EXISTENCE AND STABILITY OF POSITIVE SOLUTIONS FOR A
HADAMARD-TYPE FRACTIONAL TWO-POINT BOUNDARY VALUE
PROBLEM

HUIJUAN ZHU,FANGLEI WANG*

ABSTRACT. In this paper,we mainly establish existence and uniqueness of positive
solution for the Hadamard-type fractional two-point boundary value problem

(D, 2()) + N2D, 2(t) + F(t,2(8), D%, x(t) =0, t € (1,e),

z(1) =2'(1) = 2'(e) = O,Di‘jlx(l) = Df‘flx(e) =0,
by using the fixed point theorems. In addition, we also study the Ulam-Hyers-Rassias
stability of the related problem. On the other hand, when f(¢,u,v) is singular at

u = 0 and v = 0, we study the existence and uniqueness of its solution. Finally, some
examples are included to show the applicability of our results.

1. Introduction

During the last two decades, many real world processes and phenomena in signal pro-
cessing, control theory, fluid flow, electrical systems, etc., are characterized by fractional-
order differential equations(FDEs), which is regarded as better and improved over ones
depending only on integer-order operators, see [11, 12, 21]. Therefore, the existence,
uniqueness and stability of the solutions are well studied recently for the fractional dif-
ferential equations of Riemann-Liouville or Caputo form. We refer the readers to [2, 3,
4,7, 14, 16, 17, 22, 24, 25, 26, 27, 28] and the references therein. In addition, multiple
researchers have applied various methods from fixed point theory and variational theory to
the fractional p-Laplacian problems, see [10, 18, 19, 20] and the references therein. In 1892,
another known type of fractional derivatives defined in the literature is the fractional deriv-
ative duo to Hadamard [13], varying from the aforementioned derivatives in the sense that
the integral kernel in the Hadamard derivative description contains an arbitrary exponents
logarithmic function. Since then, it is important to study the property and application of
Hadamard-type initial and boundary value problems, see [1, 5, 6, 8, 9, 15, 23]. Especially,
the authors [29] has applied the nonlinear analysis methods combining with some numer-
ical techniques to study the existence of positive solutions for a class of weakly singular
Hadamard-type fractional mixed periodic boundary value problems with a changing-sign
singular perturbation.

{ —(D]2(t))" = b(t)D) 2(t) = f(t,2(t),—D]2(t)) + x(t), t € (L,e),
2(1) = 2/(1) = 2/'(e) = 0, D/ 2(1) = DY z(e), DT 2(1) = DI 2(e).
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where 2 < 8 < 3, Df is the Hadamard fractional derivative of order «, 3, b € LP(1,e).
The nonlinearity can be singular at the second and third variables and be changing-sign.

Inspired by these references, we are interested in studying the following Hadamard
fractional two-point boundary value problem

(1.1) { (D (t)” + NDa(t) + f(t,2(t), —Diya(t)) =0, t € (L,e),

' (1) = 2'(1) = 2'(e) = 0, Dy z(1) = D la(e) = 0,
where 2 < o < 3 and 0 < A < e(i 5 We will study the existence, uniqueness and
stability of positive solution to this equation by Banach’s contraction mapping principle
and Schauder’s fixed point theorem when f is continuous. On the other hand, we study
the existence and uniqueness of positive solution to this equation by fixed point theorem
for mixed monotone operators when f (¢, u,v) is singular at u = 0 and v = 0. Compared to
results in the references, our work presented in this paper has some new features. Firstly,
the problem satisfies the Neumann boundary condition, which is obviously different to
the periodic boundary value condition. Secondly, we applied the iterative method to
obtain some sufficient conditions for the unique existence result. Finally, we study the
Ulam-Hyers stability result.

The present paper is organized as follows. In Section 2, we introduce the notations
of the Hadamard fractional integral and differential operator, and the Green functions of
two linear differential equations. In Section 3, the existence and uniqueness results of the
solution of the problem (1.1) are presented. In Section 4, the Ulam-Hyers-Rassias stability
result is given. In Section 5, some examples are given to illustrate our main results.

2. Preliminaries

In this section, we will use the following definitions for Hadamard-type fractional inte-
grals and derivatives.

