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Abstract

In this paper, we introduce a class of s-elementary wavelets as
the basis functions and use them to present an operational compu-
tational method for solving nonlinear Fredholm and Volterra integral
equations. For presenting the methods, first, operational matrices
for the s-elementary wavelets are derived. Then, the s-elementary
wavelets bases along with these operational matrices are applied for
solving integral equations. Convergence analysis of the s- elementary
wavelets basis are investigated. To reveal the accuracy and efficiency
of the proposed method some numerical examples are included and
the obtained results are compared with some references.

Keywords: Wavelet sets; s-elementary wavelets; Integral equations; Opera-
tional matrix.

1 Introduction

The word wavelet was first introduced by Haar in 1909 and it was devel-
oped by Chui [5], Daubechies [9], Dai and Lu [8], Meyer[22], Fang and Wang
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[10] and Hernandez and Weiss [14]. A special type of wavelet that is called
s-elementary wavelet, first introduced by Dai and Larson [6] also, Gabardo
and Yu [11] and Benedetto and Sumetkijakan [2], have come up with new
and different ways to build these wavelet sets.

In recent years, integral theory has attracted much more attention from
physicists and mathematicians. In fact there are many problems in physics,
mechanics, chemistry and biology that are in the form of partial differential
equations, linear and nonlinear integral equations. There are several meth-
ods for solving these types of equations as the polynomial approximation
[28], linear multistep methods [3], modified homotopy perturbation [12, 29],
wavelets [31], triangular functions [27], Newton—Kantorovich method [24]
and the Haar wavelet method and the higher order Haar wavelet method
[4, 15, 17, 18, 19, 20, 21, 23, 30].

In section 2, we will recall wavelets and introduce s-elementary wavelets and
using them to create a suitable wavelet basis for solution of integral equa-
tions.

Section 3 is devoted to introduce s-elementary wavelets operational matrices
and how to find its entries.

In section 4, we will analyse the convergence of s-elementary wavelets ap-
proximation series.

In the last section, we use of s-elementary wavelets for numerical solution of
Fredholm and Volterra integral equations and compare the results with the
previous methods.

2 Wavelet sets and bases

Assuming that the reader is familiar with the content of wavelet analysis. We
have provided the definitions and main content of this section from references

[6, 7, 14].

Definition 2.1. The function ¢ € L? (R) is called a 2-dilation wavelet, if
the set {@/ij}j mez 1s an orthonrmal basis for L? (R), here v, is defined by

i () = 2546207 — m).

Definition 2.2. Let {V;},_, be a sequence of closed subspaces of functions in
L? (R). The collection of spaces {Vj},ez is called a Multiresolution Analysis
(MRA) L?*(R) if the following conditions hold,

1. V; C Vi forall j € Z,

2. f(.) e V;iff f(2.) € Vj4y forall j € Z,

3. Njez Vi = {0} and U, Vj is dense in L*(R),

4. f()e Wiff f(.—n) e V| for all n € Z,



5. There exists a function ¢ € Vj, called the scaling function, such that
the family {¢(. —m); m € Z} is an orthonormal basis for Vj.

Definition 2.3. If f,g € L' (R) N L? (R) then the Fourier transform of f is
defined by f(§) = [~ f(x) e *"dz and the inverse Fourier transform of g

by g(x) = 57 J7, 9 (&) e dE.
Lemma 2.4. [14] Let ¢ be the scaling function of MRA and let ¢ be the

corresponding wavelet function. Then [4(€)|* = ;”:08 |@&(2j§)|2, a.e £ € R.

Definition 2.5. The measurable subset W' C R, with finite measure, is a
wavelet set for L? (R) if the inverse Fourier transform of 1) = yy be an
orthonrmal wavelet for L* (R).

Note. We are following Dai and Larson [6] and call this type of wavelets,
s-elementary wavelets. ( The prefix “s” is for “set”.)

Corollary 2.6. [10] Let W C R be a measurable set and ¢ = yy then 1 is
an orthonrmal wavelet if and only if {2/W; j € Z} and {W + 27m; m € Z}
are both partitions of R.

Example 2.7. In [13], it is proved that W, = [4n(c—1), 27(c—1)) U
(2mc, 4mc], where ¢ € (0, 1), is a 2—dilation wavelet set. For ¢ = 0.5,
Wos =[—2m, —m)U(m, 2x] is the Shannon wavelet set.

