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ABSTRACT

Two dimensional (2D) images of light beams reflected off the objects in space impinge on the retinal
photoreceptors of our two laterally separated eyes. Nevertheless, we experience our visual percept as a
single 3D entity—our visual world that we tend to identify with physical world. However, experiments
point to different geometries in these two worlds. Using the binocular system with the asymmetric
eyes (AEs), this article studies the global geometric aspects of visual space in the Riemannian
geometry framework. The constant-depth curves in the horizontal field of binocular fixations consist
of families of arcs of ellipses or hyperbolas depending on the AE parameters and the eyes’ fixation
point. For a single set of AE’s parameters, there is a unique symmetric fixation at the abathic
distance such that the constant-depth conics are straight frontal lines. Critically, the distribution of
the constant-depth lines is independent of such fixations. In these cases, a two-parameter family
of the Riemann metrics is proposed based on the retinal topography and simulated constant-depth
lines. The obtained geodesics for a subset of metric parameters include the incomplete geodesics
that give finite distances to the horizon. The Gaussian curvature of the phenomenal horizontal field
is analyzed for all the metric parameters. The sign of the curvature can be inferred from the global
behavior of the constant-depth ellipses and hyperbolas only when for the metric parameters for which
the constant-depth frontal lines at the abathic distance fixations are geodesics.

Keywords Binocular correspondence, asymmetric model eye, iso-disparity conics, visual space, Riemannian geometry,
metric tensor, incomplete geodesics, Ermakov-Pinney differential equations, curvature

1 Introduction

Our two laterally separated eyes’ retinal photoreceptors receive slightly different 2D projections of photons reflected off
objects located in physical space. The brain’s immense number of neurons process these proximal stimuli to enhance
our spatial vision with depth, shape, and sensation of being immersed in the 3D environment. How is this feat achieved?
To this end, two unique small retinal areas, each in a different eye, share a common subjective visual direction when
separately stimulated. These retinal areas are called corresponding retinal elements determined by the nonius paradigm.
We consider each pair of the binocular correspondence as having zero disparity. For a given binocular fixation, the
horopter is the locus of points in space such that each point on the horopter projects to a pair of corresponding retinal
elements. Thus, it is the distal stimuli curve of zero-disparity.

Further, a small object located away from the horopter has nonzero disparity and, in general, is perceived as two objects.
However, the brain fuses its disparate images into a single percept for an object close to the horopter. Then the extracted
disparity is used by the brain to create our sense of depth relative to the horopter. Even the objects located farther from
the horopter, which leads to double vision, convey the sense of depth [41]].
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More essentially, the brain uses the difference in the horizontal disparity between two spatial points to sense the
relative depth and, hence, our perception of objects’ shapes and their locations in 3D space [[61], that is, stereopsis
and visual space geometry. Thus, stereopsis is supported mainly by the horizontal retinal correspondence and, hence,
the longitudinal horopter because of the lateral separation of eyes. The outcome of the above outlined physiological
processes is the beholder’s three-dimensional visual experience combined with other perceptual modalities and
transcended by higher cognitive processing.

Although the study of visual space has had a long history, see [20] for a review, the geometric relationship between
visual space and stimuli-containing physical space remains unresolved. The main reason is that the spatial relations in
phenomenal space, such as depth and size, are, in general, task-dependent and influenced by contextual factors, our
memory, learning, and even expectations. However, the binocular disparity, which is one of many potential cues to
depth used by the brain, provides the most compelling depth cue sufficient for stereopsis with no explicit recognition
of a scene’s geometric forms [28]]. This perception based on binocular disparity alone, referred to as the Cyclopean
perception, is unaffected by other factors.

This article concerns our phenomenal geometry based on the binocular disparity before the involvement of psychological
processes. To this end, with the help of the geometric theory of the binocular system with the asymmetric eye (AE)
model developed in 53 154], I investigate here the global aspects of spatial perception based on the relative disparity in
the framework of Riemannian geometry. The appendix introduces the most basic concepts of Riemannian geometry in
one global chart that is imposed in this study by a stationary, upright head. For the alternative line of research in visual
perception, namely psychophysics, please refer to a review in [45]].

The horopteric conics constructed and simulated in [54], that reliably model the empirical horopters with their geometry
fully integrated with eyes movement, are extended here to the families of iso-disparity conics. These families provide
numerical values of relative disparity (and hence stereopsis) for a stationary, upright head with the eyes converging on
the points of the horizontal binocular field of fixations.

For almost all bifoveal fixations on points of the horizontal binocular field, the iso-disparity curves consist of either a
family of hyperbolas or ellipses, depending on both the AE’ two parameters: the fovea displacement from the posterior
pole and the crystalline lens tilt relative to the cornea, and the location of the point of fixation. For every pair of
parameters of the AE, a unique symmetric fixation furnishes the family of iso-disparity frontal straight lines. This
fixation is said to be at the abathic distance and is called the resting eyes posture. The critical fact used in modeling the
phenomenal Riemann metric is that the distribution of iso-disparity lines does not depend on the abathic distance.

However, to model perceived relative depth from the iso-disparity conics, their analysis should be combined with the
fundamental aspects of the architecture of the human visual system. Still, there is no theory based on first principles
reflecting this architecture that can describe how relative depth varies with disparity and distance. Consequently, the
analysis of the simulated iso-disparity frontal lines and the retinal photoreceptors’ topography led us to two postulates:
(1) a one-parameter model of the perceived relative depth and (2) a one-parameter model of the relative width. These
two postulates define a two-parameter family of Riemann metric tensors in the horizontal plane of binocular fixations.

In the Riemannian geometry framework, the direct solutions of the geodesics differential equations are obtained for a
subset of the metric tensor parameters when the iso-disparity lines are geodesics. Further, the two-parameter family
of metric tensors is transformed into the one-parameter family of conformally equivalent metric tensors. Then, the
geodesics’ differential equations become the Ermakov-Pinney equations and are solved explicitly. In all cases mentioned
above, the curvature is zero and, therefore, a two-dimensional visual space is flat. However, almost all geodesics are
incomplete in the Cyclopean gaze direction, each giving a finite distance to the horizon. Finally, the solution of geodesic
differential equations is obtained for one case of parameters that gives the negative Gaussian curvature of the hyperbolic
half-plane model. However, in this case, the horizon is infinitely away.

The consequences of the results obtained in the Riemannian geometry framework on modeling global aspects of spatial
perception based on simulated iso-disparity conics are discussed in the last section. The iso-disparity conics are obtained
by extending the geometric theory of the horopters resembling the empirical horopters developed in [54]. This reference,
together with [52f] finally resolved the horopter controversy that has been prevalent ever since the modern history of the
horopter started by Aguilonius in his Six Books of Optics published in 1613. This controversy is discussed in Appendix
13

2 Resting Eyes Posture and Retinal Correspondence

Binocular vision space is organized through corresponding points. The correspondence of retinal elements as described
in the first section, forms the basis of the nonius paradigm for a direct determination of the corresponding retinal
elements [40, 48]]. All other methods, as reviewed in [[56,157]], are indirect and less reliable.
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The retinal correspondence cannot be readily measured [57] as well as it cannot be directly obtained from geometrical
models. The main reason is the beholder eye’s asymmetry: the corresponding points are compressed in the temporal
retinae relative to those in the nasal retinae [23,49].

This situation changed when the geometric theory of the binocular system with the asymmetric eyes (AEs) was
developed in [53}154], which advanced Ogle’s classic theory of 1932 [39]. Ogle’s theory introduced the horopters in
an ad-hock way as conic sections with free parameters. They were also incorrectly passing through the eyes’ rotation
centers rather than the nodal points. In contrast, the horopteric conics in [54] are rigorously constructed in the binocular
system with the AEs and correctly pass through the nodal points. Crucially, their geometry is integrated with the eyes’
movement in the binocular field of horizontal fixations.

The AE model is comprised of the fovea’s displacement from the posterior pole by angle o = 5.2° and the crystalline
lens’ tilt by angle 3. Angle « is relatively stable in the human population and angle 3 varies between —0.4° and 4.7°,
cf. the discussion in [53]]. The angles v and 3 are depicted in Figure[I] In the human eye, the fovea’s displacement
from the posterior pole (located at the point where the optical axis intersects the retina in Figure[I]) and the cornea’s
asphericity contribute to optical aberrations that the lens’ tilt then partially compensates for [2].

