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Abstract. We are concerned with a Dirichlet system, involving the Monge-Ampére operator det D%«
in a ball in RY . Based on the Leray-Schauder degree, we first obtain the existence of radial solutions
for a class of differential systems with general nonlinearities. In addition, we prove that such a
system admits positive solutions when nonlinearities satisfy sub- or superlinear growth near origin.
Finally, by using the lower and upper solution method, and constructing the subsolution and
supersolution, we show the existence and multiplicity of nontrivial radial solutions for Dirichlet
systems with Monge-Ampere operator and Lane-Emden type nonlinearities with two parameters.
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1. Introduction
In this paper, we deal with the Dirichlet system involving the Monge-Ampere operator

det D*u = fy(|z|, —u, —v) in B(R),
det D*v = fo(|z|, —u, —v) in B(R), (1.1)
u=v=0 on 9B(R),

where det D?u is the determinant of the Hessian matrix % of u, B(R) = {x € RY : |z| < R},
iOT;

N > 2 is an integer and the functions f; and f : [0, R] x [0,00)% — [0, 00) are continuous.

We know that the Monge-Ampere equation is a fully nonlinear, degenerate elliptic equation,
which arising in several problems in the areas of analysis and geometry, such as prescribed Gaussian
curvature problem, affine geometry, and optimal transportation problem, see [3, 8, 17, 21|, and the
references therein. In recent years, a particular attention was paid to Dirichlet problems (for a single
equation) involving the Monge-Ampeére operator, either in a general bounded domain [7, 16, 27] or
in a ball [18, 30, 22]. With the application of operator theory in analysis and geometry, systems
with classical Laplacian operators or other more general elliptic operators have introduced some new
concrete phenomena to the discussion that are more complex and difficult than the study of single
equations. The establishment of this view can be found in references [7, 18, 30, 24, 29] and the
references therein.
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Monge-Ampere equations figure in various geometric problems [10, 11]. As we know, the classical
model of the Monge-Ampere problem is

1.2
u=0 on 0B, (12)

{ det D*u = \f(—u) in B,
where B = {z € R" : || < 1} is the unit ball in R™, X is a nonnegative parameter and f : R — R
is a continuous function. In 1984, L. Caffarelli et al. [3] took up an extension of the problem (1.2) to
more general domain, always in a bounded domain € with strictly convex C°° boundary 0. After
that, Kutev [14] studied the existence and uniqueness of strictly convex solutions of problem (1.2)
dependent on parameter p with the nonnegative parameter A = 1 and f(—u) = (—u)?. Subsequently,
based on his work, Hu and Wang [13] studied the problem (1.2) and established several criteria for
the existence of strictly convex solutions with or without an eigenvalue parameter. More recently,
under the case det D?u = (Af(—u))®, Luo et al. [16] established some interesting results, by using
the bifurcation technique.

As for the study of system with Monge-Ampere operator, we know that the most common are
coupled system and n-dimensional system, so the transformation from a single equation to a system
equation brings us many difficulties in the process of discussing problems, such as operator coupling
problem and space transformation problem. In recent years, we have noticed that many scholars
focused on kinds of systems, see for instance, [4, 7, 9, 10, 11, 24, 29] and the references therein.
However, to our best knowledge, it is a few results on such systems with Monge-Ampere operator, see
for instance, [7, 18, 24, 30] and the references therein. Among them, the typical one is [24], in this
work,Wang considered the system problem with Monge-Ampere operators

det D*u = f1(—v) in B,
det D*v = fo(—u) in B, (1.3)
u=v=20 on OB

and obtained the existence of radial convex solutions in sub- and superlinear cases, where B = {z €
RY : |z| < 1} and f;(i = 1,2) are continuous. In constract, Liu et al. [18] introduced some new
growth conditions on the nonlinearities fi; and fs, several new existence and multiplicity results of
radial solutions for (1.3) are obtained. Specially, for the case fi(—v) = (—v)%, fa(—u) = (—u)?,
Zhang et al. [30] obtained the existence, uniqueness and nonexistence of radial convex solutions under
some corresponding assumptions on «, 8. When a > 0, 8 > 0 and a8 = N?, they also considered a
corresponding eigenvalue problem in a more general smooth, bounded and strictly convex domain.

Inspired by the above literatures, in this paper, we first consider a more general system (1.1)
in section 2, and obtain the existence of nontrivial radial solutions of problem (1.1) when the non-
linearities satisfy or does not satisfy the quasi-monotone nondecreasing condition. Then, in section
3, we consider the existence of the radial solution of problem (1.1) when the nonlinearities satisfy
sub- or suplinear conditions, respectively. In addition, we discuss the monotone property of the radial
solution.

At the same time, it is worth noting that Lane-Emden type plays an important role in various
kinds of nonlinearities, and its specific form is kjuP + kov?, see [4, 26] or kzu®v?, see [12, 15]. In recent
decades, many scholars have studied the existence of solutions for various problems with Lane-Emden
type nonlinear terms, such as the Laplace problem and the mean curvature problem in Minkowski
apsce, see literatures [10, 11, 5, 6, 25] for details. However, to our best knowledge, it is a few results on
such problems with Monge-Ampeére operator. It appears as a natural direction the study of systems
involving the Monge-Ampere operator

det D?*u = My (|z])(—u)P* (—v)© in B(R),
det D?v = gvo(|2|) (—u)P? (—v)®2 in B(R), (1.4)
u=v=0 on 0B(R),
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where weight functions vy, € C([0, R],[0,00)) with v1(r) > 0 < va(r) for all » € (0, R], p1, g2
are nonnegative and g1, p2 are positive exponents. We will show that there exist A\] > 0 < Aj such
that system (1.4) admits a radial solution (u,v) for all Ay > A}, A2 > A3, and both u and v are
decreasing. Further, by applying the existence of a lower solution in a cone of positive functions and
the estimation of Leray-Schauder degree, we also prove that if min{p;, g2} > N, then there exists a
continuous curve I' that divides the first quadrant into two disjoint unbounded open sets, O; and Oq
such that the system (1.4) has only the trivial solution, at least one or two radial solutions according
to (A1, A2) € O1, (A1, A2) € T or (A1, A2) € Oy, respectively. In this discussion, the set Oy is adjacent
to the coordinate axes 0A\; and 0A2, and the curve I' is asymptotically close to two straight lines
parallel to the coordinate axes 0A1, 0As.