By Lemma 2.4, the scaling function for xy, is of the form xgq,, with
Qc = [2m(c — 1), 2mc|]. Now, we put:

. -+, x € [2n(c—1), 2nc],
cp(z) = van .
0, other wise.

(1)

k
Corollary 2.8. [16] If we define . ,,;. () := 5—2% ¢ @ (22 — 2mm) for k,m €

Z and c € (0, 1) where . ¢ is defined as in (1), then for fix k, the system
{cPmp i m € Z} is an orthonrmal basis for L*(R).

By Definition 2.5 the inverse Fourier transform of yy ., is an orthonormal
s-elementary wavelet. Now, we put:

() = {\/%777’ x € [dr(c—1), 2n(c— 1)) U (2mc, 4nc|,

0, other wise.
. koo
If we define .4, (z) := j—% ¥ (28z — 2mm) for k,m € Z and ¢ € (0, 1).

In [16], the authors showed for fix k, the system {C@/A)mk ;o mE Z} is an
orthonrmal basis for L?(R).



3 S-elementary wavelets operational matri-
ces

From now on, consider k£ as a fixed number unless it is mentioned as some-
thing else.

Let (C)\ifmk be the vector of s-elementary wavelets, so we put:
. . . . . a7
(c)q]mk = [c 77ZJ0ka cwlka c¢2ka sy c,lvbmk] . (2)

As a consequence of definition (2), we can obtain appropriate approximation
of functions in L?[0,1], if we choose k large enough. Also using large k’s
one can cover the interval [0, 1] with the union of supports of a),,.’s i. e.

V =U, supp (gf)lk> so that the measure of V'\[0, 1] be smaller than every
€ > 0. Then for f € L?[0,1], we have:

A

f = Z dzk c&ik = DT(C)\Dmk7 (3)
=0

where d;;, = <f, clﬂik>, DT = [dox, dig, .., dpmi] and (., .) is an inner product
on L?[0,1].

Lemma 3.1. [16] Let (c)\ifmk is the vector of s-elementary wavelets in (2).
The integration of its entries can be expanded as follows,

/0 OV, (D) dt = P ¥ (2), (4)

~

where the (m + 1) X (m + 1) matrix P = [¢p,;] is called the operational
matrix of s-elementary wavelets and its entries are:

ORI )
(C)ﬁij - </0 Bpi—l,k(t)dta cl/}j—l,k:>‘

For a = J, the (m+1) x (m+1) operational matrix of s-elementary wavelets

is as the following,
AT

(C>'P(m+1) -
a a(2c? —2c+2) 2a 2a 2a
2a(c — c?) a a(2¢? —2¢+2) 2a 2a
0 2a(c — c?) a a(2¢? —2¢+2) 2a
0 e 2a(c — c?) a a(2c® —2¢+2) 2a
0 0 e 0 2a(c — c?) a



For ¢ = 0.5 and m = 4, the above matrix takes the following form,

a 3 2a 2a 2a
¥ % a %a 2a 2a
(0.5>P(5) =10 5 a 3?(1 %a
00 35 a %
0 0 0 % a (5%5)
We put: .
P = lcPoks e Pk ¢ Poks oo c@mk]Ta (5)

similar to the description in the second paragraph at the beginning of this
section, for f € L?[0,1], we have:

J =~ Z hik e Pir = HT(C)&)mka (6)

i—0
where hi, = (f, ¢ Pu), HY = [hok, b, s o]

A

Lemma 3.2. [16] Let (@, is the vector of s-elementary wavelets in (5).
The integration of its entries can be expanded as follows,

A

/0 (@ (t) dt = (@ D), (7)

~

where the (m +1) X (m 4 1) matrix ) = [¢f;;] is called the operational
matrix of s-elementary wavelets and its entries are:

()
(Cgij = </ cPi1x(t)dt, c@j_1,k> -
0

We put a = g5, the (m + 1) x (m + 1) operational matrix of s-elementary
wavelets is as the following:

[a 2a --- 2a 2d]
0 a 2a --- 2a
Ak : , :
(C)Q(m+1) -
0O - . a 2a
o 0 - 0 al (m+1)x (m+1)
k
Lemma 3.3. Let E = [eg, €1, ..., em]" be a vector and w = 5—% Then we
have the following relationships:
5 -7 T
EY (@ @V = @y diag(WE), (8)

b}



1
. 1

w
. N T
ET @ 0@ =P  diagwE), (10)
1 1 .
/ o @)dr = (11 1T (11)
0 w
Proof. 1t is easy to prove it. O

4 Convergence analysis
Theorem 4.1. Let ZZO d;g czﬂik be the s-elementary wavelets series of f €
L?[0,1], then f,, = > dir, i, convergences to f as m — +oc.