The geometric theory of the binocular system with AEs fully specifies the retinal correspondence asymmetry in terms
of AE’s parameters and the point of fixation. It was demonstrated in simulations of horopteric conics [54]] starting from
the resting eyes posture shown in Figure[T}
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Figure 1: The linear horopter passing through the fixation F, at the abathic distance d, = |OF,|. In this eyes’ posture,
the image planes, which are parallel to the lenses’ equatorial planes, are coplanar. The point F}, projects through the
nodal points N, and N; to the foveae f,. and f; while the point Q on the horopter projects to the retinal corresponding
points ¢, and ¢; and to points @,- and ; in the image plane. The subtense o, at Fy, is given by 2(« — 3) [54].

The resting eyes posture, or just the resting eyes, refers to the AEs fixating at the abathic distance. The image plane
in the AE model is parallel to the lens’s equatorial plane and is passing through the eye’s rotation center. Figure|[l]
shows the eyes’ posture in which the image planes are coplanar, and the horopter is a straight frontal line passing
through the fixation point at the abathic distance. This distance numerically corresponds to the eyes’ resting vergence
posture [27], which explains the name used. Notably, because the eye muscles’ natural tonus resting position serves as
a zero-reference level for convergence effort, [[14]], this posture is identified in [54] with the eyes’ binocular primary
position used in oculomotor research without its precise definition.

I recall that the distribution of the retinal corresponding points g,., q; is asymmetrical with respect to the foveae f,. and
and f; such that |¢, f,-| # |qifil, see Figure It is demonstrated in [54], that the distribution of these corresponding
points projected into the image planes of each AE, Q.., Q;, satisfy |Q,.O.,.| = |@Q;0,| where O,. and O, are projected
foveae f, and f;, respectively. It is proved in [54] that this symmetry on the image plane is preserved for all other
fixations. Thus, unknown (asymmetric) retinal correspondence can be entirely formulated on the image plane of the AE
in terms of the asymmetry parameters.

The abathic distance d, = |OFy| to the fixation point F}, in the eyes’ resting vergence posture was obtained in [54] as
follows:
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acos(a — ) + 0.6 sin « ]
sin(a — ) ’ M

where 2a = 6.5 cm is the ocular separation and 0.6 cm is the distance of the nodal point from the eyeball’s rotation
center.

de =

3 Simulation of Iso-Disparity Curves

For an observer with a stationary, upright head and binocular fixations in the horizontal plane, the coordinate system
consists of the y-axis passing through the eyes’ rotation centers and the head z-axis formed by the intersection of the

midsagittal plane with the horizontal visual plane. The z-axis points up for the right-handed coordinate system, which
determines the angle’s sign in Figure[d]

The iso-disparity points are first specified on the image planes of the AEs when the eyes are in the resting posture
shown in Figure[T} Referring to this figure, points (), and @Q; that are on the same side of the respective centers O, and
O; and of the same distance are covering the non-uniformly distributed corresponding retinal elements ¢, and ¢;. The
corresponding points back-projected through the nodal points to physical space give the point () on the horopter line.

The iso-disparity lines in physical space are constructed in the eyes’ resting posture as follows. The points @, + &g
and @Q); on the y-coordinate line, when back-projected, gives the crossed point on the dp-disparity line. Similarly, the
points @, — &g and @;, when back-projected, give the uncrossed point on the —§y-disparity line. The simulations of the
iso-disparity conics of a constant relative disparity are carried out in GeoGebra. Please, refer to [54] for the details of
the geometric constructions of the hyperbolic conics shown in this section figures.

The iso-disparity lines for the eyes fixating at the two different values of the abathic distance d,, are shown in Figure 2}
(a) dy, = 40.2 cm and (b) d, = 99.61 cm. The horopters are shown in red lines. This figure demonstrates invariance of
the iso-disparity distribution for the given relative disparity §o = 0.00355 cm: the spacing is a function of the relative

disparity and the egocentric distance but is independent of the AE’s parameters that define the eyes’ resting posture at
the abathic distance d,,.
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Figure 2: The iso-disparity lines for the eyes’ resting posture with the abathic distance given in (1) for the respective
AE lens tilt 5: (a) the abathic distance is d, = 40.2 cm for 5 = 0.5°. (b) the abathic distance is d, = 99.61 c¢cm for
B = 3.3°. Shown in blue are the lines in the opposite eye fixation matching the horopter red lines. This demonstrate the

invariance of the iso-disparity lines” distribution. The subtense angles at F, (shown in red color) are o = 2(« — ) for
the corresponding values of § and o = 5.2°.

Figure 3]and Figure [ show how the iso-disparity lines for the two binocular systems, one with the abathic distances of
dg = 40.2 cm and the other with the abathic distance of d, = 157.75 cm, are transformed when each fixation changes
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to fixations at the same distance of d, = 99.61 cm. Figure [3|shows the iso-disparity hyperbolas in panel (a) and the
iso-disparity ellipses in panel (c) for the new symmetric fixations. They are compared in panel (b) to the iso-disparity
lines for fixation at the abathic distance d, = 99.61 cm. Their asymmetrical fixations of the same distance along the
Cyclopean rays are shown in Figure[d] The direction of the Cyclopean ray specifies the orientation of the horopteric
conics [54] and, therefore, the orientations of the iso-disparity conics for a given fixation.
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Figure 3: The iso-disparity conics for the three binocular systems with AEs fixating symmetrically at d = 99.61 cm: (a)
the system with the abathic distances of d, = 40.2 cm. (b) the system with the abathic distance d, = 99.61 cm. (c) the
system with the abathic distances of d, = 157.75 cm.

Figure 4: The iso-disparity conics for two asymmetric fixations: (a) Iso-disparity hyperbolas when the AEs with the
abathic distance d, = 40.2 cm fixate at 16° of azimuthal angle and 99.61 cm away along the Cyclopean direction. (b)
Iso-disparity ellipses when the AEs of the abathic distance d, = 157.75 c¢m fixate at —30° of azimuthal angle and 99.61
cm away along the Cyclopean direction. The Cyclopean direction very well approximates the conic orientation [54].

4 Numerical Analysis of Iso-disparity lines for Resting Eyes
From the simulations shown in Figure 2] for the disparity step of do = 0.00355 cm, I calculate the distance Az; and
midpoint z; between the consecutive iso-disparity lines to approximate how the depth of iso-disparity lines changes

with the distance from the head in the gaze’s direction. The points (z;, Az;) for different abathic distance eyes fixations
lie on the graph of a single quadratic function

Az(z,60) = 0.00089222 )
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shown in Figure 5]
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Figure 5: For the simulations shown in Figure|3| the points (z, Az) are plotted for three different abathic distance
fixations: d, = 40.2 cm (dots), d, = 99.61 cm (diamonds), and d, = 157.75 cm (crosses).

The data presented in Figure [5 specify more precisely the iso-disparity invariance of the abathic distance of the resting
eyes.

To investigate how the iso-disparity lines distribution depends on the disparity value, I compare simulated iso-disparity
lines for disparity difference 6y = 0.00355 cm with lines simulated for disparity § = (1/5)dy = 0.00071 cm, each for
the abathic distance d, = 99.61 cm. The result of these two simulations is shown in Figure 6]
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Figure 6: The is-disparity lines for d, = 99.61 cm with different disparity values; on the right, 69 = 0.00355 cm, while
on the left, § = 0.00071 cm.

We can see that each space between the neighboring iso-disparity lines for disparity §; = 0.00355, shown on the right
in Figure[6] is filled by an additional five iso-disparity lines for disparity § = 0.00071, shown on the left in Figure[6]
Thus, the relation

1
Az(z,0) = 0.0001782% = 50.000892227 (3)

can be predicted from the simulations and verified numerically. In fact, substituting d, = 99.61 cm for z in (3), we
obtain,
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Az(dg, ) 0.000178d% = 1.77 cm

1 1
= g0.000892d§ = 38,85 cm,

which agree with the simulations shown in Figure [6]

The above discussion of simulations demonstrate that for any z > 0, disparity , and A > 0,

Az(z,hd) = hAz(z,9),
and this relation can be scaled down to the value of the disparity imposed by the foveal distribution of photoreceptors.

I conclude that the interval between iso-disparity lines for the disparity difference § = hdy satisfies the relation,

AZ(Z7 h(s(]) 8.85
225 00— ho. 2=h——"_
> 0.00089 90617

where 8.85 cm is the distance between the horopter line and the —dy-disparity line when d, = 99.61 cm for 5 = 3.3°.