Definition 2.1.[16] The Hadamard integral of fractional order o > 0 for a function
x: [a,+00) — R is defined by

t ds

o) = ﬁ/ (1n )" Ta(s)

provided the right-hand side is pointwise defined on (a, +00).

Definition 2.2.[16] The Hadamard derivative of fractional order a > 0 for a function
x : [a,+00) = R is defined by

1 d., [* t ds
D = (t=)" In =)r—o-1 =
a*x() F(n—a)( dt) /a (ns) JT(S) s
where n = [a] + 1, [a] denotes the largest integer which is less than or equal to a.

Lemma 2.3.[16] Assume that « > 0, then

1% D%, x(t) +Z(1to‘ ‘
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for some C; € R, i = 1,2, ...,n, where n is the smallest integer greater than or equal to a.

Now, let —=D¢, x(t) = u(t) with x( x'(1) =a'(e ) = 0. From [29] it follows that
/ G1 t S

1 {(lnt)("l(l —Ins)* 2 —(Int—1Ins)* 1, 1<s<t<e,

where

Crlt,s) = ——
1(t:9) I'(a) | (Int)*=1(1 — Ins)*~2, 1<t<s<e.

Then the problem (1.1) can be reduced to the following Neumann boundary value problem:

u(t) + Nu(t) = f(t, [{ Gi(t, s)u(s) %, u(t)), t € (1,e),
(2'1) { u/(1> _ u/( ) _ 0 f

Furthermore, let Ga(t, s) be the Green function of the homogeneous linear problem

e { oz

that is

Galt,s) = — 1 {cos)\(l—t)cos)\(s—e)+sin)\(e—1)sin)\(t—s), 1<s<t<e,
AsinA(e — 1) | cos A\(1 —t) cos A(s — e), 1<t<s<e.

Finally, we give the properties of the Green’s functions as follows.

Lemma 2.4. The Green’s functions G;(t, s)(i = 1, 2) satisty the following properties:
(1) Gi(tas) Z 0;
(2) For all ¢, s € [1, €], the following inequalities hold:

(i) (nt)*"'Gie,s) < Glt,s) < U=
(i6) Ga(s.s) < Galt,s) < ;2N

Asin A(e—1) "

Proof. From the expression of G,(t, s), it is obvious that property (1) is valid. Now we
prove property (2).

((YFor1<s<t<e,

Gi(t,s) = %a) ((lnt)o‘*l(l —Ins)* 2 — (Int —In 3)0“1)
= (h;t():)_ ((1 —Ins)* % — (1 - llill—i)a_l)
> (1??0(:)1 Ins(1—Ins)*?
= (Int)*"'Gi(e,s)

The same is true for 1 < t < s < e, namely G1(t,s) > (Int)*"1Gy(e, s) for t,s € [1,¢].
Therefore

Gi(t,s) > (Int)*"1G1(e, ).
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On the other hand, for 1 < s <t <e,

ﬁ [(lnt)o‘fl(l —Ins)* % — (Int —1In s)o‘fl}
1 a—=1/1 _ ns a—2
@(lnt) (I-1Ins)

(Int)>—1
I(a)

Gl (t, S)

IN

For 1 <t < s <e, it is easily visible for Gy (¢, s) < (Inrt():)il. (i) is hold.

(ii) According to the continuity of G (¢, s), taking the derivative of Ga(¢, s) with respect
to t, we have:
forl1 <s<t<e,

8G2(t, 5) - 1 . . . . B -
ot smAc—1) [cos A(e — s)sin A(1 — t) 4+ sin A(e — 1) cos A(t — )]
and
%Gt s) A . .
= - - —t)— — —8) <
92 SnA(e = 1) [—cosA(e —s)cosA(l —t) —sinA(e — 1)sin A(t — s)] <0,

9G2(t,s) 9G2(e,s) _ sinA(s—1) .
S0 ot 2 ot ~ sinA(e—1) 2 0;
forl1<t<s<e,

0Gs(t,s) 1 _
— _ _ < 0.
ot smae—1) cosA(e —s)sinA(1 —¢) <0

Therefore Ga(t, s) is decreasing with respect to ¢ on [1, s] and increasing with respect to ¢
on [s, e], which means Gy(t,s) > Ga(s, s) for t,s € [1,€].
In addition, for 1 < ¢t < s < e, from 0 < A < L < 2(;1)’ we know that

