to its low density and excellent energy absorption [23-25]. Although the
internal pores can weak the material stiffness, GPL nanofillers can be added to enhance the stiffness
and keep its light weight. Yang, Kitipornchai and their patterns [26-30] had carried out a prominent
investigation on the vibration performance of GPL reinforced porous structures. Within the frame of
an improved Donnell nonlinear shell theory, Wang et al. [31] investigated the nonlinear vibration of
porous cylindrical shells reinforced with GPLs. According to a trigonometric shear deformation
theory, Anirudh et al. [32] studied vibration behaviors of an FG porous curved beams reinforced by
GPLs. Forced vibration characteristics of GPL reinforced porous shell is carried out by Mirjavadi et
al. [33]. Narayan et al. [34] investigated the free vibration of a GPL reinforced porous curved beam
with large amplitude motion. Asemi et al. [35] studied the free vibration of porous annular sector
plates reinforced by GPLs. By employing an efficient polygonal finite element method, Nguyen et
al. [36] studied the free vibration of FG porous plates reinforced by GPLs. Due to the great
enhancement effect on structure performance, GPL reinforced porous nanocomposite has a broad
application prospect in a rotating double-bladed shaft system.

To sum up, this paper aims to conduct the theoretical modelling and vibration analysis of a
rotating double-bladed shaft assembly. Based on the Euler-Bernoulli beam theory and the Kirchhoff
plate theory, the rotating double-bladed shaft assembly is established. The rotor is considered to be
made of porous foam metal matrix and GPL reinforcement. And its coupled equations of motion are
derived by employing the Lagrange equation and solved by the substructure modal synthesis

method and assumed modes method. Special attention is given to the effects of the material and
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structural parameters on free vibrations of the double-bladed shaft assembly. Those findings in this

paper provide adequate support to help the double-bladed shaft structure achieve better mechanical

performance.

2. Theoretical formulations

2.1 Modeling

o V.3

L

Fig. 1 A rotating double-bladed shaft resting on elastic supports.

As can be seen in Fig. 1, the coupled model of a rotating double-bladed shaft is established,
where the blade and shaft are modeled by elastic plate model and elastic beam model, respectively.
The dimensions of the two same rectangular thin plates are length a, width b and thickness h, while
those of the circular-section beam are radius ry and length ly. The plates and beam are connected to
at the midpoint Q of the plate width in which AQ = d. The two sets of elastic support with same
stiffnesses k, are located at a distance of |4 from the ends (A, B) of the beam, respectively. The

double-bladed shaft rotates at a constant speed 2.

To describe the motion and deformation of the beam and plates, four coordinate systems
-4 -
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(A-XoYozo, A-x1r 8, A-x1y1z1 and Q-X2y2z2) are proposed as shown in Fig. 2, where A-xoyozo is the fixed
coordinate system; A-xir@ and A-xiyizi are the rotating local coordinate systems for the beam;

Q-x2y222 is the rotating local coordinate system for the plates.

2.2 Material property

A

| »

(a) Porosity distribtuion I, (beam)  (b) Porosity distribtuion Il (beam)  (c) Porosity distribtuion 111, (beam)

A2 A22 A2
| h/2 | 2 | h2

/X.’ “ ) ‘ )

i -h2 i -h/2 i -hl2

(d) Porosity distribtuion I, (plate)  (e) Porosity distribtuion Il (plate) (f) Porosity distribtuion 11, (plate)

Fig. 2 Porosity distribution patterns of the beam and plate.

In this article, three porosity distribution patterns of the beam (ly, Ilp and Illp) and plate (Ip, p
and Illp) are considered as shown in Fig. 2, where subscript b and p stand for the beam and plate,
separately. Fig. 2 (a) and (d) plot positive parabolic porosity distributions of the beam and plate,
separately, in this case more pores are setting around their surfaces. Fig. 2 (b) and (e) display
uniform porosity distributions of the beam and plate, separately. Fig. 2 (c) and (f) show negative
parabolic porosity distributions of the beam and plate, separately, in this case more pores are laying
near their centers.

Based on the open-cell scheme [37], the effective material properties of the beam and plate are

given by
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E,(z,)=E, (2,)[1-e,cos(nz,/h)]
Porosity I, 10, (2,)=p, (2,)[1—€y, cOS(mz, /h) ]

N

beam { Porosity 11, : 1 p,(2,) =y (Z,) (1)

Porosity Ill, < p, (z,) = p,” (22){1—emb* [1- cos(nzz/h)]}

E,(r)=E, (r)[1-e, cos(nr/2r,) ]
Porosity I,z 4 p, (r r)[l €, COS nr/2rb]
)

(
plate { Porosity Il ;1 4 p, (1 r) e, (2)
( )

Porosity Il 33 p. (1) = p, (r){ —€n, [1_(:05 ”r/zrb)]}
(

where (mb, omb, €mb ) and (Emp, amp, €mp’ ) are mass density coefficients of the beam and plate,

separately; (en, an, €0 ) and (ep, ap, €p’) are porosity coefficients of the beam and plate, separately.