Proof. By using relation (3), we have:

i = ([, ethuc). (12)

First we will show that the sequence of partial sums > .~ d; Ciﬂik, fm, is
a Cauchy sequence in the Hilbert space of L?0,1]. Let f, be an arbitrary
partial sums of Y .00 dig Yk, 1.€., frn = > oy dik ¢ Vi, also p > m, then we
get:

2

p
o = FollP = || D ik e i
i=m+1
p . p .
=< S di b, Y di c¢jk>
i=m+1 j=m+1

— Zp: zp: dird; <c"7[)ik:a cQ[}jk>

i=m+1 j=m+1

p

i=m+1
By Bessel’inequality, we have:

p 00
D ldal® <Y ldul* <[P < oo
=0

i=m+1

Thus, ||fm — pr2 — 0 as m,p — —+oo, that is, f,, is a Cauchy sequence,
hence f,, converges to some g € L?[0,1]. Finally we show that g = f. For k



large enough and by using relation (12) and property of continuity of inner

product, we get:
<9 -/ c'l[}zk> = <9, cdzk> - <f7 c'l[}zk>
= lim <fm7 ciﬁzk> —d

m——+00
= dix — di
= ()7

hence g = f and the proof is completed. O]

Note that, the above theorem is correct for ZSZO ik ¢ Pik-

5 Application of S-elementary wavelets for
solving integral equations

In this section, we present an operational method for solving a class of non-
linear Fredholm and Volterra integral equations by using the s-elementary
wavelets as an application of them.
If u is the exact solution of an integral equation, fix &£ and consider uj, =
Yoo dik c¢zk as the approximate solution. Then the experimental rate of
convergence, Ri(z), can be estimated as follows:
Uk () —u(z)
up () —u(z)
Remark. For different values of ¢, the error rate is not so significant. Table 2
shows changing ¢ will give better accuracy for some z values and less accuracy
for some other values. But in general, increasing the value of k, for a fixed
¢, increases the accurate.

Ry, () = log

, for k=1, 2 3,...

5.1 Numerical solution of Fredholm integral equations

Consider the following nonlinear Fredholm integral equation of the second

kind, 1 N
+ / K(t,s)>_ fils)u'(s)ds, N >1, (13)
0 1=0

where the functions f, f; € L?[0,1] and K (t,s) € L?([0,1] x [0, 1]) are given
functions, u(t) is unknown function and N is a positive integer. Note that in
Eq. (13), for N = 1 the equation is linear and otherwise nonlinear, which are
given in examples (5.1) and (5.2). Here, we suppose that K (¢, s) = ky(t)ka(s).
By Eq. (3) we get:

[ Fr o i Bl ol ko KT (0

mk’

7



A

kg ~ KQT(C)\iJmk, h~ HT(C)@ U= UT(C)\IJ (14)

mk’
By substitute Egs. (14) into (13) and by Eq. (8) we have:

U0, (1) = FT o, (1) + l
Lo ) ) )
Jy KT @00 (D 00, () 2% BT () (U (5 ) ()ds

=FT 0 (t)+
. A A A LT . I
Iy KT, (DKL P, (5) S B (¥, ()@, . (5) diag (w'=! U) Uds

=FT 0 (t)+
. . AT _ .
fol KlT(C)\Ifmk(t)KQT(C)\IJmk(s) Zf\io @V, (s) diag (wFy) diag (wl_l Ul_l) Uds

=FT 0 (t)+
fol K;‘F(C)\i/mk(t) Zl]\io (c)\i/:m(s) diag (wK3) diag (WF)) diag (wl_l Ul_l) Uds

_ FT(C)\@mj@(t) + ¥ (KT x
fol (Z?Lo (C)\I/mk(s) diag (wK>3) diag (wF;) diag (wl_l Ul_l) U) ds.