\/e(e—l)
0 <cosA(s—e) <1, s0
1 cos A(1 —t)
Ga(t,s) = ——————<cosA(1 —¢ AMs—e) < ———————.
2(t9) Asin A(e — 1) cos X( JeosAls —e) < AsinA(e — 1)
For 1 < s <t < e, taking the derivative of Gz(t,s) with respect to s, similar to the
discussion above, %(;’S) is monotonically decreasing with respect to s on [1,¢]. Since

Mgif’l) =0, Ga(t, s) is decreasing with respect to s on [1,t], namely,

cos A(e — t)
< — AT
GQ(tﬂ S) = GQ(t71) ASinA(e_ 1)
Hence,
cos A(e — t)
< < —m—
Ga(s,5) < Galt5) < AsinA(e — 1)’

which completes the proof.c
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3. Existence

For convenience, in this part, let us remember the Banach space E = C[1, ¢] is a contin-
uous real-valued functions defined on [1, e] endowed with the norm ||z || := maxc[y o |2(t)].

Theorem 3.1. Assume that f : [1,¢] x R x R — R" is continuous. In addition, f
satisfies the following assumptions:
(H1) there exists two positive constants £1, Ly > 0 such that

|f(t,z,u) — f(ty,v)| < Ly]x —y| + La|u — v],¥V x,y,u,v € E,t € [1,€].
Then the Hadamard—type fractional differential equation (1.1) has a unique solution, if
1)
(F(a) +[’2))\sm)\(e 1) <L

Proof. First, we let C' = sup,c; o f(¢,0,0). Define the operator

:Afcﬂts /‘GlsT u(s))ds.

Now we show that T : B, — B, and T is a contraction map, where B, = {u € E : |ul]| < r}
with r > - Cr@)(e=1)

Al (a) sin A(e—1)—(L1+L2(a))(e—1) *

On one hand, for any u € B,, from Lemma 2.4 and (H1), we have

[Ta0l = | [ GaltofGe, [ Gals.ryun) T uts)yas]

< /16 Gg(t,s)[|f(s,/16 Gl(s,T)u(T)gm(s)) — f(s,0,0)| + Clds
<l + Ll +€1 [ Galt )i

< [(Ff ) + Lo)|lull + C]ﬁ(l)

< 7

which means that T(B,) C B,.
On the other hand, for any u,v € F, we have

nm@—nmuzu/lws /GNT )& /GNT

< / Gs(t, s) ,Cl/ G1(s,7)|u(t) — v(r )|7+£2|u(s)—v(s)|)ds

(HYwMuﬂ/GﬂQ

£1 e—1
< L
< o ) 5mae -
which implies that T is a contraction map.
Therefore, by the Banach’s contraction mapping principle, it follows that the operator
T has a unique fixed point, which is the unique solution for the problem (2.1), i.e., the
problem (1.1) has the unique solution.c

[l — o],

Let
P={ueC[l,e]:u(t) >0},

v(s))ds|
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and
Py={ueP:l<u(t) <L}
Obviously, Py is a subset of P and P C F.

Theorem 3.2. Suppose that f : [1,e¢] x Rt x Rt — RT is continuous. In addition,
f satisfies the following assumptions:

(H2) There exist a constant v € (0,1) and two functions hy, hey € P with hy,he # 0 on
any subinterval of (1,e), such that

hi(t)(u+v)Y < f(t,u,v) < ho(t)(u+v)7, (u,v) € [0,00) x [0,00),t € [1,€].

Then the Hadamard-type fractional differential equation (1.1) has at least one positive
solution.

Proof. Defined as the operator in Theorem 3.1, from the above discussion, we can see
that the solution of equation (1.1) can be equivalent to the fixed point of the operator
Tu=uon P.

By Lemma 2.4, for any u € Py, we get

I[(Ins)® d L(ns)*~! L
(3:-1) a(a — T / Gils: )T = =30y S Ty

From (3.1) and (H2), we have

dr

b ()17 < £(s /Glm u(r) u(s)) < ha(s) 7 (14 ).

I(a)

Let
_ [ _ (04 T(@)” ‘
M, —/1 Ga(s,s)h1(s)ds, My = (F(oz))’b\sin)\(e—l)/l ha(s)ds.