I choose the h value such that Az(d,, hdy) gives the depth resolution at the fovea where the cone-to-cone spacing is
about 2.7 x 10~% cm, which gives the corresponding spacing of 10~% cm on the image plane of the AE. Given that
8o = 0.00355 cm, we obtain h = 107%/3.55 x 1073 ~ 1/35. Thus, for h = 1/35,

Az(dg, héy) = h0.000892d2 = 2.5 x 10~ °d>. 4)

To simplify notation, I denote Az(z, (1/35)d0) by Az(z). Then, we obtain from (@): Az(d,) ~ 0.25 cm for d, = 99.61
and Az(d,) =~ 0.04 cm for d, = 40.2.

Remarkably, under ideal conditions, the best observers’ disparity thresholds are as low as 3 seconds of arc, representing
the detection of 0.01 mm at 25 cm [60]], which is about one order lower than predicted by ({@). It is an example of
hyperacuity when the acuity threshold is smaller than the diameter of the photoreceptor (cone) in the foveal center,
which should imply the best foveal resolution close to 1 minute of arc [11].

5 Metric Tensor for Resting Eyes: Inner Product, Angle and Length

The reader should recall that the coordinate system (y, z) in the field of binocular fixations B consists of the y-axis
passing through the eyes’ rotation centers and the head z-axis formed by the intersection of the midsagittal plane with
the horizontal plane passing through the fixation point and the eyes’ nodal points and rotation centers. The point (0, £)
is the closest point on which the eyes can converge due to obstruction by the protruded nose. Further, the fixations are
neurally restricted to the azimuthal range +45° [18]]. Thus, the set B is the convex region bounded by two rays with the
intersection point (0, £) and each inclined by 45° with the z-axis.

For a fixation point, the chart for the binocular plane is the whole set B. For every fixation (y, z) € B, I want to find
the corresponding scalar product on the tangent plane, R?, with its origin at (y, z), using the biologically motivated
geometric theory of human binocular perception developed in [54]. These families of scalar products will define the
Riemannian geometries of visual space, each dependent on the AEs parameters and the point of binocular fixation.
Appendix [A] outlines the underlying notions of Riemannian geometry.

In order to model perceived relative depth, the simulations must be combined with the fundamental features of the
human visual system’s architecture, which include the cones’ eccentricity dependent density and the convergence of
the photoreceptors on the ganglion cells, which is 1-to-1 in the central fovea and which approaches 200-to-1 in the
periphery. Related to this issue, the concept of receptive fields becomes essential. Visual information is sent from the
eyes along the ganglion cells’ axons and arrives, mainly, at the primary visual cortex, where it is retinotopically mapped
with a significant magnification of the foveal region and scaled logarithmically with retinal eccentricity [37].

Moreover, human disparity contains two components: fine disparity and coarse disparity [38]. Fine disparity allows
us to determine the depth of objects in the central visual area where disparate images are fused into a single percept
(Panum’s fusional area). Coarse disparity provides stereopsis from disparities well beyond the fusible range. It is still
useful for depth perception for moderately large disparities, even for double images but is only clearly signed with a
vague impression of depth magnitude for very large disparity values [6} 62]]. Importantly, coarse disparity creates our
sense of being immersed in the ambient environment [4]].
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No theory based on first principles is available to describe how perceived relative depth varies with disparity and
distance. Therefore, using the above numerical analysis of simulated iso-disparity lines and the above discussion, I
postulate that the relative depth element dd in visual field of fixations approximately satisfies the relation

d2 d2777
dd(z) =p (;Az(z)> = z;—" 0z ®)

where 0 < 7 < 1and 0z = Az(d,). It is assumed that the functional p accounts for the anatomical and physiological
aspects of the human visual system.

Further, similarly, I assume the line element 0\ along the iso-disparity line as follows

di-n
0A(z) = P oy. (6)
where 0 < p < 1.
Finally, combining it with (3)), I obtain the line element.
d2—2/¢ d4—27]
2 _ “Ya 2 a 2
ds* = 2272u(5y + 24727](52 . 7
The set B has the Cyclopean visual metric determined by a map
9:(y,2) € B—>g(y,.) € Ma, (8)

where 9(y,2) is the Riemann metric tensor obtained from the line element ,

a2
9(y,z) = ('222“ d402n> ; 0<u<1,0<n<1, )]

0 ]
and M is the set of all real symmetric positive defined 2 x 2 matrices.

This study emphasizes modeling the phenomenal geometry’s global aspects that can be studied in the Riemannian
geometry framework and tested in experiments. Some of the global aspects of this phenomenal geometry seem to agree
with the experimental results reported in the literature and are discussed in Section [L0]

The visual metric tensor defines an inner product on each tangent plane T{, .) B, the tangent plane R? at (y, z) that
has the origin at this point. Because (0,0) ¢ B, the map ¢ in is a smooth function on B. The inner product is
usually written (0;,0kx) = gp(0j,0k) = g;1(p) Where p = (y, z) and each index runs over y and z for the vector

basis 0y, J. € Ty .)B. Thus, the length of the vector V = (v*) is |[V|| = \/(V, V) = /32, ; gijv'v7 and the angle
between vectors U and V' can be obtained from cos§ = (U, V') /||U||||V]]-

Although I use standard Riemannian geometry notation for writing the basis vectors, it should be understood that for
the coordinates (y, z), 0, = (1,0), and 9, = (0, 1).

The pair (B, g) is a global chart on the binocular field that allows computing the length of vectors in tangent spaces and,
therefore, the length of curves in B.

The perceived direction of the point does not depend on whether the stimulus reaches the retinal element in one eye or
its corresponding element in the other eye alone or whether it reaches both the corresponding element simultaneously
[S7]. For a fixation point in B3, the monocular perception from outside of B is still available. However, stereopsis is not
available in the region outside of B.

6 Geodesic Differential Equations for Resting Eyes

For an excellent exposition of the Riemannian geometry framework, please refer to [[13]. I start by writing the defining
expressions for the Christoffel symbols,

i L
ik = Z 29 H(guers 50k —Gjkot ), 10
!
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where (%) = (g;;) ™! is the inverse matrix.

Then, a geodesic is a curve v(t) = (z*(t)) whose the covariant derivative of the velocity vector is zero, see Appendix

V(dz(t)/dt) d2 . da? daF
— =0. 11
dt ZZ Ikt dt 0 (b

In the notation used here, the tensor matrix (9) entries are

Jyy = d§_2“/22_2“ and g, = di_2”/24_2’7. (12)

Adapting this notation used for coordinates (y, z), non-zero expressions (10) are the following:

z 1-
Iy, =17, = yyoz _ _ M7 (13)
29yy z
14+2p—2n
z _ _ Yyysz Z
w = g = _H)W’ (14)
and
2292 2 —
2o ez 270 (15)

29z~ z

For the notation used in this paper: ! = y and 22 = z, the geodesic differential equations are the following

1—

and

L 142pn—2n 92—
Z// + (1 _ ‘u) d2+2#_2n y/2 o 772/2 _ 07 (17)

‘ia

where the ‘prime” means “7;°.

The differential equations can be explicitly solved for y = 1. Because in this case, 4" = 0, the iso-disparity lines are
geodesics. The solutions will be obtained in Section[7.1]

6.1 The Ermakov-Pinney Equations

The first equation can be one time integrated, which then the initial conditions z(0) = zp and 3/(0) = k; gives

k _
y/ = — 12H 2—-2p (18)
0

After substituting (I8)), the second equation (I7) can be written as

" (1- U)k% 5—2u—2n 2—1n
—_— ——2"=0. 19
o 23_4”d(21+2“_2" : P (19)
These geodesic differential equations can be solved when p = 7 by transforming (I9) into the celebrated Ermakov-
Pinney equation that has a general solution despite being a nonlinear differential equation, which is very special for
nonlinear equations [17}13242].