According to the typical mechanical properties of metal foam

Eb<gz>{pb<zz>}z

Eb b*

P 3)
E,(r) | p,(r)
ES | oy

the porosity coefficients and mass density coefficients are related by
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1-e,, cos(nz,/h)= \/1—eb cos(nz,/h)
1-e,, [1-cos(mnz,/h)]= \/1—eb* [1-cos(mz,/h)] (4)
amb =\/a7b

1-e,, cos(ar/2r)= \/1—ep cos(mr/2r, )
1-e,, [1-cos(mr/2r,)]= \/1— e, [1—cos(nr/2r,)] (5)

mp =~/ %p

Due to equal quality for different distributions, one can obtained

J-Oh/Z J1-¢, cos(nz,/h)dz, = .[oh/z Ja,dz, = J‘Oh/Z \/1_eb* [1-cos(mz, /h) Jdz,
Jorb JL-¢, cos(nr/2r, )dr = Iorh Ja,dr = Iorb \/l—eb* [1-cos(nr/2r,) Jdr

Thus, it can be told that e, and e, can be given to determine all the porosity coefficients and

(6)

mass density coefficients based on Egs. (4-6).
Moreover, on the basis of the rule of mixture and the Halpin-Tsai model [38], Poisson's ratio
(o, 1), mass density (o, oo ) and Young's modulus (Ey", Ep") of the GPL reinforced structures

without pores can be written as

1+ @ 5 \Y) 1+ @ 5 v
E' = § Egoi + SEn o7 oplb E +§ Egp + €0 En xb Y gplb i
L Egpl ~En "8 Egpl -E, m
= Vo e
B * S Egor + S B (7)
'Ob* - pgplvgplb + O (1—Vgplb)
'ub* - 'ugplvgplb + Uy (1_Vgp|b)
E  -E E _E
g LYY s BB [y
-3 Ego + S En o 5 Eg +&0En P gplp
Ep =— E E Em +— £ = Em
8 1_ ol Tm oy | 8 _ Ew-E |
Egpr + SipEn o Ego + & En o (8)

Pp = pgplvgplp * Pr (1_Vgplp )
Hy, = /ugplvgplp + Hm (1_Vgplp )
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in which subscript gpl and m represent the GPL and matrix, separately; (ugpl, £im), (Ogp1, om) and (Egpi,
Em) are Poisson's ratio, mass density and Young's modulus of the GPL and matrix, separately.

To characterize the dimension and geometry of GPLs in the beam and plate, (&b, &) and (&p,

Exp) are given by

2l
é:Ib = t_b
° )
£, =
kb T
t,
2l
glp = t_p
’ (10)
2K‘p
é:z(p =

where (tb, b Ip,) and (tp, xp, Ip) are the average thickness, width and length of GPLs in the beam and
plates, separately.

The GPL volume fractions of the beam (Vgpib) and plate (Vgpib) can be expressed as

Wi
Voo = .
nglb + pgpl (1_nglb )/pm (11)
Wy,
Vot = -
nglp T Pgpl 1_W9FJ'P )/pm

in which Wgpi and Wgpip are the GPL weight fractions of the beam and plate, separately.

In this text, three different GPL distribution patterns of the beam (Xs, Uy and Op) and plate (X,
Up and Op) are taken into consideration, separately. Fig. 3 (a, d) display the positive parabolic GPL
distributions of the beam and plate, separately, where the GPL weight fractions are maximum
around the surfaces of the beam and plate; Fig. 3 (b, €) plot the uniform GPL distributions of the
beam and plate, where the GPL weight fractions remain constant; Fig. 3 (c, f) show the negative
parabolic GPL distributions of the beam and plate, separately, where the GPL weight fractions are

maximum in the center of the beam and plate.
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| |
(a) GPL distribtuion Xy (beam)  (b) GPL distribtuion Uy (beam)  (c) GPL distribtuion Oy (beam)

A2 A2
| w2 | W2

y . R

A7
| h2

i -h2 i -h2

i -h/2

(d) GPL distribtuion X, (plate)  (e) GPL distribtuion U (plate) (f) GPL distribtuion Oy, (plate)
Fig. 3 GPL distribution patterns of the beam and plate.

Thus, the expressions of GPL weight fractions corresponding to the present GPL distributions

are given by

r2
r_z ﬂ'lwo

b

nglb (I’) =1 W,

Pattern X,

Pattern U,

2
(1 - r—J AW, Pattern O,

2
4hz_§ AW, Pattern X |
nglp (ZZ) = j-*;',Vvo Pattern U b

h2

4z,
(1— 2 J/%Wo Pattern O,

(12)

(13)

in which Wo is the GPL characteristic value; (11, A2, 43) and (A4, 15, Ae) are the GPL weight fraction

indices of the beam and plate, separately. They are determined by the total content of GPLs in the

beam (W) and plate (W), separately.