Therefore, combining Lemma 2.4, we have

Tut) > I /ng(t,s)hl(s)ds

€

> l”/ Ga(s, 8)h1(s)ds
1

= Mll’ya

and

1

L (1 + @)7 /1e Ga(t, s)ha(s)ds

-
(14 1) e
—————~2— | hs(s)ds
AsinA(e—1) J;

= MyL".

~
£
=
IN

Next, we shall choose a suitable L > 0 such that T : Py — FPy. In order to get this, we
only need to choose 0 < | < L such that M;lY > [ and MsL" < L. In fact, take | = %
and then it follows from M; > 0 and 0 < v < 1 that there exists a sufficiently large L > 1
such that ML= > 1 and MoLY~1 < 1.
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Thus, from Schauder’s fixed point theorem, T" has a fixed point u € Py, and hence, the
Hadamard-type fractional differential equation (1.1) has at least one positive solution:

x(t) = /1e Gl(t,s)u(s)%.

Therefore, the Theorem 3.2 is proved.o

When f(t,u,v) is singular at v = 0 and v = 0, in order to obtain the existence and
uniqueness of the solution of Equation (1.1), we first consider the following equation:

{ u” () + N2u(t) = f(¢, ff Gl(t,s)u(s)% + %,u(t) + %), te(l,e),
u'(1) =u'(e) =0,

where n € N* with n > 2. Assume that f : [1,¢] x (0,00)? — [0, 00) is continuous, similar
to the discussion in the previous section, u is a solution to Equation (3.2) if and only if u
is a solution to the following integral equation:

(3.2)

ut) = [ Galt.s)Gs, [ Gilsmuln) T+ Luls) + s
1 1 T mn n
Theorem 3.3. Assume that:
(H3) f(t,u,v) = @(t,u,v) + P(t,u,v), where ¢ : [1, €] x [0,+00) x [0,+00) — [0, +00),
P i [1,€] x (0,400) x (0,400) — [0,400) are continuous, and ¢(¢,u,v) is non-decreasing
and (¢, u,v) is nonincreasing in w, v > 0 respectively.
(H4) there exists 0 < o < 3 such that, for u,v > 0 and any ¢ € (0,1),

©(t, cu, cv) > o(t,u,v), ¥t ¢ tu, e o) > Pt u,v).
Then the Hadamard-type fractional differential equation (1.1) has a unique positive solu-
tion z*, and there exists a constant 0 < M < 1 such that

1
Mcos e —t) <z*(t) < Mcos)\(e —1).

Moreover, for any initial ug, vg € Py, we can construct successively two sequences by

uy = /1 Ga(t, s) {tp(s’/le Gl(s,f)un_l(r)d:,un_l(s))w(s,/le GI(S,T)UH_I(T)dTT,vn_l(s))}ds,n: 1,2, ...,

¢ ¢ dr ¢ dr
vn:/ Ga(t, s) {g@(s,/ Gl(s,T)un,l(T)?vn,l(s))w(s,/ Gl(s,T)un,l(T)77un,l(s))}ds,n:1727...,
1 1 1
and the iterative sequences uy(t), vn(t) converge uniformly to —D¢, x*(t) on [1,e] as
n — oo, i.e.,
up, = =D 2™, v, = —Diz" as n— .

Remark 3.4. By (H4), for ¢ > 1, and w,v > 0, one has
o(t, cu, cv) < o(t,u,v), Yt ¢ tu, e tv) < Pt u,v).

In order to prove Theorem 3.3, we first give the necessary definition and Lemma.

Definition 3.5.[28] Assume P to be a normal cone of a Banach space E, T : Px P — P
is said to be mixed monotone if T'(x, y) is non-decreasing in x and non-increasing in y, i.e.,
21 < o (21,22 € P) implies T(x1,y) < T(xo,y) for any y € P, and y; < y2 (y1,y2 € P)
implies T'(x,y1) > T(z,y2) for any € P. The element z* € P is called a fixed point of
Tif T(z*,z*) = ™.
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Lemma 3.6.[28] Let P be a normal, solid cone of Banach space E, and T : Py — Py be
a mixed monotone operator. Suppose that there exists 0 < ¢ < 1 such that

(3.3) T(cx,c y) > T (x,y), z,y € Pp,0<c<1.