The rest of the paper is organized as follows. In section 2, we present some preparations and
the existence of nontrivial solutions for problem (1.1). Section 3 is devoted to the cases when f; and
f2 have a sub- or suplinear behavior near origin. In both cases, we obtain the existence of the radial
solutions of problem (1.1). The lower and upper solution method and some degree estimations in
the superlinear case are presented in Section 4 and our main goal of this work is the non-existence,
existence and multiplicity results for system (1.4) with Lane-Emden type nonlinearities are stated and
proved in Section 5.

2. Preliminaries

Throughout this paper, we denote C' := C]0, R] with the usual sup-norm || - ||. The space
Cl = C0, R] will be equipped with the norm |Jul|; = ||u||ec + ||¢/||o0, and the product space C* x C!
will be endowed with the norm ||(u,v)|| = max{||u|lco, ||V]|oo } + max{||t']|cc, ||t']|cc }. We consider the
closed subspace
P :={(u,v) € C* x C' : 4/(0) = u(R) =0 =v(R) = v'(0)}
and its closed, convex cone
K :={(u,v) e P:u>0<wv on [0,R]}

be a convex cone, B(p) := {(u,v) € P : ||(u,v)|| < p}, B(p) := K N B(p).
Let us seek radial solutions of (1.1). As usual, for radial solution u(r) with r = /X 22, the
Monge-Ampere operator simply becomes

(ul)N—lu// ((u/)N)’

2, — _
det D u = NI = N, NI (2.1)
For convenience, let u = —u(r) and v = —v(r), then the Dirichlet problem (1.1) can convert to
the following boundary value problem
[(—u' ()] = NrV " fi(ru,w),  r € (0,R),
(=0 ()N = NV fo(r, u,v), r e (0,R), (2.2)
u(r) >0, wv(r) >0, r € (0,R), .

v (0) = u(R) = v(R) =v'(0) = 0.

Denote a couple of nonnegative functions (u,v) € C1[0, R] x C1[0, R] as a solution of (2.2) with
r (W (r))N and r — (v/(r))Y of class C! on [0, R]. We say that u € C is positive if u > 0 on [0, R).
By a positive solution (u,v) of (2.2), we mean (u,v) satisfies (2.2) and both u and v are positive.
Let us define linear operators

S:C—C, Su(r) = (/ N ()L v e (0, R
0

R
T:C—C' Tu(r)= / u(t)dt, re[0,R].
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It is easy to see that S is compact and T is bounded. Hence, the nonlinear operator T0S : C — C!
is compact. Denoting by Ny, : C'x C'— C the Nemytskii operator associated to f;(i = 1,2) as follows

Ny, = fi(,u(),v(), (u,v) €C,
then Ny, (i = 1,2) are continuous and map a bounded set to a bounded set. A couple of functions
(u,v) is a solution of (2.2) if and only if it is a fixed point of the compact nonlinear operator

Ny:K— K, Ny=(ToSoNy,ToSoNy,).

In the following statement, we denote the Leray-Schauder degree by djs.
Based on this, we have the following results:
Lemma 2.1 All fized points (u,v) € B(p) of Ny satisfy

Ng(u,v)|| < MR(R+1). (2.3)

Proof Let MV := maX[O,R]XB(p){fI(Tv u,v), fo(T,u,v)}, where B(p) is a circle with radius p and with
its center at the origin. From the above definitions of operators, we know that

T oS o Ny, (u,v) = / /NTN Lfi(ru(r), (T))dT)%dt, r € [0, R].

Since f is bounded in [0, R] x Bp, it follows that
HU’/HOO S MR» HU/HOO S MR? HU’HOO < MR27 HUHOO < MR2;

Therefore (2.3) holds from the above inequalities.
Lemma 2.2 For alld > MR(R + 1),

drs(I —Nf,B(d),O) =1.

Proof We consider the compact homotopy H : [0,1] x B(d) — P given by H(t,-) = tN(-). Since
H(t, (u, v)) = tN}(u, v) <EN;(u,0)[| < MR(R+1),  (t, (u,v)) € [0, ] B(d)
that is H(¢, (u,v)) C B(MR(R+ 1)), which derives that H(t,-) has no fixed point in 9B(d), t € [0, 1].

Then, the following formula can be obtained from the homotopy invariance of the Leray-Schauder
degree
drs(I —Ny,B(d),0) =drs(I,B(d),0) =1 forall d> MR(R+1).

Now, we choose the constants
€(0,R), 0<a<R-b, d>MRR+1)+« (2.4)

and introduce a continuous function ¢ : P — R defined as follows

&(u,v) = min { minu(t), minv(?) |

and we put
D, = {(u,v) € P: ¢(u,v) < a},
Ug = {(u,v) € B(d) : ¢(u,v) < a}.
Notice that D, is an open set in P, hence U, = K N E(d) N D,, is a bounded open nonempty

subset of K, the non-nullity of U, is guaranteed by (0,0) € U,.
Lemma 2.3. If (u,v) € OU,, then ||(u,v)|| = d or ¢(u,v) = a.

Proof Since U, C (KNJ[B(d)ND,]) C d[B(d)NDy], it derives that (u,v) € B(d) N Do \[B(d)ND,].
From (u,v) € B(d) N Dy, we get that

l(w,0)| <d and ¢(u,v) <,
while from (u,v) ¢ B(d) N Dy, we have

l(w,v)| =d or  (u,v) > e,
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it leads to ||(u,v)|| = d or ¢(u,v) = a. O
Lemma 2.4. If

Ny (u,v) + t(o, @) # (u,v), for allt € [0,1] and (u,v) € K with ¢(u,v) = «, (2.5)
then

drs(I — Ny, U,,0) = 0.
Proof At first, we consider the homotopy H : [0,1] x U, — U, given as follows
H(t, (u,v)) = Nf(u,v) + t(o, @).