2.3 Energy function

An arbitrary point My in the beam is considered and its position vector can be written as
o, = (Vo8 = Wot: )iy + (Vo ) Ji +(Wh ) K, (14)
where i1, j1 and ki are the basis vectors of the coordinate system A-xiyi1z1; Vo and wy are the beam

displacements along y:-axis and zi-axis direction, respectively; &, and 6: are the deflection angles

caused by vy, and ws, respectively, expressed as

b
L 15
o (15)
g, =2
o

The revolving speed of the local coordinate system A-xiyiz: with respect to the fixed

coordinate system A-XoYyoZo IS

:(9_%95 [229%.9,795] +(6. -0, ), +(6, + 20, )k, (16)

Thus, the absolute velocity of the arbitrary point M1 can be determined by

Fam, = drAMl/dt + @, XMy,

: : A o (17)
= (6,9, — 0 W, — Q6,W, — 0.V, )i, +(V, — AW, ) j, + (W, + 2V, )k,
The kinetic energy of the beam can be obtained as
Lewpompen . 1
T, :EL fo o Polam, Fan, rdrdodx
= nJ'Orb (:" XS [Vbz V2 + 202 (WpV, — WV, ) + £2° (vb2 + wbz)] dx,dr (18)

2 w06 20(0.0,400,)- 2 (02 +0,) Joxer

Based on the Euler-Bernoulli beam theory, the deformation potential energy of the beam is

:_ﬁ l(az"gJ {%;Vﬂ }dxldr (19)

In this paper, the double plates are connected to the beam along their width directions. Because

the beam is clamped by two plates, the vibration difference of the beam at connection position is
-10 -
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small. Therefore, the effect of the beam on the plates is simplified to be reflected by the

displacements of connection midpoint Q.

An arbitrary point Mz in the plate is taken into account and its position vector is

Fam, = Fag + Fom, = (Vobh, —Wobh: —d )i, + (Vo) J, +(Wp +W, K,

(20)

where iz, j» and k. are the basis vectors of the coordinate system Q-xay2z2; wp is the plate

displacement along z,-axis direction; (vo, Wo) and (&, 6he) are the displacements and deflection

angles of the connection point Q in the beam, given by

g = _8Vb
Vo =V, P
0 blx =d X ¥ =d
Wy =w,| ow,
0 b|><1=d Hbg - _ - b
%
x=d

(21)

The revolving speed of the local coordinate system Q-xay.zo with respect to the fixed

coordinate system A-XoYyoZo IS
o, 0, Y . ) _
@, =(Q—?9,7 -0 +9ﬂ9§J|2 +(6. -0, )i, +(6, + 20, )k,

Therefore, the kinetic energies of the two plates can be derived as

12 papb2 ,
Tpl = EI _[0 _[ pBrAMZTrAMdede2dzz

“hj2do Jopy2
_ % I“SZ X jbt/; Pa[[ A, Jdt+@,x Ty ] [Ary, /At +@,xT, Jdx,dy,dz,

éa?’b(ébj - 20,7 +200,.6, + me'webq)%gzaz (0%, +2bv, )

dz,

1 . . . .
1 Ih/z N Jrgtfa(eb,]2 +6,° +02°0," + 2°0," +200,.0, - 20,.0,)
2 J-n2

+ab? (6, Vo — Oy, Wiy + €26,y — 26, Wy + 26,5, — 20,,V, — 2°6,, W, )

+ab (Vy® +ly” + Q2%V,” + Q7 + 2V, — 2w, ) +ab*2°6), V,

W, + 2 + 2V, ) W, +2( 426, — 0, ) X, W,
1 ¢z papb/2 . .
+EI IO ~[ Ps _ZQ(VO _QWO)WP —ZQ(HbU +_Qt9b§)X2Wp dxzdyzdzz

~ty2Jdo J-p/2
2 2

+0 W,

-11 -
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/2 b2 . o,
= _[ J.azer‘ Pl am, Fam, dX,dy,dz,

h/2 b2

T bt 5 o0

h/2

§a3b(49b,72 - 20,7 +200,.6, + 2_(29'b§0b,7)+%_(22a2 (0%, +2bv, )

1 che +%b3 (6,7 +6,° + 2%, + 20, +200,.0, - 20,0,

== Ps

> dz, (24

+ab? (6, — O,V + €26,y — 26, Wy + 26,5, — 20,,V, — 2°6,,, )

+ab (Vy® +ly” + Q2%V,” + Q7 + 2V, — 2w, ) +ab*2°6), v,
W, + 2y + 2V, ) W, +2( 426, — 6, ) X, W,
by2 b/2 .
Ih/zj o Zrbf 2P 6| —202(V, — 2w, )W, 2.(2(0,),7 + 06, )xzwp dx,dy,dz,
+0'w,?

According to the Kirchhoff plate theory, the deformation potential energies of the two plates

are

2,2E, (o*w, ) J247E, [ Ow, i
1—,up2 oX,” l+ Ly \ OX,0Y,
+2222Ep,up o*w, | o*w, .\ z,’E, [ 0*w, ’
L 1_1”;)2 aX22 aYZZ 1_1up2 ayZ2 |
2 2 2 2 2 2
z2 E, (0w, . 22,°E, [ 0w,
- /upz ox,” 1+ p, | OX,0¥,

2
+2222Ep,up o'w, | o°w, N z,’E, [ 0°w,
L 1_lLlp2 a)(22 8)/22 1_11’lp2 6'yzz |

Due to the rotation, the centrifugal potential energies of the two plates can be obtained as

h/2 b/2
N

dx,dy,dz, (25)

dx,dy,dz,  (26)