Then the operator 7" has a unique fixed point z* € Py. Moreover, for any initial z,
Yo € Py, by constructing successively the sequences
Tn :T(‘rnflaynfl); Yn :T(ynflaxnfl)vn: 1723"'3

we have ||z, — z*| — 0 and ||y, — 2*|| = 0 as n — +o0.

Proof of Theorem 3.3. Let
- 1
Py={u€E:McosAle—t) <u(t) < Mcos/\(e —t), M € (0,1)},

where M < min{1, L1, Lo},

J7 (la(cos A(e — s) + 1)]"M ~¢(s,1,1) + (Mb) =7 (Ins) =274 (s,1,1) ) ds . —
L= ( ( Asin A(e — 1) ) ) ’

L, — / M [a(cos Ale — s) + 1))~ Ga(s, s)1b(s, 1, 1)ds,
1

in which
Ny N,

m, 1},b= min{m7 1},

a = max{

and
d’T

€ d €
N, = / In7(1 —In7)* 2cos e — 7)—, Ny = / cos\e —7)—
1 T 1 T

then Py is a normal and solid cone of the Banach space E.
To establish the uniqueness of positive solution to problem (1.1), we define an operator
TZPOXPO—>P0by

T, 0)0) = [ Gatt.s)[o(o, [ Galsimutn) Tt o)+ ts, [ Galom)oln) Tt wlo) )]s
Firstly, we prove that T : Py x Py — Py. In fact, for u € }50, similar to (3.1), we have
MN1 lns dT No(Ins)*—t Ny
3.4 Gq( < < .
(34) / 18T S —Hmey T S M)

Let f(s) =Ins— cos)\(e —3),s €[1,e] and then

F/(s) =+~ AsinAe —5) = g(s),

which g(s) =1 — Assin (e — s). Since 0 < A < (171), we have g(s) > 0, which means

that f’(s) > 0. Therefore, f(s) is increasing on [1, €], which means that f(s) < f(e) =
This implies that Ins < cos A(e — s), i.e., (Ins)? < cos? A(e — s) for s € [1,¢].
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From (H3)-(H4) and Remark 3.4, for any u,v € Py, we have

IN

ols, [ Grlo )T 4 )+ ) Sl R 1 eosAe - s) 4 1)

No(Ins)o~!
['(«)

a’ M~ (s, (Ins)* 1 4+ 1,cos \(e — 5) + 1)

a”M~%p(s,Ins+ 1,cos A(e — s) + 1)

[a(cos A(e — )+ 1)] M~ 7p(s,1,1),

IN

M=%p(s, +1,cosA(e —s)+1)

IAIACIA

and
‘ T a—1
vis. [ Grts i T+ ol + 3) “S’W}(if)
MNl(lns)""l
T
Ni(lns)*

I(a)

1 1
+ —,McosA(e—s)+ —)
n n

IN

IN

, M cos (e — s))

IA

M™79(s,

(Mb)™ (s, (Ins)* ", cos A(e — s))
(Mb)~%9(s, ( ) cos? Me — )
(Mb)~7 (In s)"274(s,1,1).

,cos A(e — s))

Ins
Ins

INIA A

Consequently, Lemma 2.4 yield

T(u,v) = /e Gs(t, s) / G1(s,7) 1 ,u(s) + %) + (s, /16 Gl(s7T)v(T)d—: + %,v(s) + %)}ds
M/l ([ (cosA(e — s) + 1)) M~ “(p(s,l,l)+(Mb)_"(lns)_g"w(s,l,1))ds

IN

1
2 €0 Ae—t).
On the other hand,

e a—1
(8,/1 Gl(SJ)U(T)Ci_l-i-%w(S)—&-l) > w(s,m—&-l,iws)\(e—s)—f—%)

n’ = MT () n’ M
> MUIXJ(S,]VQ(II_‘IESR)QI+1,COS>\(GS)+1)
> M%a %(s,(Ins)* * +1,cos \e — s) + 1)
> M°%a (s, Ins+1,cos (e —s)+1)
> MPfa(cos (e —s)+ 1) 7Y(s,1,1).