We claim that (0,0) ¢ (I—H(¢, (u,v)))(0Uy). Otherwise, there exist to € [0,1] and (ug, vg) € U,
with (ug,vo) = Ny (ug,vo) + to(ev, @). From Lemma 2.3, we know that ||(ug, vo)|| = d or ¢(ug, vo) = a.
On account of (2.3), ||(uo, vo)|| = d derives that

d = [[(uo, vo) || = [Ny (uo, vo) + to(a, @) || <IN (uo, vo)l| + tor < MR(R+1) + ax,

which is a contradiction. In addition, we know that ¢(ug,vy) = a contradicts with (2.5).
On the contrary, we assume that dyg(I =Ny, Uy, 0) # 0. Then, by the invariance under homotopy
of the Leray-Schauder degree, we infer that

drs(I —H(1),Uq,0) = drs(I — H(0),Uq,0) = drs(I — Ny, Uy, 0) # 0.
Then, there exists (u*,v*) € U, such that
Ny(u*,0") + (o, ) = (u*,v").
For Ny¢(u*,v*) € K, we get the contradiction
a> ¢(u,v*) = pNp(u*,v*) + (a, @) > d(a, ) = .

([
Theorem 2.5. If (2.5) is satisfied, then problem (2.2) has a nontrivial solution in B(d) \ U,
Proof For any (u,v) € U,, (u,v) # (0,0), Lemma 2.4 implies that drs(I —NF,U,,0) = 0. In addition,
Lemma 2.2 derives that ds(I — Ny, B(d),0) = 1.
Thus, there exists (u,v)(# (0,0)) € B(d) \ Uy, we have

(I_Nf)(uvv) = (0,0),

then (2.2) has a nontrivial solution. O
Recall, a function f = f(r,s,t) : [0, R] x [0,00)% — [0, 00) is said to be quasi-monotone nonde-
creasing with respect to ¢t (resp. s) if for fixed r, s (resp. r,t) one has

f(rasvtl) Sf(rasth)v ty §t2 (resp. f(rvslat) Sf(rvslat)7 S1 SSQ)

Theorem 2.6. Assume that f;(r,s,t) (i = 1,2) are quasi-monotone nondecreasing with respect to both
s, t, together with

2~

a<(R- b)(/ob NTN=LE(7, a)dr) . (2.6)

Then, problem (2.2) has a nontrivial solution.
Proof We claim that (2.5) holds. Suppose on the contrary, there exist ¢ty € [0,1] and (ug,vg) € K
with ¢(ug, vg) = a such that Ny (ug, vo) + to(a, ) = (ug, vo).
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Without loss of generality, we may assume that ¢(u,v) = min ) u(r). Then, for fixed 7o € [0, ],
we get ¢(u,v) = o = u(rg), u(r) > u(re), r € [0,b] and

o= :/ /NTN L (), (T))dT)%de

(

/b (/ NeN=Lf (7 u(r), (T))dT) dt
(
(

2~

Y

Y

/b / N1 (7 uro), o(r ))dT)%d

/b /NTN i (7, a, a)d T) dt

=(R-D) /ONTNilfl(T,O(,Oz)dT> ,

which contradicts (2.6). O
To get our main results, we shall need to introduce the following lemmas:
Lemma 2.7 Assume that (u,v) is a nontrivial solution of problem (2.2) and
(H}) (i) f1(r,€,0) >0 < fo(r,0,8), VE>0, r€(0,R]
holds, then uw > 0 < v and either u or v s positive and strictly decreasing.
In addition, if f1(r, s, t) (resp. fa(r, s,t)) is quasi-monotone nondecreasing with respect to t (resp.
s) and
(i) f1(r,0,€) >0 < fa(r,&,0), VE>0, re(0,R]
holds, then (u,v) is a positive solution with both w and v strictly decreasing.
Proof Since

2|

2|~

t 1
u’:—(/ NTN_lfl(T,'LL,’U)dT)N <0,
0

which means that u is decreasing. Similarly, one obtains that v is decreasing. Then u(R) = 0 implies
that v > 0 and, analogously, v > 0. In this regard, if u = 0, we have

v = (/tNTleQ(’DO,’U)dT)Z{]
0

It follows from v(0) > 0 and (H}) (7) that v < 0, therefore v is strictly decreasing and v > 0 on [0, R).
Similarly, if v = 0, which yields that w is strictly decreasing and u > 0 on [0, R).

Next, we prove that (u,v) is a positive solution with both u and v strictly decreasing when
fi(r, s, t) (resp. fa(r,s,t)) is quasi-monotone nondecreasing with respect to ¢ (resp. s) and the condition
(ii) holds. For this, we suppose that u is positive and we need to verify that v is also positive. If v(0) = 0,
then

v(0) = / /NTN Lty (r,u(r),0 )dT)ldtzo

follows that fa(r, u(r),0) = 0 for all € [0, R], which contradicts with (H}) (ii). Hence, v(0) > 0.
Further, from the assumption that fa(r, s,t) is quasi-monotone nondecreasing with respect to s,
we obtain

_(/Ot NTNflfQ(T,u(T),U(T))dT) < / NN fo(7,0,0(1 ))dT)% 0.

Hence, v is strictly decreasing. Similarly, u is strictly decreasing. ]
Lemma 2.8 Assume that

(HJ%) (i) fi(r,s,t) >0 < fo(r,s,t), Vs,t >0, re(0,R];
(7’2) fl(ragvo):fé(raoag):(l V£>O, TE(OaR]'
If (u,v) is a nontrivial solution of problem (2.2), then (u(r),v(r)) r € [0, R) is a positive solution with

both uw and v are strictly decreasing.
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Proof Tt follows from (H7) (i) and

W = (/Ot NTN=1fy (0, v)dT)% (2.7)

that v' < 0, hence, v is strictly decreasing. Similarly, we have u is strictly decreasing.