/ /
th/ZZJ‘ a-2r, jbb;z

2
h2 ca pb/2 O*w
__.[ h/2.|. .|.b/2|:_pp yZZ)(ay—zsz }dxzdﬁdzz (27)
h/2 b/2 , 82Wp ?
__j h/z.[ a- 2rb.[ b/2 _'OP —Y ) 5)/22 dxzdyzdzz (28)

Thus, the total Kinetic energy and total potential energy of the two plates are

-12 -



T,=T,+T,, 29)
U,=U,+U,+U,+U,
In addition, the virtual work done by the elastic supporting forces is
5B, =—[ k(V,6V, +W,oW, ) | - —[ k (W, 0V, —V, oW, ) ] - (30)

where K is the elastic support stiffness.

2.4 Governing equation

As the vibration modes of double-bladed shaft structure are difficult to be given, the
substructure modal synthesis method is adopted to divide the double-bladed shaft assembly into
three substructures (a beam and two plates). Then, the motions of every substructure are
approximated by a weighted superposition of admissible functions based on the assumed modes
method. The boundary conditions of the beam are free at both ends, while those of the plates are
clamped at one end and free at the other three ends.

The displacements of the beam are written as

v, (%) =@, (%)[ Q. (1)]'

; (31)
W, (%,t) =@, (% )] Quy ()]

in which Quy (t) and Qpw (t) are the generalized coordinate vectors of the beam; @, (x1) is the mode

function vector of the beam. Their specific expressions are

{va(t){val(t) <+ Qby (1) - Qby, (1)) -
Qo (1) ={Qbw (t) -+ Qbwi(t) - Qbw, (t)}

(I)b(xl):{ll(xi) o)) ;(m(xl)}

zl(x1)=1,zz(xi)=¢17(,x—:—%j' (33)

2 (%) =cosh| 2% | cos| A%u | COSNA ZCOSA | G | A i (A% )| 34
l, l, sinh 4, —sin 4, 1, l,

where m is the total mode number of the beam; Ai can be obtained form

-13-
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cosAcosh A =1

(34)
The displacements of the plates are expressed as
{wbxxz,yz,t>=yb(x2,yz)[obwlm]T )
W2 (er yz’t) =Y (Xz’ Y, )I:waz (t)]T
where the generalized coordinate vector (Qow1, Qbw2) and mode function vector y, are given by
Qua (1) ={QbWI, (t) -+ Qbwl,(t) -+ Qbwl, (t)} )
Quz (1) ={QbWII, (t) -~ Qbwll;(t) - Qbwll, (t)}
Yb(XZ! yZ):{Q(Xz’ yz) G (Xz’ yz) IR A (Xz’ yz)} (37)
in which n is the total mode number of the plates; the mode function g is
Gj(xziyz):¢j(xz)¢j(y2) (38)
where
#; (X, ) =cosh(a;x,)—cos(a;x,) - [sinh(asz)—sin(aszﬂ (39)

2
@1()/2):1,(02()/2):1—%

(40)
9, (Y,)= cosh(ﬂjy2)+cos(ﬁjy2)—dj [sinh(ﬂjy2)+sin(ﬁjy2)] j=3,4,---n

in which ¢, 5, c¢j and d; satisfy

cosh(a;a)cos(a;a)=-1  [cosh(p;b)cos(Bb)=1

.- cos(aja)+cosh(aja) d - cos(ﬂjb)—cosh(ﬂjb)

e sin(e;a) +sinh(aja) * | - sin(B;b)-sinh(B,b) (41)
j=12,--,n j=3,4,---,n

According to the Lagrange equation

d( oL oL
—| —|-—=0 34
dt (ﬁqi ] aq, (9
the governing equation of double-bladed shaft assembly is

Mg (t)+Gq(t)+Ka(t)=0

(35)
-14 -
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where

)
a(t)={Qu (1) Qu(t) Qual(t) Quu(t)] (36)
M, 0 0 0
M= O MZZ M23 M24 (37)
0 M, M, O
0 M, 0 M,
0 G12 Gls Gl4_
G 0
G= 21 (38)
G, 0 0 0
G, 0 0 0|
K, K, 0 0]
K: KZl K22 K23 K24 (39)
0 K,, K;; O
0 K, 0 K,

in which the elements in stiffness matrix K, gyroscopic matrix G and mass matrix M are given in
Appendix.

Setting
p(t)=pe", i=y-1 (40)
and substituting Eq. (40) into Eq. (35) yields
(0°M+i0G+K)pe =0 (41)
For non-zero solution condition, one has
|0*’M+iwG+K|=0 (42)
From this, the natural frequencies @ can be obtained by solving Eq. (42).
Moreover, the backward travelling wave frequency (a»x) and forward travelling wave
frequency (ax) of the double-bladed shaft assembly are given by

= Q
{wh o+ )

o, =|o—0)

-15-
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3. Results and discussions