Theorem 1. Ifa=1/(1—1n),n# land u = . then the equation (@) under the change of variables w(t) = z(t)~ /¢
transforms into the Ermakov-Pinney equation w" — C?w=3 = 0. All metrics with u = 1 are conformally equivalent.
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Proof. Let z = w™¢, then by substituting 2’ = —aw~*"!w’, 2" = —aw=*"1w” + a(a + 1)w=*"2w? into (19) we
obtain
2
7 1,72 1,72 (1 — p)ks —4a+2ap+2an+1
w’ —(a+Dw w” + (2 —n)aw W= — g a+2ap+2an+1 _ o
0 a

By assuming a + 1 = (2 —n)a, which gives a = 1/(1 — 7)), we eliminate the second and third terms. Next, by requiring
that the exponent in the last term is —3, that is, —4a + 2au + 2an + 1 = —3. This last expression simplifies to 4 = n
after a = 1/(1 — n) is used. Thus, we arrive at w”

w' = C*w =0 (20)
and
C2 _ (1 B 77)2k%
e

The conformal equivalence of metrics follows from the observation that for u = 7,

dz—2m 2 d?
S 0 )\ _ 2" [ 0
di=2m | T 2 dd |-
0 ZZW da 0 s

This completes the proof. O
The solution of the Ermakov-Pinney equation (20), see [31,142], is

1/2

w= (u'(t) + C*v*(t)) (21)

where the functions u(t) and v(t) are the fundamental solutions of w” = 0 satisfying the initial conditions «(0) =
20 (0) = —(1 = 1)z @™ and v(0) = 0, v'(0) = —z,~". Thus, they are given as

u(t) =—(1- 77)20_(2_")k2t + 2,0—(1—77) and v(t) = —z "t (22)

7 Phenomenal Plane Geodesics for Resting Eyes

I first solve the geodesics differential equations when the iso-disparity lines are geodesics. These cases involve the
metric tensor parameters 1 = 1 and 0 < 1 < 1. Next I solve the general case of Theorem 1 when p = n = (2n—1)/2n
for n > 1/2. Finally, I solve the last and only case of non-zero Riemann curvature for the metric tensor parameters
p=0andn = 1.

7.1 Geodesics for =1

The geodesic equations can be solved explicitly when y = 1 and 0 < n < 1. The equations (I6) and eq:z”g for these
parameters can be easily integrated for the initial conditions (0, zp), ' (0) = k1 and 2’ (0) = ko, to obtain
Y (t) =k (23)
and
2(t) = ko2¥ /2277, (24)

Next, the unit-speed parametrization of the geodesic: ||(y', 2')|| = 1, for y = 1 and 0 < 5 < 1, gives the condition,

4—2n
dy

Gy (t) + 92222 (t) = ki + k3 =1. (25)

4—2n
=)

where g,,, and g. . are given in (12]

The geodesic starting at (0, zg) in the direction of (k1, 0) such that, by , ki=1,is

10
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71(t) = (£, 20)
and is defined on (—o0, 00). This is the iso-disparity line passing through (0, zp).

The geodesic starting at (yo, 29) in the direction of (0, k5) where again by , kg = 25" /d2~" can be obtain by a

straightforward integration of the equation (24). We need to distinguish two cases.

Casel: 0 <n <1,

20
an /)

(1-=mit)

which is defined on the interval (£, d27"/((1 — n)é1=")) for &, the closest point on which the eyes can fixate, and

1 < 1. The case ;t = 1 and 7 = 1 will be discussed later. The unit-speed parametrization implies that the parameter ¢ is
the arc length. Therefore, solving

Y¥2(t) = | vo,

)

20

Z(tl) =ZzZ1 = - )1/(1_7])

(1 — (=)=t

for t;, we obtain the distance in the gaze direction,

d27" 1 — (z9/z1)' "

d(z0,21) =t = - B (26)
The finite distance from £ to the horizon,
. 2
z}gnoo d(§,21) = d(§, 0) = T 27)
holds for all 0 < 7 < 1. Further, the distance from the horopter to the horizon is
d(dy, o0) = 18 (28)
o00) = .
ay 1 _ 77
Case2: n=1,
t
Y2(t) = (ym 20 €Xp d)
a
Again, solving z1 = zg exp(t1/d,) for t;, we have
d(z0,21) =t1 = dg(Inz; — Inzp). (29)

and the horizon is infinitely far away.

7.2 Geodesics for =1 = (2n —1)/2n

Here g11 = dé/"/zl/", a2 = dfnﬂ)/”/z@”“)/" and z = w—2". This case follows the solution of the Ermakov-

Pinney equation (20), (22)). Expressing 1 and 7 by n, the geodesics differential equations are

and

11
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"o_ 1 k% w—3
An2d3 2/

with the initial conditions

— n 1 — n n
w(0) = z5/*™ and w'(0) = 5% @ntb)/2ng..
In this case, the fundamental solutions are
1 _ _
u(t) = ~5,%0 @nrD)/2np ¢ 4 2 L/2m and v(t) = fzé/%t.
such that
5 ) 1/2
— (1 2,2\ /2 _ _—1/2n ko k¥
w= (u'(t) + C**(t)) '~ =z, ((2nzot_1> + 4n2d(21t
_ 1/2
e (BB 10 8, k), k)Y
0 dz 22 2n \d2 = 22 20 d2 '
Therefore,
O\ [[1 [k K ka1 k2
)y =w () =20 | = + —= — (2 +2)t-= -1 30
#(t) = w™ (1) Z0<d§+z§) {[2n<d§+z§ 20 +d§ G0
and
1
ky k2 k2 1 (k2 k2 k1?2
'(t) = Un@y=ki| =+ 28 | = (= +=2)t— 2| +-=% 31
y(®) Zé/nz (1) = ki d3+z§ 2n d§+zg 20 +d(2l ’ G

which is easily integrated to get

d k2 k2 kad,
t) = 2nd, arct (22 ) - =2 +0C 32
y(t) nd, arctan [anl <d3 + 2(2)> /ﬁzo] + (32)
‘We note that
1 1 /k% k2 k
T — Z (21 P2 _ M| (n+1)/n
< (t) - Zl/n |:2 <d3 + Zg) t ZO:| z (t) (33)
0

Now, using and , the unit-speed parametrization ||(y’, 2’)||4, = 1, that is,

dl/n ) d(2n+1)/n )
a /' a ! o
give the condition
d(ll/n ) d((12n+1)/n )
1/n kl + (2n+1)/n kQ =1 (34
20 20

ie. ||(ki, k2)|lg, = 1.

12
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Using (34), for the initial conditions,

1/2n
Z
Y0) =0, £(0) = 2 and y/(0) = by = ", £(0) =k =0, 35)
the geodesic is
1 25/2” 1 zé/" 9 -
Y1 (t) = 2nda arctan %Wt, ) wwt +1 5 (36)

and for the initial conditions,

Z(2n+1)/2n
y(0) = yo, 2(0) = 2o and y'(0) = k1 =0, 2'(0) = k2 = d0(2n+W’ (37)
—2n
1 Zl/2n
Y2(t) = | vo, %0 <2”d(27?+1)/2"t - 1) : (38)

Because ¢ is the arc-length parameter, for the geodesic - (t) the distance between (yo, 29) and (yo, z1) can be easily
obtained by solving 1 (¢1) = 21 for ¢,

1/2 1/2
fan _ 1/

d(z()v Zl) =t = 2nd(2n+1)/2n 2 —

¢ a_ T (39)
Zé/2nzi/2n

The total length of the geodesic along the gaze line from the point (0, £), the closest point that can be fixated binocularly,
is

2ndg2n+1)/2n da 1/2n
d(§, 00) = T eym o 2nd, (£> ; (40)
meaning that the z-geodesic is incomplete and the total distance to the horizon is finite.
da
d(dg,00) = 2nd, = . 41
L—=n

Calculus’ standard routines show that the minimum value of d(&, o) is occurring for n = (1/2)In (d, /). Taking

¢ = 3 cm and the average abathic distance of 100 cm, then n = 7/4 and u = n ~ 5/7. The minimum of d(§, co) is
953 cm.

300 300

Bingcularlfield ¢f fixations Binpcularffield ¢f fixafions

200

2N

SV

-200 =100 0 , 100 200 -200 -100 00 200 gy 200 -100 0
Lis ™ nd Los.

2 2 7 3 e

»
G

Figure 7: The geodesics in the resting eyes visual space for n = 1/2. (a) d, = 40.2 cm, (b) d, = 99.61 cm, and (c)
d, = 157.75 cm. The curved geodesics start in 0, direction from the points (0, z9). They are extended to the whole
interval (—o0, 00) and approach asymptotically two points on the y-axis at +(7/2)d,. The vertical geodesics start in
0, direction from the points (41, zo). They are defined on the maximal interval (0, d2/z).