In addition, u(R) = 0 yields that w > 0 (resp. v(R) = 0 yields that v > 0). We suppose that
u = 0, then from v # 0, (HJ%) (it) and v(R) = 0 derives that v = 0, which is a contradiction. Similarly,
v # 0. Thus (u, v) is a positive solution on [0, R). O

Next, we make the hypothesis:

(Hy) The functions fi(r, s, t) : [0, R] x [0,00)? — [0,00) (i = 1,2) are continuous, quasi-monotone
nondecreasing with respect to both s, and satisfy

b
NN fi(r, a,0)dr >0, (i =1,2).
0

Based on the Theorem 2.6, we consider the following two-parameter (A\; > 0 < A3) problem

(= (M))N]) = MNP (o, 0), r € (0, R),
(=" (PNN]) = ANV L fo (r, u, v), r € (0,R), (2.8)
u(r) >0, wv(r)>0, r € (0,R),

4 (0) = u(R) = v(R) ='(0) = 0.

Theorem 2.9. Assume that (Hy) holds. Then there exists \f > 0 < X5 such that for all Ay > A} and
A2 > A5, problem (2.8) has a nontrivial solution.

In addition, if either (H}) or (HJ%) is satisfied, then problem (2.8) has at least one positive
solution.
Proof In Theorem 2.6, we replace \; f; instead of f; (i = 1,2), then it is worth noting that for any

o \N
(R—b)
fé) NTN=Lf(T, o, )dT
(2.6) holds. Moreover, from Lemmas 2.7 and 2.8, we know that the nontrivial solution is positive. [

Corollary 2.10. Assume that (Hy) holds. Then there exist constants \f > 0 < A5 such that for all
A1 > AT and Ay > A3, problem

A > =X (i=1,2),

det D*u = Ay f1(|z|, —u, —v) in B(R),
det D?v = g fo(|z|, —u, —v) in B(R), (2.9)
u=v=0 on IB(R)

has a nontrivial radial solution.
In addition, if either (H}) or (H3) is satisfied, then problem (2.9) has at least one radial solution
(u,v) with both u and v are strictly increasing.

3. Sub- or superlinear nonlinearities near origin

In this section, we focus on the existence of positive solutions to problem (2.2) when f; (resp. f2) with
sub- or superlinear growth near origin with respect u (resp. v).
Theorem 3.1. Let f; : [0, R] x[0,00)% — [0,00) (i = 1,2) be continuous and satisfy (H}) (0). If f1(r, s, 1)
(resp. fa(r,s,t)) is quai-monotone nondecreasing with respect to t (reap. s) and
. fl (Ta S, 0)
lim 2\
si}g{r sN
lim fo(r,0,1)
t—0+ tN

= 400 wuniformly with r € [0, R], (3.1)

=400 uniformly with r € |0, R], (3.2)



8 Xingyue He, Chenghua Gao* and Jingjing Wang

then problem (2.2) admits a solution (u,v) with u > 0 < v and either u or v is positive and strictly
decreasing.

In addition, if (H}) (#3) holds, then problem (2.2) admits a positive solution (u,v) with both u
and v are strictly decreasing.
Proof We first verify that there exists a constant dy € (0, M R(R + 1)) such that problem

(= (r)N) = NeN 7 fu(r, u,0) + ), r € (0, R),
(=o' ()] = NeN = fa(r,u,0) + 4, r€ (0, R), (3.3)
u(r) >0, wv(r)>0, r € (0,R), )

' (0) = u(R) =v(R)=2"(0)=0

has at most the trivial solution in B(d;) for all p € [0, 1].

Suppose on the contrary that there exist sequences {ur} C [0,1], {(ug,vi)} < P\ {(0,0)},
I(ug,vg)|| — 0, such that (ug,v) is a nontrivial solution of (3.3) with u = g, for all k& € N. From
Lemma 2.7, we know that either uy or vy is positive and strictly decreasing. Without loss of generality,
we may assume that uy is positive for all £ € N (when vy, is positive, the conclusion also holds).

Choose a constant m > 0 such that

m > 9R™2. (3.4)
Then, it follows from (3.1) that we can seck a ko € N such that
f1(r,un(r),0) > (mug(r))N  forall re[0,R] and k> k. (3.5)

Further, integrating the first equation in (3.3) over [0, 7] with u = ug, v = vg, p = g, using (3.5) and
the fact that fi(r,s,t) is quai-monotone nondecreasing with respect to ¢, we have

(- u;(r))N = /0 NTN VS (7w (1), ok(7)) + T
>/OTNTN1f1(T,uk(T),0)dT
2/0 NN (mag (1)) N dr

sz/ NTN*lu;ICV(T)dT7
0

that is
>m / NN ( )dr)
Integrating the above inequality on [%, %] one obtains
2R

uk(g)fuk(%)z/ / NrV-1uN (7 )dT) dr.
3

Then, combining the facts that wuy is strictly decreasing on [0, R] and ug > 0 on [0, R), we obatin

ur(2) / /NTN Lyl )dT)ldr

it derives that
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contradicts with (3.4). Note that (3.3) has no solution in B(d;) for any u € [0,1].
Let N4, be the fixed point operator associated to (3.3). We consider the compact homotopy
H :[0,1] x B(dy) — P given as follows
H(p, (u,0)) = Nypyu(u,v).
Further, for all (u, (u,v)) € [0,1] x 0B(d;), we have (u,v) # H(u, (u,v)) holds. It follows from the
invariance under homotopy of the Leray-Schauder degree that
drs(I —H(0,-),B(d1),0) =dps(I — H(1,-), B(dy),0).