Now, by taking transpose on both sides of above equation, we get:

~T

~T ~T
@V OU = ¥, (OF + ¥ (8) K x

mk

(Zi\io UT diag (wK>) diag (wF)) diag (w'~' U'™Y) U) fol (C)\i/ (s)ds

mk

U=F + Kl X
(Zi\;o UT diag (wK>) diag (wF)) diag (w'~' U'™Y) U) fol (C)\ifmk(s)ds

U:F+K1X

N
1
(Z UT diag (WK,) diag (wF) diag (wl’1 Ulfl) U> ~ 1,1

w
=0

(15)

Eq. (15) is a system of nonlinear algebraic equations, with unknown vector
U. We solve this nonlinear system by the Newton method and obtain u as
U ~ UT(C)\Ifmk. Note that the above method can be stated by basis vector
(5

).



Example 5.1. Consider the following nonlinear Fredholm equation [24, 25],

u(t) = sin(nt) + %/0 cos(mt)sin(ms)u’(s)ds, (16)

the exact solution of this equation is u(t) = sin(mt) + 3(20 — V/391)cos(nt).
In Table 1, we compare our error approximations with the methods in [24, 25|
and in Table 2, we did it for different values of c¢. Fig. 1, (a) and (b) show the
comparisons between the approximate solutions and exact solutions, when
we used (C)Ci)mk and (C)\ifmk in our method, respectively.

Table 1: Absolute error comparison of the present method with the methods
in [24, 25] (Example: 5.1).

T [24] [25] New method by | New method by
N =16 0¥, lﬁ(x) 05, lﬁ(x)
0.1]4.74x1072|1.94 x 10~* 2.68 x 10~ 1.07 x 10~°
0.2 ]14.03x 1072 | 2.15 x 1072 2.12 x 10* 1.79 x 10~°
0.3 1293 x1072|5.63 x 1074 1.41 x 1074 1.81 x 107°
041]1.54x1072]1.26x 1073 6.05 x 107° 1.09 x 10~°
0.5 0 1.32 x 1073 1.85 x 107° 4.30 x 1076
06]1.54x1072]123x10°3 8.86 x 107° 2.61 x 107°
0.71293x1072]3.08x 107 1.43 x 1074 5.18 x 107°
0.8 14.03x107%2|1.39 x 1073 1.79 x 1074 7.79 x 107°
0.9 | 4.74 x 1072 | 4.96 x 107° 1.93 x 1074 1.001 x 10~*

Table 2: Absolute error comparison of the present method for different values

of ¢ (Example: 5.1).

X

C\Ijm,l()('r)
c=0.11

C‘Pm,lo(x)
c=0.99

c‘I)m,w(fU)
c=0.3

cq)m,l(](x)
c=0.8

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

9.52 x 1073
3.45 x 1073
6.58 x 1074
6.59 x 1073
5.75 x 1074
3.97 x 10~*
3.07 x 1073
3.48 x 1073
2.92 x 1073

3.54 x 1073
1.46 x 1073
4.06 x 1073
1.36 x 1073
2.99 x 107°
2.08 x 1073
5.21 x 1073
1.92 x 1073
3.39 x 1073

893 x 1073
2.99 x 1073
9.61 x 10~*
1.83 x 1073
8.95 x 1074
1.21 x 1074
3.51 x 1073
9.51 x 1073
2.29 x 1073

2.62 x 107°
1.03 x 1072
4.09 x 1073
4.82 x 1074
2.50 x 1074
3.83 x 1073
2.72 x 1073
1.31 x 1073
1.17 x 1072




0 0.1 02 03 04 05 06 07 08 09 1 [} 01 02 03 04 05 06 0T 08 09 1

(a) (b)

Figure 1: Comparison of the approximated solution (dashed red line) using

A

052, ¢ and ©5W¥ o with the exact solution (blue line) (Example: 5.1).