The next case does not involve the Ermakov-Pinney equation.

13
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7.3 Geodesics for y =0,7=1

This is the case of hyperbolic half-plane with gy, = d% /2% and g.., = d?/2%. Here, the geodesic differential equations

(16) and ([I7) are

2
y' —=y'2 =0, (42)
z
and
1 1
2"+ fy’2 — =% =0. 43)
z z

This is a well-known case of the upper-plane model of hyperbolic geometry modified by taking in the metric tensor
d? /2? instead of 1/2%. Assuming y' = 0, for the initial conditions y(0) = yo, 2(0) = 2o, ¥’ (0) = 0 and 2'(0) = ko,
we obtain geodesic

7 (t) = (yo, zoet/d“') .

Further, if iy # 0, the equation is easily integrated for the initial conditions y(0) = yo, 2(0) = 2o, ¥’ (0) = k1 and
2'(0) =0,

y =322 =0, (44)
20
such that the second equation becomes
k3 1
42— =% =0, 45)
Z5 z
Then, the solutions of {#4) and ([#3) are
62]€1t/Z0 _ 1 eklt/ZO

v = 20 Gz g v and 20 = 220 G

It is easy to check that

k k1
y'(t) = —2°(t) and 2'(t) = = (y(t) — 0)2(t)
0 0
Then, the unit-speed parametrization gives
2 2 2 ki 2 2 2 ki
GyyY + 9z22 " = dazj ((y(t) - yO) +z (t)) = daZ72 =1
0 0

and, therefore, k1 = z9/d,.

Thus, the unit-speed geodesics are
(t) _ e2t/da -1 N ) €t/d“
Y2 = ZOezt/da +1 Yo, Zoe2t/da 1 )
which represent a family of semicircles in visual space with their centers on the y-axis at Yo,

(y(t) —yo)® + 2°(t) = . (46)

In this case, the distance formula is

d(z0,21) = dq(In z; — In 2p)
and the horizon is infinitely away.

14
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7.4 Graphs of Geodesic curves

The geodesics are explicitly solved above for the following metric tensor (9) parameters: p = 1,0 < n < 1,
p=n=2n—-1)/2n,n > 1/2, and p = 0,7 = 1. In this subsection I compare graphs of typical geodesics for
selected values of parameters. These graphs are shown in Figure (8) for the average abathic distance d, of about 100
cm.

In this figure, the vertical lines are geodesics in the Cyclopean gaze direction 0,. They are defined for z > £, where £
expresses anatomical constraints, and are of finite lengths for n < 1. Thus, the horizon is infinitely far away for metrics
parameters n = 1,m =1 and p = 0,7 = 1 discussed in Section[/_1| Case 2 and in Section[7.3] respectively.

Next, shown in gray color, are geodesics for p = 1,0 < n < 1 starting in the Oy directions; they agree with the
iso-disparity frontal lines. The green curves and blue curves are the geodesics for the cases of p = 0,n = 0 and
w=1/2,n = 1/2, respectively. We see that when (u,n) — (1, 1), the geodesics are approaching the iso-disparity
lines.

Finally, the half-circles in brown are the geodesics for p = 0,1 = 1 derived in Section[7.3|for the case of the hyperbolic
half-plane. These circles are orthogonal to the y-axis. The curvature of the hyperbolic half-plane model is obtained in
the next section. All geodesics starting on the z-axis in the 0y, direction are extendable to the interval (—oo, c0).

\ Binocular field of fixafions /
150
f

5

Ny

SHITITN

Y

-300 250 —200
—7dg,

-50 0 50 200 250 300

wd,

Figure 8: Geodesics in visual plane with the metric tensors (E[) for selected parameters. The discussion is given in the
text.

8 Curvature

8.1 Geodesic Curvature of Iso-disparity Curves

The iso-disparity curves in physical space are Euclidean lines of constant z-values. How far this iso-disparity line
differs from the geodesic is given by its geodesic curvature. Thus, every geodesic has zero geodesic curvature; see [33)].
The unit speed iso-disparity line passing through (0, z0) is (y(t), z0) = ((zg " /dL~")t, z0). It has the acceleration
components

Vy'(t)
o = Li(20)y' (0)y' (1) =0
and
VZ(t) zé+2”_2" zg_Q” ZS_Q"

_ 1z / ’ o _
“at Fyy(ZO)y (t)y (t) =(1- N) d§+2u—277 d§_2“ =(1- N)
The geodesic curvature of the iso-disparity curve is

Vy'(t) V2'(t) dy=?" 22’8_4" 2"
HZH( @ a )| Tt e = e @7
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Thus, the iso-disparity line (a Euclidean line) for the resting eyes at the abathic distance d,, that is passing through
(0, 20) is a curve with a non-zero geodesic curvature if and only if p # 1. In particular, the horopteric line, in this
case, the horopter has the geodesic curvature |1 — u|/d,. If p = 1 and 0 < n < 1, the iso-disparity lines are geodesics.

8.2 The Riemann Curvature

Here the derivation of the Riemann curvature of visual space is only sketched for the resting eyes, and the reader is
referred to Appendix|A.4|for a complete introduction to this complicated object. In the basis vectors 0;, where the index
runs here over y and z, the covariant differentiation V p, on the basis vectors is

Vo, 00 = Y _T70m. (48)

m

Following [33], the index notation of the curvature tensor can be written as,
Z R10m = Vo, Vo,0r — VoV, 0j,
m

which, in low indices, is the following:

Rijr = E gim R jkl

Using the notation corresponding to coordinates (y, z (.) (.) (.) (.) and (48)), the Riemann curvature tensor
can be calculated based on (77) as follows:

1 Iz
7§gyy,zz + 4

+ 9yy,29z22,2 (49)

R
ez Jyy 49..

Further, the scalar curvature is

~1
R = 2|g| Ry.yz,
where |g| is the determinant of the metric tensor, and the Gaussian curvature is

1
Substituting,
d2 2 272# d4 2n
Jyy,z = _(2 - 2”) 3—2p7 Gyy, 2% = (2 - 2“)(3 2/“”) 24—2p” 9zz, % = (4 277) 5—2n (51)
into ([#9), we obtain
d272p
Ryzyz = 7(1 - U)(U - ,LL) 24—2p (52)
and
d2 2n
K =—(1-pnn-n = (53)

We see that when u = 1 or . = 1), the Riemann curvature tensor vanishes identically and visual space is flat [33|].

The expression in (53)) gives the values of the Gaussian curvature for all parameters of the metric tensor. It is shown in
the next figure and discussed in the caption.
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(0,1) (L,1)
K=—(1—-p)*/d?
T
= K<0
& S
n % «Q I
|
&
K>0
K= u(1 — p)z*/d;}

0,0) u (1,0)

Figure 9: The figure shows the Gaussian curvature for the metric tensor parameters. The Gaussian curvature for
solutions on the diagonal and the vertical right side is zero, and all 2D phenomenal spaces are flat. Also, on this vertical
side, the iso-disparity lines are geodesics. At the corner (0, 1), the Gaussian curvature is K = —1/d? and the visual
space is the hyperbolic half-plane. The explicit geodesics are obtained for the above-discussed subset of parameters.
Further, the Gaussian curvature is negative above the diagonal and positive below the diagonal (except on the vertical
side where it is zero).

9 Phenomenal Angles in Visual Spaces

9.1 Angles for Metric Tensor g,

Let K = (k1, ko) be the vector at (y1, z1) of unit length in visual space with the metric tensor (9) denoted by g,, in the
case of p =mn = (2n — 1)/2n. Thus, we have

dl/n d(2n+1)/n

1Kl = =7kt + gy ks = 1. (54)
<1 <1

I assume here for simplicity that k1 > 0 and ko > 0. Then, for a given two vectors, V. = (1,0) and V' = (0, 1), the
angle 1, between V' and K satisfies the relation

<‘/’ K>gn d;/Qn

Vg MKy, — 22722

Ccos Yy, =

gn gn

and the angle 1], berween K and V' satisfies the relation

<K, V/>gn d5127L+1)/27L

cos 1y, = _ .
" Vg K g, z§2”+1)/2n

Thus, the following relation is satisfied,

cos? 9, 4 cos? ) = 1. (55)
Further,
(V.V')g
cos(Yn +1by,) = — =0.
HVHgn”V/Hgn

Clearly, on the basis of the above results, 1, + 1), = 7/2 such that cos ], = sin,,. Using this last formula, we get
the relation between the Euclidean angle ¢ and visual space angle 1, for the metric tensor gy,

d
tan, = Z—a tan ¢ (56)
1
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Thus, the angle 1, is independent of n as it should be because all the metrics tensors g, are conformally equivalent.