If dps(I — H(1,-),B(d1),0) # 0, then there exists (u,v) € B(dy) with H(1, (u,v)) = (u,v), a
contradiction.
Consequently,
drs(I —H(1,-),B(d1),0) = 0.
Combining this with Lemma 2.1, we have

drs(I = Ny, Byp(rer) \ B(d1),0) = 1.

Therefore, (2.2) admits a positive solution (u,v) € Byr(rt1) \ B(dy). O
Remark 3.2. It is known that if f : [0, R] x [0,00) — [0,00) is continuous, f(r,s) > 0 for all (r,s) €
(0, R] x (0,00) and

)

im

sN

=400 uniformly with r € [0, R],

s—0t
then the following boundary value problem

{ [(=u'(r)™] = Nr¥ =L (),

u'(0) = u(R) =0 (3.6)

has a positive solution.

Corollary 3.3. Assume that f; : [0, R] x [0,00)? — [0,00)(i = 1,2) are continuous and with (H}c) (0). If
fi(r,s,t) (resp. falr,s,t)) is quai-monotone nondecreasing with respect to t (resp. s) and (3.1), (3.2)
hold, then the system (1.1) admits a radial solution (u,v) with either u or v is strictly increasing. In
addition, if (H}) (#i) holds, then problem (1.1) admits a radial solution (u,v) with both u and v are
strictly increasing.

Theorem 3.4. Assume that f; : [0, R] x [0,00)* — [0,00) (i = 1,2) are continuous and with (H3). If
there exists some I > 0 such that either

lim 7f1(7“,3,t) =0

Jlim =g uniformly with r € [0,R], t€]0,]] (3.7)
" falrs.1)
. 2(r,s,t) . )
tgrél+ =~ = 0 wuniformly with r € [0,R], se€][0,]], (3.8)

then there exists pg > 0 such that
dLS(I_vaB(p)7O):1a O<P§PO

Proof Let 0 < £ < 5. Assume that (3.7) holds (similar reasoning when (3.8) holds), then there exists
se > 0 such that for all s € (0, s.),

fi(r,s,t) < (es)Y, re€[0,R], te]lo,l. (3.9)
Consider the compact homotopy
H:[0,1) x P— P, H(t,u,v) = tNs(u,v).
We will show that there exists pg > 0 such that
(u,v) £ H(tu,v), (tu,v) € [0,1] x (Bpy \ {(0,0)}).

By contradiction, we assume that
(ug, vi) = LNy (ur, v)
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with ¢, € [0,1], (ug,vx) € P\ {(0,0)} and ||(ug,vi)]| = O for all k& € N. From Lemma 2.8, we know
that both wuy and vy, are strictly positive on [0, R). We assume that ||ug||eo < s and |Jvg||o < 1 for all
k € N. It follows from (3.9) that

fi(ryue(r),on(r)) < (ellunll)™, r€[0.R], kel
For any k € N, we obtain

sl = [ ([ N et o)

R t %
g/ (/ NTN*1(5||uk\|OO)NdT) dt
0 0

1
= SR urll,

by passing with k — oo, we obtain ¢ > 2R~2, which is a contradiction. Then it follows from the
invariance under homotopy of the fixed point index that
dps(I =Ny, B(p),0) =drs(I,B(p),0) =1, 0<p<po.
O
Corollary 3.4. Assume that f; : [0, R] x [0,00)? — [0,00) (i = 1,2) are continuous and with (HJ%)
If (3.7) and (3.8) hold, (2.2) admits a positive solution. Further, the system (1.1) admits a radial
solution (u,v).

4. Lower and upper solutions; degree estimations

In this section, we get some degree estimates by using the lower and upper solutions method, and
further obtain the existence of solutions for problem (2.2). First, we give the definitions of upper and
lower solutions, respectively.

A lower solution of (2.2) is a couple of nonnegative functions (v, a,) € C* x C! with ||, ||ec <
MR, || ||oc < MR, and 7+ (u/(r))N, 7+ (v/(r))N are of class C* on [0, R] and satisfies

[(—an, ()] = Ne¥TLf (r, aw, a0),
(=, ()] = NV fa(r, o, ), (4.1)
a,(0) = ay(R) = ay(R) = o, (0) = 0.

An upper solution of (2.2) is a couple of nonnegative functions (3, 8,) € C! x C* with [|8],||cc <
MR, ||B))]loc < MR, and the mappings r +— (u/(r))Y, r — (v/'(r))" are of class C! on [0, R] and

satisfies
(=B ()N < NeN =L (7, Bus Bu),
(=B, (PN < NeN7Efo(r, B, Bu), (4.2)
B81,(0) = Bu(R) = B,(R) = B,(0) = 0.

Let

Dia,p) = {(u,v) € Py <u < Py, v < Py}

Theorem 4.1. Assume that (2.2) has a lower solution (q,an) and an upper solution (By,[B,) such
that o, (r) < Bu(r), ay(r) < By(r) for all v € [0, R] and fi(r,s,t) (resp. fa(r,s,t)) is quasi-monotone
nondecreasing with respect to t (resp. s). Then,

(i) problem (2.2) has always a solution (u,v) € D(q, g);

(i) if (2.2) has a unique solution (ug,vo) € D(a,p) and there exists pg > 0 such that B((ug,vo), po) C
Do, then

drs(I — Ny, B((uo,v0),p),0) =1 forall 0<p<pp.
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Proof (i) Define two new continuous functions I'; : [0, R] x [0,00)% — [0,00) (i = 1,2) as follows

Li(r,s,t) = fi(r,n(r,s),v2(rt) — s +n(r,s)
and
PQ(rv S, t) = fg(?“, ’Vl('n 3)7'72(T7 t)) —t+ '72(T7 t)v
where ~; given as
v1(r, 8) = max{ay (), min{s, 8,(r)}}, ~2(r,t) = max{a,(r), min{t, 5, (r)}}.