Example 5.2. Consider the following nonlinear Fredholm equation [1, 24],
1
u(t) + / e ud (s)ds = e, (17)
0

the exact solution of this equation is u(t) = e’. In Table 3, we compare our
error approximations with the methods in [1, 24| and in Table 4, we compute
the rate of convergence for some k. Fig 2, (a) and (b) show the comparisons

between the approximate solutions and exact solutions, when we used (@,

and (C)\i/m in our method, respectively.

k

5.2 Numerical solution for nonlinear Volterra integral
equations

Consider the following nonlinear Volterra integral equation of the second
kind,

u(t) = F(t) + /O K(ts) S fils)ul(s)ds, N> 1, (18)

where the functions f, f; € L?[0,1] and K(t,s) € L*([0,1] x [0,1]) are given
functions, u(t) is unknown function and N is a positive integer. Here, we
suppose that K(t,s) = ki(t)k2(s). The proof is the same as the proof before
Example 5.1, except that in the last equations according to the relation (4)
we have,

10



Table 3: Absolute error comparison of the present method with the methods

in [1, 24] (Example: 5.2).

T 1] [24] New method by | New method by

N =16 (0-3)\111',16(@ (0-3)(Di,16(x>
0.1]205x107%|4.31 x 10~* 8.77 x 107° 1.81 x 107°
0.2]3.30x%x 1073 |3.32x 1077 9.25 x 107° 242 x 107°
0.3]8.69x 1073 | 7.91 x 10~* 0.73 x 107° 3.21 x 107°
0411.69x107%2|292x 107* 1.02 x 104 4.09 x 1075
0.5] 1.87x 1072 ] 1.29 x 1073 1.06 x 104 5.12 x 107°
06| 1.17x 1072 | 7.11 x 10~* 1.11 x 1074 6.32 x 107°
0.71293x 1073 | 5.49 x 1077 1.15 x 10~* 771 x 107
0.8]8.08x 1073 | 1.30 x 1073 1.02 x 1074 9.33 x 107°
09216 x 1072 | 4.81 x 1074 1.23 x 1074 1.12 x 1074

0 0.2 0.4 (a) 0.6 0.8 1 0 0.2 0.4 (b) 0.6 0.8 1

Figure 2: Compfirison of the approximated solution (dashed red line) using
03P, o and @3W o with the exact solution (blue line) (Example: 5.2).

ka(S) diag (wK3) diag (wF;) diag (wlfl Xzf1> Yds
I = ~T
= PV, (0 + (fot K{ (c)‘I’mk(t)(c)‘I’mk(S)d8> x
<Zl]\i0 diag (wK>) diag (wF) diag (0™t X'71) X)
. R T -
= FT(C)\Ifmk(t) + (KlT @V (&)W, ()P (m+1)) «

11



Table 4: Rate of convergence for (Example: 5.2).

T Rg (35) R10 (93) R12(£L’) R14 (l‘) Rlﬁ (35)
0.1 | 1.0804 | 1.0191 | 1.0148 1 1
0.2 ] 1.0388 | 1.0073 | 0.9989 1 1
0.3 | 1.0256 | 1.0173 | 1.0007 1 1
0.4 | 1.0191 | 1.0089 | 1.0007 1 1
0.5 ] 1.0152 | 0.9997 | 1.0004 1 1
0.6 | 1.0135 | 0.9969 | 1.0027 1 1
0.7 ] 1.0102 | 1.0018 | 0.9996 1 1
0.8 | 1.0137 | 1.0023 | 1.0003 1 1
0.9 | 1.0163 | 1.0027 | 1.0002 1 1

(Zfio diag (wK>) diag (wF,) diag (W'™' X'71) X)

~T ~T ~T . ~T
@OV (DX = ¥, (O F + ((C)\Pmk(t) diag (K1) F (m+1>> X

]\i diag (WK5) diag (wF) diag (W' X'71) X
1=0

_ T
X =F+ (dzag (wK3) (C>P(m+1)> X

(Z diag (wK,) diag (wF) diag ('~ X'1) X), (19)

=0

Eq. (19) is a system of nonlinear algebraic equations, with unknown vector
U. We solve this nonlinear system by the Newton method and obtain u as
u~U T(C)\IJ Note that the above method can be stated by basis vector

(5).