Applying Lemma 2.4, we also have

T) = [ Galtoo)[ols, [ Gils T ulo)) + v6s, [ Gas.ryon) T

/16 Gl s (s, /1 Gl(s,T)U(T)d{,v(s))ds

cos (e —t) /1e M?[a(cos A(e — s) + 1)] 77 Ga(s, s)1(s,1,1)ds

,v(s))} ds

v

v

V

M cos A(e —t).
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Hence,T:]—f’Oxﬁ’o—>l50. N ~ ~
Next, we s}}all show that T : Py x Py — Py is a mixed monotone operator. In fact, for
any ui,us € Py with u; < ug, from the monotonicity of ff Gi(s, T)u(T )dT and ¢, we have

ula )
= [ Galta)ets [ Grsmiam T+ Sl 4 )+ 0l [ Grls o) T4 u(s) + )]s
¢ d 1 1 dr 1 1
< [ Ga)ets. [ Grtomuam) T+ Ll + 1)+ 0t /lGl<s,T> o)+~ o(s) + —)|ds
= T(ug,v),
which implies that
(3.5) T(uy,v) < T(ug,v), for u; < ug,

that is, T'(u,v) is non-decreasing in u for any v € Py. Similar to (3.5), if vy, vy € Py with
v1 > vg, the following formula is also valid

T (w,v1)(t) > T(u,v2)(t),u € Py.

Hence, T : Py x Py — Py is a mixed monotone operator.
Finally, we prove that the operator T satisfies the condition (3.3). In fact, for any u,
v € Pyand 0 < ¢ < 1, it follows from (H4) that

T(cu, ¢ o)(t) = / Ga(t, s)|e(s C/ Gi(s, m)u(r)— +% cu(s) + %)

v

+(s, c” /1 G1(s,T)v(r )az_—T + %,cilv(s) + %)}ds
/e Ga(t, s)c” [cp(s, )
1 . 1
+0(s, [ Galsym)uln) o)+ )] ds
= 00/16G2(t8 /G1ST d7+%u(s)+%)

+1(s, /16 G1(S,T)’U(T)d? + E’U(S) + %)}ds
= T(u,v)(t),t €[l,e].

From Lemma 3.6, we can see that the Hadamard-type fractional differential equation
(2.1) has a unique positive solution u* such that 7T'(u*,u*) = u*. Consequently, problem
(1.1) has a unique positive solution z* € Py, i.e. z*(t) = [ G1(t,s)u(s)%

positive solution of BVP (1.1), and

/ Gi(s,T)u(t)— + . u(s) + l)

is the unique

1
McosA(e—t) <a*(t) < Mcos)\(e —1).

Moreover, for any initial ug, vy € ]50, we can construct successively two sequences {u,, }
and {v,} by
Up = T(Up—1,9n-1);, Vn=T(Vn-1,Up-1),n=1,2,..,
and the iterative sequence u,(t), v, (t) converges uniformly to u* on [1,¢e] as n — oo, i.e.,

Up, = =D (1), v = =D 2™ (t) as n — oo.
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Therefore, the Theorem 3.3 is proved. ¢

4. Stability

In this section, we consider the Ulam-Hyers-Rassias stability of the solution of equation
(1.1). We first give the definition of stability:

Definition 4.1. Equation (1.1) is said to be Ulam-Hyers-Rassias stable with respect to
U € F if there exists a nonzero positive real number A such that, for every ¢ > 0 and each
solution y € E of the inequality

(41)  [(Dey(®)” + NDy(t) + f(ty(t), —Divy())] < e¥(t), t € [1,e],
there exists a solution z(t) of problem (1.1) such that

|z(t) — y()] < AT (), t € [0,1].