However, the angle depends on its position in visual space. If zy = md,, then the corresponding angle is | =
arctan((1/m) tan ), and if z1 = d,/m, then the corresponding angle is 1) = arctan(mtan ). The angles 1) in
degrees for p = 30° are listed in the left side of Table 1 for the metric tensor g,.

Table 1: Angles in visual plane. The left table show changes of the angle 30° for metrics gy, as its position is shifted by
a multiple of d,. The right side of the table show changes for the metric g.

Metric Tensor g, Metric Tensor g
m Yatzy =md, | Yatzy =d,/m || atzy =md, | Oatz; =d,/m
4 8.213 66.587 2.067 83.822
16.102 49.107 8.213 66.587
1.2 25.693 34715 21.848 39.740
1 30.000 30.000 30.000 30.000

9.2 Angles for the metric with y = 1land n =0

In this case, the metric is denoted by g, which is not conformally equivalent with g,, metrics. Here the metric element
ds is given by ds® = dy? + d2/z}dz%. Thus, the unit vector K = (ki, ko) in visual space satisfies the relation

d4
||K|| = kT + —2k3 = 1. (57)
<1
Similarly as before, the angle 6 between V and K is given by

(V,K)q
0089 = = k
VIGIEl, ~

and the angle 0" between K and V' satisfies the relation

(K, V") d?
cosf = 1 — 2L,
IVIIKIly 23
Again, 0 and 0" are complementary angles such that the relation between Euclidean angle p and visual space angle 6
for the metric g is

d2
tan @ = Z—g tan . (58)
1

As before, I take ¢ = 30°, z1 = md, and z; = d,/m to calculate the values of 0. The results are shown in Table 1 on
the right for metric tensor g.

9.3 Angles for Hyperbolic metric

The metric in this case is conformally equivalent to Euclidean metric. The angles behave as Euclidean angles, they do
not change with the position in visual space.

10 Discussion

In the AEs resting posture, i.e., when they are fixated at the abathic distance in the horizontal field of binocular fixations,
the equatorial planes of the eyes’ crystalline lenses are coplanar and, hence, the iso-disparity conics are straight frontal
lines, cf. Figure|l| The iso-disparity conics consist of families of hyperbolas or ellipses for other horizontal fixations.
The abathic distance depends on the AE’s parameters o and (; the angle « specifies the fovea’s displacement from
the posterior pole, and the angle 3 specifies the lens’ tilt relative to the cornea. While the fovea’s displacement is the
main contribution to the optical aberrations, the lens’ tilt cancels some of the optical aberrations by contributing to the
human eye’s aplanatic design [2]].
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The resting eyes postures in the horizontal field of binocular fixations define the unique distribution of the iso-disparity
frontal lines. Simulations demonstrate this in Figure[2|where two fixations at different abathic distances give the same
distribution of the iso-disparity lines. This iso-disparity invariance is the key fact imposed by the AE model that guides
the development of the phenomenal metric in the binocular field for the resting eyes.

The simulations of the iso-disparity conics for other than the resting eyes postures are shown in Figures[3and{|for
the AEs two angles B = 0.5° and § = 4° that specify the corresponding abathic distances of 40.2 cm and 157.75
cm, respectively. More precisely, in Figure |3} the symmetric fixations are at the same distance of 99.61 cm and are
compared to the iso-disparity lines for the fixation also at the abathic distance of 99.61 cm. We see that the spacing of
successive conics along the Cyclopean gaze line depends only on the fixation point. However, for asymmetric fixations
in Figure[d| the iso-disparity conics also undergo rotations and translations, and their scale changes slightly.

1 want to emphasize that the geometric model of the empirical horopters as conic sections constructed in [54|] in the
binocular system with the AEs advanced the classical model of empirical horopters introduced as conic sections in an
ad hoc way by Ogle in [I39)]. This theory is extended here to iso-disparity conic sections. Thus, this extension provides
the first-ever iso-disparity curves integrated with eye movements in the horizontal binocular field of fixation. The lack of
the construction of a family of iso-disparity curves that would more richly describe the structure of binocular visual
space was mentioned in [1l].

I assume that the distance between successive iso-disparity lines for a constant disparity is the veridically perceived
depth at the abathic distance fixation. This seems to be a natural assumption, especially since the distribution of the
iso-disparity lines is abathic-distance invariant. Because disparity is here considered the only cue the brain is using to
gauge depth, its constant value at different egocentric distances determined by disparity requires that physical space is
expanded between the head and the horopter and contracted beyond the horopter. The visual space global aspects of
geometry for eyes resting posture are shaped by these phenomenal deformations of the binocular field of fixations.

The Riemannian geometry framework determines visual space spatial relations by the Riemann metric tensor. I recall
that because of the absence of a theory that can specify the depth perception from the biological architecture of the
visual system; I postulate a two-parameter family of metric tensors for the resting eyes postures, that is, for fixations at

the abathic distance d, as follows:
da—2
22—24 d49277 (59)
0 sz% )

This section discusses the implications of the parameters’ values for the global aspects of phenomenal geometry and
their relation to other studies. To this end, I first list in Table 2 the representative properties for selected values of |
and 1 obtained in the previous sections. These properties include the distance to the horizon for the average abathic
distance d, of about 100 cm and the anatomic constraint of £ = 3 cm for the shortest distance at which eyes can fixate;
the Gaussian curvature of the phenomenal binocular plane; and the geodesic curvature of the iso-disparity lines which
tales how far the iso-disparity (Euclidean) lines differ from being geodesics.

where 0 < < 1,and 0 <n < 1.

Table 2: The properties of the geodesics for the metric tensors listed in the first column.

Global Geometry of 2D Visual Space
Metric Tensor || Conformally | Distance to | Gaussian Are IDLs | zg-IDL Geodesic
with p, 7 Equivalent the Horizon* | Curvature K | Geodesic | Curvature &
0, 0 Yes 3333 cm 0 No 20/d?
1/4, 1/4 Yes 1850 cm 0 No 320 Jady/*
1/2, 1/2 Yes 1155 cm 0 No 202 )2d3?
3/4, 3/4 Yes 961 cm 0 No 20/ jady*
1, 1 Yes infinite 0 Yes 0
1, 0 No 3333 cm 0 Yes 0
0, 1 No infinite —1/d? No 1/d,
*d, =100 cm, £ =3 cm IDLs = Iso-disparity lines  zo-IDL = Iso-disparity line through zg

The iso-disparity line through (0, zo) for fixation at the abathic distance d, has a non-zero geodesic curvatures whenever
n#1lin . Thus, the iso-disparity lines are geodesics only for n = 1. Otherwise, the geodesics starting at (0, zo)
in direction 0y consists of families of curves such that for each of abathic distances d, the corresponding family
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curves asymptotically converge to two points £(nwd,,0) on the y-axis when p = n = (2n —1)/2n, n > 1/2, of.
(B2). Moreover, for n = 0 and 1 = 1, the geodesics are half-circles approaching perpendicularly the y-axis. Typical
geodesics for selected values of parameters are shown in Figure (8) for the average abathic distance d, of about 100
cm.

The distance to the horizon for the average abathic distance of about 100 m given by geodesics starting at a distance
& = 3 cmin the 0, direction ranges from the minimum value of 9.5 m for . = 1 = 5/7 to 33 m for incomplete geodesics.
For two cases of parameters, p =1, n = 1 and p = 0 and ) = 1 the horizon is infinitely away. The distance from the
horopter to the horizon in the gaze direction is d, /(1 — n) where I assumed that 0 < 1 < 1. When 1 = 1, the distance
from the horopter to the horizon is infinite.

The finite distance to the horizon should be expected as we perceive objects in the horizontal binocular field against the
horizon with the depth perception resulting from the metric ([7) such that our field of vision appears two-dimensional
with the objects perceived to be located in the initial visual processing at different distances from the horopter and
finally perceived distributed relative to each other in the egocentric coordinates. This relative location of the objects
contributes to phenomenal geometry.