In this section, the convergence analysis, validation analysis, and parameter analysis are
conducted in turn. Unless otherwise stated, the radius (r,) and length (I,) of the beam are 0.02m and
1m, respectively; the thickness (h), width (b) and length (a) of the plates are 0.02m, 0.4m and 0.5m,
respectively; the connection point Q is located at d = I,/2; the elastic supports are located at the ends
(A, B) of the shaft, namely, lq = 0; the elastic support stiffness (k) is 2>x10° N/m. Moreover, the
material parameters are Egp = 1.01TPa, Em = 130GPa, pgpi = 0.186, um= 0.34, pgpi = 1062.5kg/m?3,
om = 8960kg/m®, Wi, = Way = 1%, lo/ts = lp/ty = 10%, lo/ks = lp/kp = 2 and ey = e = 0.1. The
porosity distribution patterns (llly, 11l) and GPL distribution patterns (Op, Op) are taken as an

example if not specified in the following analysis

3.1 Convergence analysis
Table 1 lists the variation of the first four natural frequencies with the mode numbers of the
beam and plates. It can be found that the free vibration results tend to be convergentat m=16,n =16

which will be used in the following calculations.

Table 1 Natural frequencies o (rad/s) of the double-bladed shaft assembly with different mode numbers.

m=16 m=15 m=16 m=17 m=16
Frequency
n=>5 n==6 n==6 n==6 n="7
o 48.03 47.91 48.02 48.00 48.01
7] 74.37 73.49 73.66 73.63 73.27
w3 130.55 127.91 130.55 130.13 130.55
o 335.85 335.38 335.65 335.63 335.39

3.2 Validation analysis

Because there are no available data in open literature for validation study, the commercial
software ANSYS is adopted in this paper to conduct the modal analysis of the double-bladed shaft
assembly on basis of finite element (FE) method. Solid185 element and combinl4 element are

adopted and the total numbers of element and node are 6232 and 8208, respectively. Moreover, the
-16 -
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porosity distribution patterns (Ily, 11,) and GPL distribution patterns (Us, Up) are considered in this
part. From table 2, it is obvious that the theoretical and FE results have great agreement, which

implies that the present modeling and free vibration analysis is accurate

Table 2 Comparison of natural frequencies w (rad/s) between theoretical and FE results.

Frequency W = W Present FE (rad/s) Error
0 41.13 39.25 4.58%

0.33% 45.29 43.27 4.45%

“ 0.67% 49.20 46.97 4.53%
1% 52.56 50.40 4.11%

0 63.06 65.51 3.89%

0.33% 69.46 72.18 3.91%

. 0.67% 75.48 78.29 3.73%
1% 80.66 83.95 4.08%

0 107.76 111.49 3.46%

0.33% 119.69 122.97 2.74%

“ 0.67% 133.06 133.50 0.33%
1% 139.43 143.30 2.78%

3.3 Parameter analysis

For this part, both the graphic and tabular form are used to examine the effects of material
parameters and structural parameters on the vibration behaviors of the double-bladed shaft assembly.
To simplify the following presentation, LTR is for length-to-thickness ratio; LWR is for
length-to-width ratio; LRR is for length-to-radius ratio; WTR is for width-to-thickness ratio; TWF

is for travelling wave frequency; TWFs is for travelling wave frequencies.

3.3.1 Material parametric analysis

-17 -
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Fig. 4 Effects of GPL distribution and porosity distribution in the beam on the first three TWFs of the
double-bladed shaft assembly.

Fig. 4 plots the variation of the first three TWFs of the double-bladed shaft assembly with
rotating speed for different distributions of GPLs and porosity in the beam. In the figures, different
line-types stand for different porosity distribution patterns; different line-colors stand for different
GPL distribution patterns; circular mark and triangle mark in the lines stand for forward TWF and
backward TWF, respectively. One can see that the first two forward TWFs decrease first and then
rise with the rotating speed, while third forward TWFs have a monotonous reduction. Another

observation is that the first three backward TWFs always increase with the rotating speed.
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In addition, the GPL distribution pattern X, provide greater TWFs than the other GPL

distributions, while porosity distribution pattern I, give the largest TWFs among the three porosity

distributions. This implies that arranging smaller pores and more GPLs around the surfaces of the

beam are effective to enhance the structural stiffness. Obviously, the GPL distributions in the beam

have more significant influence than the porosity distributions on the free vibration results.

Moreover, the GPL distribution and porosity distribution of the beam mainly affect the first TWF

under high rotating speed (2> 100 rad/s), and third TWF.
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Fig. 5 Effects of GPL distribution and porosity distribution in the plates on the first three TWFs of the
double-bladed shaft assembly.
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Fig. 5 displays the variation of the first three TWFs of the double-bladed shaft assembly with
rotating speed for different distributions of GPLs and porosity in the plates. Results show that the
GPL distribution pattern Xp and porosity distribution pattern I, have larger TWFs compared to the
other GPL and porosity distributions, severally. This indicates that smaller pores and more GPLs
around the surfaces of the plates can be applied to improve the mechanical performance of the
double-bladed shaft assembly. Similarly, the GPL distributions in the plates give a greater impact
than the porosity distributions on the free vibration results. The GPL distribution and porosity
distribution of the plates primarily affect the first TWF under low rotating speed (£2 < 100 rad/s),
and second TWF.