Now, we consider the following new problem

(= (r)N] = NrV'Ty (r,u,0), r € (0, R),
(=0 ()N = NrN 710y (r, u, v), r € (0, R), (4.3)
u(r) >0, wv(r)>0, r € (0,R),

u'(0) = u(R) = v(R) ='(0) = 0.

It follows from Lemma 2.2 that problem (4.3) has at least one solution. Now, we show that if
(u,v) is a solution of (4.3), then for all r € [0, R], (u(r),v(r)) C Dq,g. We only prove that a,, < u on
[0, R], the remainder can be obtained analogously.

By contradiction, we suppose that there exists ¢ € [0, R] such that

max(ay, — u) = ay(re) — u(rg) > 0. (4.4)
[0,R]
If ro € (0, R), then o, (rg) = u'(r¢) and there exists a sequence {ryp} C (0,79) converging to ro such
that o, (r;) — u'(rr) > 0. Therefore, o, < 0 and v’ < 0 imply the following inequality

(b))~ (—abtn) < (~w) —(~won)”
holds. Further, it derives that

/

[(—al DM = (= r)V]

T=T0o

/
r=rQ

Hence, from the facts (ay,a,) is a lower solution of (2.2) and f; is quasi-monotone nondecreasing
with respect to t, we derive that

/
> (/D] = N (o, u(ro) v(ro))
T=To
= N f1(ro, 11 (r0, u(ro)), v2(ro, v(ro))) — u(ro) + Y1 (ro, u(ro))]
= Nrév_l[fl(foyau(ro),72(7“0,1/(7“0))) —u(ro) + au(ro)]
> Nrg' ! f1(ro, o (ro), Y2 (ro, v(ro)))
> N1 fi(ro, ovu(ro), (o))
/
> [(—au)™]
T=T0
which is a contradiction.
If ro = R, then a,(R) — u(R) > 0 can be obtained from (4.4), which is inconsistent with
ay(R) =u(R) =0.
Finally, if 7o = 0, then there exists a sufficiently small g9 > 0 such that for all r; € (0,&¢], we
have

ay(r) —u(r) >0, and o (r1) —u'(r1) <0, re€l0,r].

(~oltr) = (~wrn)”

It derives that
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Based on the facts that (a,,q,) is a lower solution of (2.2) and f; is quasi-monotone nonde-
creasing with respect to t, we integrate the first equation of problem (4.3) from 0 to r; and obtain

—u/(r1) Vo[ S,y (ryu(r)), y2(r, v(r))) — u(r) +71(r,u(r)) | dr
0
> /OT1 NrV=Lf(r, o (1), y2 (7, 0 (7)) )dr

> /T1 N1 (r, (1), ay(r))dr
0

[ [

. N
= (—altm)
which is a contradiction. Consequently, for all r € [0, R], () < u(r) holds.
(i7) Let Nr : P — P be the fixed point operator associated with problem (4.3). From Lemma 2.2 and
Lemma 4.1 (i), it follows that N = Ny on D, g), and all fixed points (u,v) of N are contained in
D(q,p), they are also fixed points of Ny. Hence, (ug,vo) is the unique fixed point of Nr.
Therefore, for sufficiently large d,

(I = Nr)(B(d) \ B((uo,v0), po)) # (0,0).
It follows from Lemma 2.2 and Nt = N} on D, O B((uo,v0), po) that
dLS'(I _NF7B((UO7UO)7P)7O) = dLS(I _NF7B(d)?0) = 17 0< 14 < Po-

5. Non-existence, existence and multiplicity for a Lane-Emden system

In this section, we consider the Lane-Emden system with Monge-Ampeére operator
det D?u = Ay (|z]) (—u)P (=) =0 in B(R),
det D*v = \avo(|z])(—u)P? (—v)%2 = 0 in B(R), (5.1)
ups(rR) = 0 = VaB(R)-
At first, we make the following hypothesis:
(H) The functions v4,vs : [0, R] — [0, 00) are continuous with v1(r) > 0 < va(r) for all r € (0, R,

0<qi,p2 <ooand N < p1,qe < 0.
We try to deal with the following system

(= (M)N]) = NerN I\ (r)uPro®, r € (0, R),
(<)M = N Dy, e (0,R), 5.2
u(r) >0, wv(r)>0, r € (0, R),
4 (0) = u(R) = v(R) =v'(0) = 0.
Let B(p) be the circle in R? entered at the origin with radius p. Denote
Bo(p) = B(p) N ([0, 00) x [0,00)) (5.3)

and
O := {(A1,A2) : A1, A2 > 0 and (5.2) has at least one positive solution},
it is easy to get that © is nonempty and unbounded in both directions of axes O\; and 0As.
Lemma 5.1. Assume that (H) holds. Then, the following are true:
(i) there exist constants A1, As > 0 such that © C [A1,00) X [Ag,00) and for all (A1, A2) €
(0,00)2\ ([A1, 00) X [Ag,00)), problem (5.2) has only the trivial solution;
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(i) if (\1,A2) € O, then [A1, +00) X [A2, +00) C O;

(i3) if (\1,A2) € ©, then for all (A1, \2) € (A1, +00) X (A2, +00), problem (5.2) has at least two
positive solutions.
Proof (i) Let A1, A2 > 0. From Lemma 2.2, there exists a sufficiently large constant p such that
problem (5.2) has at least one positive solution in By(p). Let (u,v) € Bo(p) be a positive solution of
(5.2). It follows from Lemma 2.8 that u and v are both strictly decreasing.