Theorem 4.2. Assume that f : [1,€] x R x R — R™T is continuous and (H1) holds, then
the problem (1.1) is Ulam-Hyers-Rassias stable if (% + Ez)ﬁé_l) < 1.
Proof. Let y € C[1,¢] be the solution of the inequality (4.1), then

(DT y(1)” + N°Diy(t) + f(t (1), ~Diey(t))| < e¥(t), t € [1,e].
Let —D¢,y(t) = v(t) and then similar to the discussion of x, we get that, for ¢ > 0,

lv(t) — /16 Go(t, s)f(s,/e Gl(s,T)v(T)Ci_—T,v(s))d5| <e¥(t), tellel

1

Hence, the stability of the solution of equation (1.1) can be equivalent to the stability of
equation (2.1).
According to the discussion of Theorem 3.1, the problem (2.1) has a solution wu(t)

satisfying . e
t) :/1 Gg(t,s)f(s,/l Gl(SaT)u(T)d7T7u(s))dS

Then for t € [1,e], we have from Lemma 2.4 that

)=o) = po(t) - [ Galt,)Gs, [ Galoshu(n) T uls)yas

< —/leGg(t,s)f(s,/e Gl(s,T)v(T)d—T,U(S))ds|
N / Galt,9) (165, [ Grls ) T uls) = S, [ Gt m)oln) T ofo)) s
< / Ga(t,s) £1/ G1(s,T) —o(r ))d% + L1|u(s) — v(s)])ds
< E\Il(t)+(F( ] UH/ Ga(t, s)
< 5\If(t)+(£+£ ¢ [l — vl

() Q)AsinA(e 1)
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which yields
€
[vo(t) —u(t)] < ve — U(t) =AV(t), t €[1,€].
L- (Tcly) + L) ,\sin,\(leq)
Therefore, the problem (2.1) is Ulam-Hyers-Rassias stable, which implies that the solution
of equation (1.1) is Ulam-Hyers-Rassias stable.c

5. Examples
In this section, we will give two examples to illustrate the existence and uniqueness of

the solution of the fractional equation.

Example 5.1. Considering the following equation:

(~D}, (1)) — fxDfa(t) = ta + |~ DIx(t))}, t € [Le],

2(1) = /(1) = 2/(e) = 0, D2, 2(1) = D2, z(e) = 0.

Let f(t,z(t),—Dx(t)) = t(x + | — D3x(t))2 and v = 3. Taking hi(t) = 1, ho(t) = e,
then
(ut0)? < f(t,u,0) < efu+v)%,

which means (H2) is hold. Let @ = 2 and A = 2=, then

Gi(ts) = 1 (lnt)%(l—lns)%—(lnt—lns)%, 1<s<t<e,
e - T(3) (Int)2(1 —Ins)z, 1<t<s<e,
and
Golt, s) = 2e cos 5o (1 —t)cos 5o (s —e) +sing-(e — 1)sing_(t — 5), 1 <s <t <e,
20 ~ wsing(e—1) cos 5o (1 —t) cos g-(s — e), 1<t<s<e.
In addition,
2e ¢ v ™
M = ——F —(1— — (s — e)ds ~ 2.46679963
1 7rsm2€(el)/ cos 26( s) cos 26(5 e)ds
and )
1 \2 7r s
My = (14 =) Tele = 1)(o_sin (e — 1)) 7 ~ 10.5179295.
2 +F(§) e(e )(26511126(6 ) 9

Let L = 38000, then M;L% > 1 and M>L~% > 1 is hold. Therefore, this example
satisfies the conditions of Theorem 3.2, so the equation has at least one positive solution.

Example 5.2. Considering the following Hadamard-type fractional differential equation:

(~Dia(®) — fDa(t) = tled (1) — (D a(0) ] + 173 a5 (1) — (D, a(t) 4], t € [Le],

2(1) = a/(1) = a/(¢) = 0, D, x(1) = D, x(e) = 0.
Let o(t, u,v) = t(us + v7), ¥(t, u,v) =t~ 2(u 54 B)anda—i,then

1

go(t,cu,cv):t(% 5 4ci %)zczt(u%Jﬂui): %go(tuv)
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and

Yt e tu, e to) = t_%(céu_é + c%v_%) > c%t_%(u_é +078) = c%w(t,u,v),

for any u,v > 0 and 0 < ¢ < 1. Clearly, v : [1,¢] x (0,+00)? — [0,+00) and ¢ : [1,¢] x

[0,

+00)? — [0, 4+00) are continuous. Moreover, ¢(t,u,v) is non-decreasing and v (t, u, v)

is nonincreasing in u,v > 0 respectively. Thus by Theorem 3.3, the fractional differential
equation has a unique positive solution x*, and there exists a constant 0 < M < 1 such
that

1
M cos %(e —t) <z*(t) < 27 €% %(eft).
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