In literature, the distance of the vanishing points at the horizon is reported to be between 6 m and 100 m in some
studies or even ranging from 100 cm to infinity in other studies, see [15)]. Here, the AE model in the binocular system
determines the eyes’ resting vergence posture abathic distance that depends on the lens tilt angle 3. The simulations are
carried out for three values of the abathic distances; d,(0.5°) = 40.2 cm, d,(3.3°) = 99.61. cm, and d,(4°) = 157.75
cm. For these values, I obtain the distance to the horizon 5.4 m, 33 m, and 83 m, respectively, for the metric tensor’s
parameters |, = 0 and n = 0. For parameters . = 1, 7 = 1 and ;n = 1, n = 1 the horizon is infinitely away. These
results suggest experiments to test the relation between perceived distance to the horizon, the eye’s tilt, and the visual
metric parameters in a people population.

The curvature of the horizontal visual set, derived here for the eyes’ resting posture when they fixate at the abathic
distance dg, is zero. Hence, the visual plane is flat for the subset of the metric tensors (09) parameters shown in Figure
[9 This subset consists of the diagonal |1 = 1 with geodesics derived by transforming the geodesic differential equations
to the Ermakov-Pinney equations (Theorem 1), and the left vertical side jn = 1 with geodesics derived directly. At the
corner p = 0 and n = 1 when the visual plane geometry corresponds to the half-plane model of hyperbolic plane with
the Gaussian curvature —1/d?. Moreover, the Gaussian curvature for the eyes’ resting posture is known for the whole
range of parameters assumed for the metric tensor (59); see Figure

How do the results obtained in this article relate to other studies in spatial perception? I need to mention two principal
assumptions guiding this research to discuss it. First, the phenomenal geometry is restricted to binocular disparity-based
stereopsis. Second, the study of phenomenal space in the Riemannian geometry framework is also supported by the
eye’s anatomy and retinal photoreceptors’ topography. Thus, the psychological processes that are important in the
multi-cue spatial perception and the related psychophysical line of studies are not considered here.

Reid developed in [44)] an informal spherical geometry of visual space that is perceived by a single eye. Reid assumed
that the retina’s shape was spherical and placed the eye at the center of a large sphere. Then, every visible figure is
represented by its projection into the sphere. Thus, great circles represent straight lines. Reid concluded that there are
no parallel lines since any two great circles interest at two antipodal points. He also pointed out that the sum of the
internal angles of a triangle will appear greater than 180° exactly as in its projection into the sphere. Critically, Reid’s
geometry supports only a monocular vision.

Helmholtz was the first to realize that the visual space geometry should be one of the constant curvature geometries:
Euclidean, elliptic or hyperbolic; see the collection of Helmholtz’ Epistemological Writings [22|]. Helmholtz came to
this conclusion after he investigated the most general axioms of geometry for which the spatial properties of figures
to be preserved under his ‘rigid motions’ such that objects’ measurement processes are possible. Further, Helmholtz
investigated in much detail the question of how non-Euclidean geometries can be visualized. However, he concluded
that their impact on visual space should be left to experimental investigations.

Luneburg, in his classical mathematical works in psychology of vision [34) 135 136l] used two experiments performed in
dark rooms with luminous points. In the first experiment, Helmholtz arranged lines that appeared fronto-parallel but
were objectively curved. In the second experiment, Blumenfeld arranged two pairs of alleys: the first that appeared
with parallel lines (the original Hillebrand’s experiment) and the second that appeared equidistant. In contradiction to
Euclidean geometry, the apparently parallel alley was inside the apparently equidistant alley. Based on the experiments
results, Luneburg concluded that visual space geometry is hyperbolic. His theory was further developed most notably
by Blank [|7,18, 9] and by Indow [25] 126]].
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Subsequently, many axioms underlying Luneburg theory, including Helmholtz’s mobility condition, were called into
question; please refer to Wagner [59)] for detailed discussion. Nevertheless, none of the many attempts to modify
Luneburg’s theory have been successful.

Moreover, Battro et al. in [5|] repeated Luneburg’s measurements in photopic conditions and with different sizes of
equidistant and parallel alleys. The curvature was obtained, ranging from negative to positive and subject-dependent.
Also, Schelling in [47] noticed that the hyperbolic metric should be specified relative to the fixation point such that
the theory needs to be extended because eyes are constantly moving. Further, based on results in [16} 58], Suppes in
[51)] noticed that most likely different geometries are required because the spatial relations in phenomenal space are
dependent on performed experimental tasks. Finally, Koenderink et al. [29,130] used triangle adjustment to determine
that the curvature of visual space was positive for near stimuli and negative for distant stimuli. For very large distances,
the visual plane became Euclidean.

Beyond the studies mentioned above that employed the axiom-based geometries and their modification attempts,
phenomenal geometries were also studied based on methods of analytic geometry. These methods include a set of
coordinates assigned to a space, and equations are developed to model the measurable properties of the space, such as
distances and angles, while also including stimulus location in physical space and psychological factors. A general
form of analytic geometry is the theory of metric spaces. For thorough discussions of this line of studies, usually
supported by psychophysical methods (numeric and category estimates or sensitivity measures, for example), the reader
is directed to [59)].

10.1 Concluding Remarks

Julesz’s random-dot stereogram [28)] confirmed Wheatstone’s observation made in [61] that the brain uses binocular
disparity to determine the relative distance of different parts of a solid object to sense its shape, that is, stereopsis.
More importantly, it asserted that the spatial relations in visual space could be separated from psychological processes.
This realization laid the ground for studies in the physiology basis of stereopsis, cf. [24}|3| 43]] and many others. Here,
phenomenal space global geometry is studied using binocular disparity alone.

The theory used here for modeling phenomenal space is based on the framework of Riemannian geometry, with the
metric tensor being its fundamental concept. However, in contrast to the psychophysical line of investigations of the
geometric relations in spatial vision, the phenomenal metric is proposed here using geometric simulations and numerical
methods coupled with the eye anatomy and photoreceptors’ topography. In general, I believe that psychophysical
studies neglect possible insights gained from anatomical architecture underlying physiological vision processes. The
chief example is the horopter’s concept: anatomically incorrect, 200-year-old the Vieth-Miiller circle as the geometric
horopter has been only recently corrected in the two geometric theories with progressively higher eye model anatomic
Sidelity [52]154]].

I conclude this section by pointing to future research directions. First, considering the metric tensor as a two-parameter
family results from the lack of a theory that can describe how relative depth and size vary with disparity and distance
based on the architecture of the visual system and related physiological processes. It shows the direction for the
experimental studies of the two-parameter set of metrics. Second, in the cases of the hyperbolic and elliptic iso-disparity
families, the metric tensor will depend on both the y and z coordinates. Even if these conics are geodesics, what could
be the case if the iso-disparity frontal lines for the resting eyes are geodesics, the metric may not be derived from
unparametrized geodesics, see [lI0|]. The sign of the phenomenal curvature can be inferred from the conics, the minus
sign for the diverging hyperbolic geodesics, and the plus sign for the converging elliptic geodesics. These issues should
be studied in the future.

APPENDIX

A Riemannian Geometry Primer

The binocular space of fixations, B, is a convex subset in the horizontal visual plane discussed in Section[3] The
global coordinate system (x%) is specified relative to the stationary upright head where the index i runs over y and
z. The coordinates (x') give the basis vectors 0; introduced in Section|5 The metric tensor g(0;,0;) = gij on B is
obtained from the geometric analysis of disparity-based perception. It define the length of the tangent vector and the
angle between two tangent vectors as discussed in Section[3] To avoid technicalities, I review here the basic notions of
Riemannian geometry in one global chart. Also I use so called Einstein summation convention: when an index occurs
twice in the same expression in upper and in lower positions, then the expression is implicitly summed over all possible
values for that index.
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A.1 Tangent Vectors and Metric

Let o : M — R", ¢(p) = (z'), be a global chart on a manifold M of dimension n. The tangent vector X,, atp € M is
identified with the directional derivative on f € C*°(M) viz.

X,(f) = X'0:f (™) (a?), (60)
where 0; = 0/0x" are partial derivatives. Thus, this tangent vector at p, is X, = Xi(()i\(p). The set (01, 0a, ..., 0n)
gives vector basis of the tangent space T, M of M at p. The tangent space T, M is identified with R™ that has the
origin at p. The tangent vector field on M is a map X on M such that X(p) = X,,.