We denote M; := maxjg g vs(7), (i = 1,2). Since v and v are strictly decreasing on [0, R], we
deduce that

1

—d(r) = ( /0 NN A (B (£ (1))
(

Moreover,

2|

Rz(Alﬂlﬂﬂ“(Oﬁﬂ1«D> (5.4)

and

2~

v@gm@mwmmm. (5.5)

DN | =

From Lemma 2.1, we have for any (u,v) € By(p), 0 < u(0),v(0) < MR? Combining this with
p1,q2 > N, we know
2\ N
NS
= Mi(MR)QPHrQQi
Now, we consider the two nonempty sets
O, := {)\1 > 0:3)Xy > 0 such that ()\1,)\2) € @},

Oy = {/\2 > 0:3)\; > 0 such that (/\1,)\2) S @}

>0, (i=1,2). (5.6)

and define

(0 <)A; :=inf O,;(< +00), i=1,2.
Therefore, it follows that ©® C [A1,00) X [A2,00). In addition, according to Lemma 2.8, we know
that for all (A1, A2) € (0,00)%, (5.2) has at least one nontrivial solution, then, we obtain that for all
(A1,A2) € (0,00)2\ ([A1,0) X [Ag,0)), problem (5.2) has only the trivial solution.

(ii) Let (AY,A9) € [A1, +00) X [Ag, +00) and (@, D) be a positive solution of problem (5.2) with
A1 = A; and Ay = Ag. Then (%, ) is a lower solution of (5.2) with A; = A and Ay = AJ. Combine the
facts that A}, A > 0 and (@, ) is positive, we obtain (A, \3) € ©.

(ii7) From (i7), we have that (A1, +00) x (Mg, +00) C ©. Set (A}, A\) € (A1, +00) x (Mg, +00).
Next, we will show that when A\; = A}, Ay = A3, problem (5.2) has a second positive solution. For
this, we remain let (@, v) be the lower solution as we constructed before.

At first, let (ug,vo) be a positive solution of (5.2) with A\; = A\? and Ay = AJ such that (ug,vo) €
D) = {(u,v) € K : u < u,v < v}. Now, we claim that there exists & > 0 such that B((uo, vo),€) C
D(3,5)- We only need to show that for any (u,v) € B((uo,v0),€), we have (u,v) € D35

In fact, for all 7 € [0, £], we can deduce that

a(r) = /TR (/Ot NNt [Xlul(s)ﬂpl(s)ﬁ(“ (s)}ds) %dt
< /TR (/Ot NNt [/\(fz/l(s)ugl(s)vgl (s)}ds) %dt

= ug(r).
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Similarly, we obtain D(r) < vo(r) on [0, £]. Therefore, we can find £; > 0 such that if (u,v) € K,
then
lu—uollec <er=u<u and |v—1oll <e1=v<v on [0,E] (5.7)
On the other hand, for any r € [£, R], one obtains u{(r) < @'(r) and v{(r) < ¥'(r). Hence, there
exists some €5 € (0,£1) such that if (u,v) € K, then

[0 —uflloo S 2 =0 >0’ and |/ — )| <e2 =70 >0 on [£ R]
Since
R R
u(r) = —/ u'(s)ds > —/ u'(s)ds = u(r),
T T
we have u > % on [£, R). Analogously, v > v on [£, R). In addition, we also have u(R) = u(R), which
means that
o' —uflloo Ce2=u<u and |V —vfllc <e1=>v<v on [£ R] (5.8)

Consequently, @ < v and T < v on [0, R]. Choose ¢ € (0,¢e2), then the claim holds.
Next, if problem (5.2) has a second solution involving in D5 5), then the solution is nontrivial
and the conclusion is obvious. Otherwise, by Lemma 4.1, we can deduce that

dLS(I _MA?,A%)?B((uova)apl)vo) =1, 0< P1 <e¢,

where '/\/(/\‘1’,/\3) stands for the fixed point operator associated to problem (5.2) with A; = \{ and
A2 = AJ. Furthermore, from Lemma 2.1, we get

dLS(I—N()\Cl)’/\g),B(pg;),O) :].7 P3 ZMR(R+1),
and from Theorem 3.4, for sufficiently small ps > 0, we have
drs(I = N ag), Bp2),0) = 1.

_ Let p1, p2 > 0 be sufficiently small be such that B((ug,v0), p1)NB(p2) = 0 and (B((ug, vo), p1)U
B(p2)) C B(ps). By the additivity and excision of the fixed point index, it can be obtained

drs (I = Nogys B(ps) \ [B((uo,v0), p1) UE(pg)},O) -1

So, N(xo,xg) has a fixed point (u,v) € B(ps) \ [B((u0,v0), p1) U B(p2)]. Combing this with the fact
that (A9, \9) € ©, we know that problem (5.2) has at least two positive solutions.

Now, for 6 € (0, §), we set .
L(0) :=={A>0:(Acosb,Asinb) € O},
it is a nonempty set. We reconsider problem (5.2) in the following form
(= (r)N] = Nr¥N =1 X cos Qv (r)uPro® r € (0, R),
(=" (r)N] = NrN =1\ sin Qv (1) uP2 0?2, r e (0,R), (5.9)
u(r) >0, wv(r)>0, r € (0,R),
' (0) = u(R) = v(R) ='(0) =0,
where A > 0 is a real parameter.
Lemma 5.2. There exists a continuous function A : (0, %) — (0,00) such that
éiir(l) A(f)sinf — Ay =0 = lim A(6) cost — Ay, (5.10)