Example 5.3. Consider the following nonlinear Volterra equation [24, 25],

mk*

t
t 1
u(t) — / u?(s)ds = sin(t) — 5t Zsm(Qt), (20)
0
the exact solution of this equation is u(t) = sin(t). In Table 5, we compare
our error approximations with the methods in [24, 25]. Fig. 3, (a) and (b)
show the comparisons between the approximate solutions and exact solu-

tions, when we used (C)i)m and W in our method, respectively.

k k

Example 5.4. Consider the following nonlinear Volterra equation [25, 26],

(21)

N | —

u(t) + /0 (UQ(S) + u(s)) ds = g _

12



Table 5: Absolute error comparison of the present method with the methods

in [24, 25] (Example: 5.3).

x [24] [25] New method by | New method by
N =16 0NV, 15(%) 0.1, 15(%)
0.1 ]333x107*|440x 107 | 4.73x107* 2.89 x 10~*
0.2]1.54%x1073|279%x10°%| 5.70 x 10~* 1.80 x 104
0.3 ] 6.65 x 1073 | 4.69 x 107* |  6.30 x 10~* 1.01 x 10~*
0.41]1.39 x 1072 | 7.69 x 1074 3.66 x 1074 3.39 x 10~
0.5]0.00x 1072 | 7.31 x 1074 6.04 x 1074 6.82 x 107°
0.6 | 4.70 x 1072 | 7.68 x 107 4.56 x 1074 1.76 x 1074
0.7]6.90 x 1072 | 1.84 x 1074 3.86 x 1074 2.00 x 10~
0.8]9.59 % 1072|648 x 107* | 5.13 x 1074 2.06 x 1075
0.9 ] 143 x 107! | 6.68 x 1074 | 2.75 x 10~* 2.01 x 1074

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)

Figure 3: Compgrison of the approximated solution (dashed red line) using
on®, o and nW o with the exact solution (blue line) (Example: 5.3).

the exact solution of this equation is u(t) = e*. In Table 6, we compare
our error approximations with the methods in [25, 26] and in Table 7, we
compute the rate of convergence for some k. Fig. 4, (a) and (b) show the
comparisons between the approximate solutions and exact solutions, when

we used (@ and W . in our method, respectively.

13



Table 6: Absolute error comparison of the present method with the methods

in [25, 26] (Example: 5.4).

x 26] [25] New method by | New method by
N =16 05¥,,14(7) 05%,,16(2)
0.1 1833x107*]233x10* 1.55 x 1074 6.84 x 107°
021375x107* | 1.28 x 107° 1.27 x 104 4.86 x 1075
0.3]1.11x1073 | 4.25 x 1074 1.05 x 104 3.42 x 107°
0.41]351x107%]3.64x 1077 8.87 x 107° 2.35 x 107°
0.5]5.80x107* | 1.19 x 10~* 7.36 x 107° 1.54 x 1075
06|1.32x107*| 797 x 1076 6.20 x 10~° 9.40 x 1076
0.7]4.95%x 107% | 2.41 x 1074 5.24 x 107° 4.79 x 1076
0.8 1.73x107% | 2.74 x 1075 4.44 x 107° 1.28 x 1076
0.9]3.68x107% | 2.56 x 10~% 3.76 x 107° 1.41 x 1076

0.9

0.8

0.7

0.6

0.5

0.4

0.3

Figure 4: Comparison of the approximated solution (dashed red line) using
052, ¢ and 5P o with the exact solution (blue line) (Example: 5.4).

6 Conclusion

In this paper we used s-elementary wavelets to solve Fredholm and Volterra
integral equations. By comparing tables and figures, one can see simplicity
and high accuracy of the presented basis. Also, we have a new and faster way

for calculations in solving the equations mentioned in mathematics, physics
and other fields.
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Table 7: Rate of convergence for (Example: 5.4).

T Rg (35) R10 (93) R12(£L’) R14 (l‘) Rlﬁ (35)
0.1 ]0.9418 | 0.9537 | 0.9731 1 1
0.2 | 0.8778 | 1.0091 | 0.9947 1 1
0.3 ] 0.9570 | 1.0083 | 0.9969 1 1
0.4 1 0.9710 | 0.9775 | 1.0018 1 1
0.5 ] 0.9791 | 0.9833 | 0.9986 1 1
0.6 | 0.9877 | 0.9959 | 0.9964 1 1
0.7 ] 1.0224 | 0.9968 | 0.9993 1 1
0.8 | 1.0206 | 0.9982 | 0.9937 1 1
0.9 | 1.0153 | 1.0038 | 1.0008 1 1
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