Riemannian space is a manifold M equipped with a Riemannian metric g that for each p € M defines the scalar product
gp in the tangent space T, M that depends smoothly on p. For any vector X € T,M, g,(X, X) defines the square of

the length of X. In the basis 0; in T,M, g,(0;,0;) = gij. Then, for any two vectors X = X'9; andY = Y0, in
TyM, g,(X,Y) = g;; X'Y7.

A.2 Covariant Derivative and Connection

For a given tangent vector field X = X'0;, the covariant derivative Vx on a function f on M is defined as the
directional derivative

Vxf=X"0;f. (61)

To obtain the covariant derivative of a vector field Y = Y'0; along X = X'0;, the previous differentiation is extended
as follows

VxY = Vxip, (Ykak) = X‘(’)Z(Y’“)ak + Y’“Vaﬁk
= X'0;(Y*)O), + Y T 0m,.
where in the last equality the vector field V o, 0y, is decomposed in the basis 0;:

Vo,0r =10m. (62)
The coefficients T are known as Christoffel symbols in the coordinates (z*).

V,0k can be interpreted as comparison of vectors Oy, in infinitesimally close tangent spaces in the direction of 0;.
Thus, the covariant derivative establishes connection V between tangent spaces, cf. the discussion in Section 6. Recall
that the formulation here is global such that I do not discuss the local aspects of the covariant derivative.

A connection V is symmetric if

VxY — VyX — [X,Y] =0 (63)
where [X, Y] is the commutator: [ X,Y|f = XY f — YXf. Because in the basis 0;, [0;, 0;] = 0, then we have

Vo,0k —Vp,0i =110m —I'5i0m =0 (64)
and, therefore, Christoffel symbols are symmetric I = '} in lower indices.

A symmetric connection is Levi-Civita connection if it preserves the metric: for any two vector fields 'Y , Z,

Vx9(Y,Z) = g(VxY,Z)+ g(Y,VxZ) (65)

1 state the following theorem without proving it.

Theorem 2. There exists unique Levi-Civita connection on the Riemannian manifold (M, g). In local coordinates
Christoffel symbols of Levi-Civita connection are given by

i 1
Lok = 29 NGjmk + Gikm — Imk.j (66)

where (gi;) is the Riemannian metric and (g% is the inverse of (gi;).
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A.3 Parallel Transport and Geodesics

Let X(t) be a vector field along a curve C : z(t) = (x'(t)),to < t < ty and v = da(t/dt = dz'(t)/dtd;| (1) the
velocity vector of C. We say that X (t) is a parallel transport of X = X(tq) along C' if the covariant derivative along
C is zero

VX (1)
= X_ =
VX1 = 0 67)
In coordinates, it can be written as
X™(t dX™(t . .
VX" _ ®) + o' TR (2 () X*(t) =0 (68)

dt dt

Because V is Levi-Civita connection, it is easy to show that the Riemannian metric is preserved during the parallel
transport.

A parametrized curve C : x'(t) is geodesic if parallel transport of velocity vector v'(t) = da*(t) /dt along the curve C
is a velocity vector at any point of C, that is, if

dv:t(t) + o (T (27 () v (1) = 0 (69)
23?7” in ) Jfk
0 S ey = = o a0

Because Levi-Civita connection preserves the Riemannian metric, the length of velocity vector is constant along the
geodesic. The geodesic that has unit speed is parametrized by the geodesic’s arc length.

A.4 Riemann Curvature Tensor

Coordinate-invariant definition of the Riemann curvature tensor for Levi-Civita connection V is given as

R(X,Y)Z = (VxVy - VyVx - Vix v])Z, (71)

where X, Y and Z are vector fields. It is a complicated object and I introduce it briefly. In coordinates, the components
of the curvature tensor are obtained as follows

R(X,Y)Z = R(X™0pn,Y"0,)Z"0, = Z"R!

rmn

X"y, (72)

where

R 0; = R(Om,0n)0,

rmn -t

Following [33], using that [0;,0;] = 0, in the vector basis 0; the index notation of the curvature tensor is given by

tmn0i = R(Om, 0n)0k = V5, Va,0k — Va,Va, Ok, (73)

kmn

which, by substituting ¥ ,0,, = ¥, O, can be written as

: + T T, =T, —TL.TY (74)

3 1T
kmn — * nk,m mj mk,n nj- mk-*

in terms of the Christoffel symbols. Then, the Riemann curvature tensor with low indices is

Rijii = gim Rty = (1/2)(gitk + Gik.it — Gikjt — Gitik) + Ipg(THT3 = THTY). (75)

Now, the curvature tensor for Levi-Civita connection obeys the following identities
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Rikmn = _Rikmn7 Rik:mn = _Rkimna Rzkmn = Rmnki' (76)

For two-dimensional Riemannian manifolds these identities imply that R1212 yields all components up to a sign. Thus,

Rigi2 = (1/2)(g12,21 + 921,12 — 911,22 — g22,11) + Gpg (D213, — T7,T5,). a7

B The Horopter: Old and New

A group of scientists with extensive teaching records of both normal and abnormal binocular vision that involved both
the underlying theory and its multitude of clinical applications described in [12)] their experience as follows:

A question that has been posed to us on more than one occasion, frequently with a look ranging from
inquisitiveness to disdain, is, "Why the horopter?" Certainly, this is a fair question. Unfortunately,
the horopter seems to be misunderstood by many, and hence the question.

Of course, as the next quotation illustrates, some publications contributed to this open contempt for the horopter. It was
written in [40)],

The significance of the horopter [...] has probably been exaggerated. Not only is its physiological
significance obscure, but even its psychophysical definition has become ambiguous.

The horopter’s history may partly be responsible for today’s ambiguous psychophysical definitions and obscured
physiological significance. For a long time, two ideas prevailed about the horopter. The historically first idea, more
than 200-year old, introduced independently by Vieth (1818) and Miiller (1826), was strictly geometric. It asserted
that each point of the horopter in the horizontal plane projects to a pair of corresponding elements, each in one of the
two retinas, assuming that the corresponding elements coincide when the retinas are superimposed. This definition of
the corresponding elements gives the constant value of the subtended angle at the fixated points along the horopter.
Euclid’s theorem implies that the horopter is a circle. It is known as the Vieth-Miiller circle (VMC).

The second idea was based on the actual experimental determination of the horizontal horopter, which was made first
by Hillebrand about 130 years ago, although not by the nonius method described in Section[I}; see [48]]. Each idea gave
different horopter curves, and the empirical horopter is commonly described as ‘deviating’ from the VMC. However, the
empirically measured distribution of the corresponding elements differs between people and is not readily achieved
[57)], so the geometric idea prevailed even though the precise form of the geometric horopter was not known in general,
as is explained below.

In the geometrical description of the horopter, the center of the projection from the VMC to the retina should be placed
at the nodal point of a single refractive surface schematic eye model. I recall that the nodal point is distinguished by the
property that when the light ray is directed at the point, it passes the eye’s optical system without changing its direction.
However, the center of projection has not been precisely specified throughout history: Vieth placed it at the pupil and
Miiller at the lens center. However, the projection center is most often placed at the eye’s rotation center, as originally
proposed by Volkmann (1836). Only in this last case, when the VMC remains stationary when the eyes’ fixation point
moves along the circle, its analytic form has been known for all fixations. Otherwise, when the nodal points are in their
correct anatomical locations about 0.6 cm anterior to the rotation center [ 19|, the geometric horopter’s analytic form
has been known only for symmetric fixations.

The analytic form of the geometric horopter for the nodal points located according to the eye’s anatomy has been fully
known for all fixations only after 2016 work in [52|]. More significantly, the geometric model of the empirical horopters
as conic sections constructed in [54|] in the binocular system with the AEs advanced the classical model of empirical
horopters introduced as conic sections in an ad hoc way by Ogle in [39|]. In contrast to Ogle’s theory, horopters in [54|]
are anatomically supported, correctly pass through the nodal points, and vary with the AEs’ position in the horizontal
plane of bifoveal fixations. Their transformations are visualized in a computer simulation.

The geometric theory in [54|] is extended here to the iso-disparity conic sections motivated by the eye’s anatomy and
integrated with eye movements in the horizontal binocular field of fixation. The lack of the construction of a family of
iso-disparity curves that would more richly describe the structure of binocular visual space was mentioned in [1|].
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