As the material parameters have the same effects on the forward TWFs and backward TWFs,
only the backward TWFs in three typical rotating case: Orad/s (stationary), 50rad/s (low rotating
speed) and 150rad/s (high rotating speed) are adopted in the following material parameter study
(Table 3-6).

Table 3 lists the variation of the first three backward TWFs of the double-bladed shaft assembly
with rotating speed for different GPL weight fractions, where (p = 0, q = f) represents that only the
beam is reinforced; (p = f, g = 0) represents that only the plates are reinforced, and (p = q = f)
represents that both the beam and plates are equally reinforced by GPLs. As can be seen, the
increase of the GPL weight fraction leads to increased TWFs, which indicates that adding more
GPLs into the matrix can give a hand to achieve better mechanical performance. In addition, the
first TWFs at stationary and low rotating speed cases (£2 = 0 and 50 rad/s), and the second TWF are
mainly influenced by the GPL weight fraction in the plates. Oppositely, the first TWF at high
rotating speed case (£2 = 150 rad/s), and the third TWF are majorly affected by the GPL weight

fraction in the beam.

Table 3 Effect of GPL weight fraction on the first three backward TWFs (rad/s) of the double-bladed shaft system
with different rotating speeds (rad/s).
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Wg;p = p

Frequency @ f=0% f=0.33% f=0.67% f=1%
Wo =4

p=0,q=f 253.01 254.38 255.08 256.45

0 p=f,q=0 253.01 268.53 283.05 296.34

p=q=f 253.01 270.16 285.91 301.72

p=0,q="f 302.51 305.77 307.46 310.67

o 50 p=fq=0 302.51 314.11 325.23 335.62

p=q=f 302.51 317.67 331.07 345.95

p=0q=f 403.46 421.58 431.98 450.91

150 p=f,q=0 403.46 409.79 416.02 421.99

p=q=f 403.46 428.11 445.18 471.00

p=0,q=f 387.91 390.16 391.39 393.76

0 p=f,q=0 387.91 411.79 434.29 455.02

p=q=f 387.91 414.30 438.57 462.82

p=0,q="f 439.20 441.76 443.22 445.98

@ 50 p=f,g=0 439.20 459.89 479.70 498.19

p=q=f 439.20 462.66 484.38 506.57

p=0,q=f 734.56 739.75 741.73 744.14

150 p=f,q=0 734.56 744.72 754.45 763.48

p=q=f 734.56 751.01 764.69 779.06

p=0,q="f 687.00 725.95 750.28 795.74

0 p=f,q=0 687.00 694.17 701.21 707.94

p=q=f 687.00 733.54 765.87 820.25

p=0,q=f 695.78 734.07 758.04 802.88

s 50 p=f,q=0 695.78 703.03 710.16 716.97

p=q=f 695.78 741.72 773.72 827.47

p=0,q=f 781.73 811.64 831.80 871.01

150 p=fg=0 781.73 790.47 799.37 808.17

p=q=f 781.73 819.77 847.96 895.57

Table 4 shows that the variation of the first three TWFs of the double-bladed shaft assembly
with rotating speed for different GPL LTRs. It can be seen that the TWFs increase significantly with

the GPL LTR. For the same content of GPLs, the larger value of the GPL LTR stands for a thinner
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GPL. Thus, it implies that better reinforced effect occurs when thinner GPLs are adopted. Moreover,
it can be found that the effects of the GPL LTR in the plates are sensitive to the first TWFs at
stationary and low rotating speed cases (¢2 = 0 and 50 rad/s), and second TWF. Oppositely, the
effects of the GPL LTR in the beam are impressible to the first TWF at high rotating speed case (£2

=150 rad/s), and third TWF.

Table 4 Effect of GPL LTR on the first three backward TWFs (rad/s) of the double-bladed shaft system with
different rotating speeds (rad/s).

Frequency @ Lo/l =P f=10 f=100 f =500 f= 1000
Lu/tb =q
p=10,q=f 297.58 297.75 208.22 298.82
0 p=1f q=10 297,58 300.09 300.40 300.44
p=q=f 297.58 300.26 301.06 301.72
p=10,q=f 341.31 341.65 342,53 343.72
First 50  p=fq=10 341.31 343.23 343.47 344,50
p=q=f 341.31 343,58 344.71 345.95
p=10,q=f 458.28 460.25 463.76 470.32
150 p=fq=10 458.28 458.84 458.91 458.92
p=q=f 458.28 460.82 464.41 471.00
p=10,q=f 456.49 456.78 457.39 458.40
0 p=f q=10 456.49 460.34 460.81 460.87
p=q=f 456.49 460.63 461.73 462.82
p=10,q=f 500.56 500.89 501.51 502.64
Second 50  p=fq=10 500.56 503.98 504.40 504.46
p=q=f 500.56 504.32 505.37 506.57
p=10,q=f 774.75 775.20 775.54 776.75
150 p=f,g=10 774.75 776.72 776.97 777.00
p=q=f 774.75 777.18 777.79 779.06
p=10,q=f 790.78 795.85 803.32 820.25
0 p=f q=10 790.78 790.78 790.78 790.78
Third
p=q=f 790.78 795.85 803.32 820.25

50 p=10,q=f 798.38 803.38 810.73 827.44
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p=fq=10 798.38 798.41 798.42 798.42

p=q=f 798.38 803.41 810.77 827.47
p=10,q="f 870.07 874.33 880.80 895.32

150  p=f,q=10 870.07 870.34 870.37 870.38
p=q=f 870.07 874.58 881.07 895.57

The variation of the first three TWFs of the double-bladed shaft assembly with rotating speed
for different GPL LWRs is present in Table 5, where the GPL length remains constant. As can be
seen, a decrease of GPL LWR results in the significant rise of the TWFs. Actually, the smaller value
of GPL LWR represents that individual GPL has a larger surface area, which can lead to a better
load transfer capability. Besides, the first TWFs at stationary and low rotating speed cases (£2=0
and 50 rad/s), and second TWF are mainly influenced by the GPL LWR in the plates. Oppositely,
the first TWF at high rotating speed case (£2 = 150 rad/s), and third TWF are chiefly impacted by

the GPL LWR in the beam.

Table 5 Effect of GPL LWR on the first three backward TWFs (rad/s) of the double-bladed shaft system with
different rotating speeds (rad/s).

Frequency 0 /Ko =P f=1 f=2 f=4 f=8
Lo/xb = ¢
p=1q=f 302.42 302.35 302.22 301.96
0 p=fg=1 302.42 301.78 301.23 300.95
p=q=f 302.42 301.72 301.04 300.51
p=1q=f 347.21 347.16 347.06 346.86
First 50 p=fg=1 347.21 346.00 344.96 344.42
p=q=f 347.21 345.95 344.81 344.08
p=1q=f 477.08 471.02 466.01 463.27
150 p=fg=1 477.08 477.06 477.03 476.97
p=q=f 477.08 471.00 465.96 463.17
p=1,q=f 463.90 463.80 463.60 463.21
0 p=fg=1 463.90 462.91 462.09 461.66
Second
p=q=f 463.90 462.82 461.80 460.98
50 p=1qg=f 507.73 507.65 507.47 507.12
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p=fq=1 507.73 506.66 505.77 505.30

p=q=f 507.73 506.57 505.51 504.69
p=1,q=f 780.01 779.96 779.85 779.64

150 p=fq=1 780.01 779.11 778.36 777.87
p=q=f 780.01 779.06 778.20 777,51
p=1,q=f 835.51 820.25 808.08 801.33

0 p=fq=1 835.51 835.51 835.51 835.51
p=q=f 835.51 820.25 808.08 801.33
p=1,q=f 842.53 827.47 815.47 808.82

Third 50 p=fq=1 842.53 842.53 842.53 842.53
p=q=f 842.53 827.47 815.47 808.81
p=1,q=f 908.85 895.57 885.07 879.31

150 p=fq=1 908.85 908.85 908.84 908.82
p=q=f 908.85 895.57 885.05 879.26

Table 6 illustrates the variation of the first three TWFs of the double-bladed shaft assembly
with rotating speed for different porosity coefficients. It is obvious that the TWF has a noticeable
reduction with the increase of the porosity coefficient, which is because the pores can weak the
assembly. Similar, the porosity coefficient of the plates mainly impacts the first TWFs at stationary

and low rotating speed cases (£2 = 0 and 50 rad/s), and second TWF. Oppositely, the porosity

coefficient of the beam primarily effects the first TWF at high rotating speed case (£2 = 150 rad/s),

and third TWF.

Moreover, there is an interesting phenomenon. The solitary rise of porosity coefficient in the
plates may lead to the increase of the first TWF at high rotating speed case (2 = 150 rad/s), and

third TWF. It indicates that lighter assembly may have better mechanical performance in some

cases.

Table 6 Effect of porosity coefficient on the first three backward TWFs (rad/s) of the double-bladed shaft system

with different rotating speeds (rad/s).

Ep=p

e =0

Frequency Q

f=0.1

f=02

f=0.3

f=04
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p=01,q=f 301.72 299.37 296.19 293.87

0 p=fgq=0.1 301.72 290.98 279.22 266.40

p=q=f 301.72 288.97 275.25 261.75

p=0.1,q="f 345.95 341.46 335.42 330.98

First 50 p=fq=01 345.95 338.30 329.95 320.91
p=q=f 345.95 334.27 321.52 310.36

p=01,q=f 471.00 449.00 422.35 403.80

150 p=fg=0.1 471.00 473.65 476.44 479.43

p=q=f 471.00 452.14 429.83 416.53

p=0.1,q="f 462.82 459.26 454.94 451.94

0 p=fg=0.1 462.82 446.53 428.87 409.72

p=q=f 462.82 443.27 422.24 401.52

p=01,q=f 506.57 502.72 498.18 495.06

Second 50 p=fq=01 506.57 492.34 477.10 460.82
p=q=f 506.57 488.70 469.60 451.24

p=0.1,q="f 779.06 774.89 764.96 749.03

150 p=fgq=01 779.06 770.89 762.21 753.11

p=q=f 779.06 767.51 754.72 743.21

p=01,q=f 820.25 768.30 711.74 675.51

0 p=fgq=0.1 820.25 832.99 847.03 862.67

p=q=f 820.25 780.35 735.42 711.57

p=01,q=f 827.47 776.29 720.76 685.33

Third 50 p=fq=0.1 827.47 839.92 853.67 869.02
p=q=f 827.47 788.00 743.63 720.01

p=01,q=f 895.57 851.80 810.27 793.56

150 p=f,q=01 895.57 905.77 917.31 930.45

p=q=f 895.57 860.46 822.08 801.54

From the above, it can be told that the material parameters (GPL weight fraction, GPL LTR,
GPL LWR, GPL distribution pattern, porosity distribution pattern, porosity coefficient) in the plates
play an important part in the first TWF in the case of low rotating speed, and second TWF.

Oppositely, the material parameters in the beam take a significant role in the first TWF in the case
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of high rotating speed, and third TWF.

3.3.2 Structural parameter analysis

600

—a—,, ® ol/r,=40

——w,, ® o,l/r,=45

1000

—a—
—O—wb,
—— 0,

=, l/r,=40
® o, l,/r,=45
A o, l/r,=50

—A— o, A o, |/r,=50

500 -

w, (rad/s)

300

800

D

o

o
T

w, (rad/s)

>boenm

400

200 1 1 1

Q (rad/s)
(@)

100

150 0

100 150

Q (rad/s)

(b)

1100

1000

w4 (rad/s)

800 -

700

—=— o, " o, l/r,=40
—— ., ® o, l/r,=45

—a—w,, A, |/r,=50

900

100
Q (rad/s)

(©

Fig. 6 Effect of beam LRR on the first three TWFs of the double-bladed shaft system.

Fig. 6 plots the variation of the first three TWFs of the double-bladed shaft assembly with
rotating speed for different beam LRRs, where the beam radius remains constant. One can see that
the TWFs decrease dramatically with the increase of beam LRR. This implies that shorter beam
should be designed to enhance the structural stiffness of the double-bladed shaft assembly. Another

observation is that the beam LRR mainly affects the first TWF in the case of high rotating speed,

and third TWF.
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Fig. 7 Effect of plate LTR on the first three TWFs of the double-bladed shaft system.

Fig. 7 gives the variation of the first three TWFs of the double-bladed shaft assembly with

rotating speed for different plate LTRs, where the plate thickness keeps constant. It is obviously that

the TWFs rise dramatically with the decrease of plate LTR. This demonstrates that the plates should

not be long size to achieve better mechanical performance.

600
—a—w,, & ,kks=102
—— 0, ® o, kk=10"1
500 A @y, A o, K=l
2 )
o il
IS ©
< 400 =
3 3
300
e
A n
[ ]
200 1 1 1 1
0 50 100 150
Q (rad/s)

1000

800

600

400

—=— ),
—O—wb,
—— 0,

= o, kiky=10?
® o, kiky=10"
A o, klk=1

-27 -

»

100 150

Q (rad/s)



(a) (b)
1000
—m—,, " o, kky=10?
——0w,, ® ao,kky=10"
900 |—a— ¢, , oy, kik,=1
@
-‘S’ 800 [
s
3
700
600 | " . .
L] L}
1 1 1 1
0 50 100 150
Q (rad/s)
(©

Fig. 8 Effect of support stiffness on the first three TWFs of the double-bladed shaft system.

Fig. 8 shows the variation of the first three TWFs of the double-bladed shaft assembly with

rotating speed for different support stiffnesses, where ko = 2>10° N/m. It is seen that larger support

stiffness can lead to increased TWFs. Moreover, the first TWF in the case of low rotating speed, and

second TWF are impacted relatively little by the support stiffness.
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Fig. 8 Effect of support location on the first three TWFs of the double-bladed shaft system.

Fig. 8 illustrates the variation of the first three TWFs of the double-bladed shaft assembly with
rotating speed for different support locations, where I, keeps constant. We can see that the TWF
increase with the distance between the support and the beam end. This means that the supports
should be arranged near the plates to achieve better mechanical performance. In addition, the

support location principally affects the first TWF in the case of high rotating speed, and third TWF.

4. Conclusions

This paper conducts the coupled modeling and free vibration analysis of a rotating porous
double-bladed shaft assembly reinforced by GPLs. Based on the Euler-Bernoulli beam theory and
the Kirchhoff plate theory, the coupled governing equation are derived by adopting the Lagrange
equation. Then the substructure modal synthesis method and assumed modes method are utilized to
obtain the free vibration results. Some conclusions worth mentioning are draw as follows:

(1) arranging smaller pores and more GPLs around the surfaces of the beam the plates are
effective to enhance the structural stiffness;

(2) adding more GPLs into the matrix can give a hand to achieve better mechanical
performance;

(3) better reinforced effect occurs when thinner GPLs with larger surface area are adopted;

(4) TWF has a noticeable reduction with the increase of the porosity coefficient;
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(5) the material parameters in the plates play an important part in the first TWF in the case of
low rotating speed, and second frequency, while those in the beam take a significant role in the first
TWE in the case of high rotating speed, and third frequency;

(6) the beam and plates with shorter lengths can be designed to enhance structural performance;

(7) the supports with larger stiffness should be arranged near the plates to achieve better

mechanical performance.
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