9—}5
and has the following results hold:
(i) A(0) € L(0), 0 € (0, 5);
(i) there exists a sufficiently large p such that for all (A1, A2) € (A(f) cos @, 00) x (A(f)sinb, 00),
0 € (0,%), system (5.2) has at least two positive solutions.
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Proof Set
AB) == ifL(#), 0e(0,%). (5.11)
Tt follows from L(60) # 0, £(6) > 0 and Lemma 5.1 (i) that A(f) < oco.
(i) Let {\*} C L(#) be a decreasing sequence converging to A(6) and (ux,vi) € Bo(p) (Bo(p) is
given in (5.3)) with uy > 0 < vg on [0, R) be such that

up,=PoSo P\k cos Huluzlvzl] ,
vy =PoSo [)\k sin Qvou? Z"’] .
From Lemma 2.1 and Arzela-Ascoli Theorem, we know that there exists (u,v) € Bo(p) such that

a sequence {(ug,vr)} converges to (u,v) in C' x C' by the usual product topology. Hence, u > 0 < wv
and

u = PoSo[Af)cosbriuPrvh],

v = Po S o[A(f)sinbreuP?v®].
From (5.4) and (5.5), we obtain

2|~

uk(0) < 1R? ()\k cos OM;u?" (0)v (0))

and

e

e (0) < LR? <,\k sin O Myul? (0)v (0))
Furthermore, since 0 < u(0), v, (0) < M R?, it imply that

mJ;N 2
Uy, (O) > T
()\’f cos 9M1M‘I1)WR

2q1 +2N
N

and
ap—N 2
> ;|
(AFsin Mo MP2) N R
The fact N < p1,q2 < oo guarantees that there is a constant ¢ > 0 such that for all k,
u(0),vr(0) > ¢ hold true. This leads to u(0),v(0) > ¢. Therefore, by Lemma 2.8, we have u > 0 < v
on [0, R), which means that A(0) € L(6).
(ii) This fact comes from Lemma 5.1 (iii). Firstly, we need to prove that A is continuous at each
o € (0, 5). Otherwise, we can find some ¢ € (0, A(6p)) such that for all sufficiently large n € N, there
exists 0, € (6o — +,00 + =) C (0, %) with

[A(6,) — A(6o)| > e.

Assume that A(6,) — A(6y) > ¢ for infinitely many n € N. Then for a subsequence of {6,}, still
denoted by {6,}, we have

2pg+2N °
N

(A(0,) — 5)cos by, > (A(bp) + 5) cos b,

3
and
(A(0r) — 5)sinf, > (A(6p) + 5)sinb,.
In addition, there exists ng € N such that for all n > ng, we obtain

(A(6o) + §) cos b, > A(6p) cos by
and

(A(6o) + 5)sinb, > A(6p) sin .
Therefore, for any n > ng, we get

(A(0n) — 5)cosb, > (A(B) + §) cos By, > A(6) cos by

and
(A(6r) — §)sinb, > (A(By) + §5)sinb, > A(6p) sin by.
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Further, by invoking these facts that A(6p) € £(6p) and Lemma 5.1 (ii), we obtain
((A(0,) — 5) cos by, (A(6,,) — 5)sinb,) € O,

which means that A(6,) — § € L(0,), it contradicts the definition of A(6,). Analogously, since for
infinitely many n € N, A(6,,) — A(6p) < —e, using the similarly method, a similar contradiction of the
definition of A(fy) may arise. According to the Heine’s theorem, A is continuous on (0, 7).

Finally, for the fact stated by Lemma 5.1 (iii), we need to prove that (5.10) holds. Let {6,} C

(0, %) be a sequence with ¢, — 5 (n — o). Based on this, we have to prove that
A(6,)cosb, — A1, n— oo. (5.12)
For this, we only need to show that any subsequence {6,,} C {6, } with
A(B,,) cosb,, — Ay, k— oco.

Since A1 = inf ¥y, there exists a sequence {A\{} C ©; with A} — A;(k — o). Since 6,, — Z(n —
00), using an inductive standard reasoning for Lemma 5.1 (ii), we can seek a sequence {ry} C (0, 00)
such that for any subsequence {6,,, } C {6,,} and for all k¥ € N, we have

T cos 0, = ¥ (5.13)

and

(rg cos O, , T sinb,, ) € ©.
Recalling the definition of A, we know that A(6,,) < rg, it follows that A(6,,)cost,, < 7, cosb,, .
Furthermore, by the definition of A; and (5.13), we have

Ay < A(0,)cos,, <rpcosb,, =N = A1, k— oo

By the reduction principle, it means that A(6,,) cos6,, — A1, 0, — 5 (n — 00). Meanwhile, it also can
be proved that A(6,)sinf,, — Ay when 6,, — 0(n — o00), that is (5.10) holds.

O
Theorem 5.3. Assume that (H) holds. Then there exist A1,As > 0 and a continuous function A :

(0,%) — (0,00), generating the curve

r A1(0) = A(6) cos b, 6eiDx
=1 200) = A@) sin, €(0.3)
such that
(7’) I'c [A1,+OO) X [A2,+OO);
(ii) the following asymptotic behaviors hold
lim Ag(f) = 400 = lim A (), (5.14)
0—7% 0—0
6—0 0—%

(#i5) T' divides the first quadrant (0,+00) x (0,400) into two disjoint sets Oy and Oz such that
problem (5.1) has zero, at least one or at least two radial solutions when (A1, A2) € O1, (A1,A2) €T
or (A1, A2) € Oa, respectively.
Proof Lemma 5.1 (i) guarantees the existence of A1 and Ag, whereas Lemma 5.2 ensures the existence
of the continuous function A.

(i) It can be proved by Lemma 5.1 (i) together with Lemma 5.2 (i);

(ii) Since A(f) > A which means that

— cosB’

lim Ay(6) > lim A tané = co.
0—% 0—%

Analogously, 9111% A1(0) = oo follows from that A(0) > gﬁfe. And equalities (5.14) hold from Lemma
= :
5.2;
(iii) From Lemmas 5.1 and 5.2, we know that the curve I' divides the first quadrant into two
disjoint unbounded open sets O; and O3, and the set O, is adjacent to the coordinate axes 0A; and
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0A2, the curve I' is asymptotically close to two straight lines parallel to the coordinate axes O\1, 0o

From this, we know that the system (5.1) has zero, at least one or two radial solutions according to

(A1, A2) € O1, (A, A2) € T or (A, Ay) € Oy, respectively. O
Based on the result of Theorem 5.3, we consider a more general system problem:

det D?u = My (|2)) f1 (2|, —u, —v) in B(R),
det D*v = \awo(|2]) f2 (||, —u, —v) in B(R), (5.16)
u=v=0 on 9B(R),
where weight functions v1,v2 € C([0, R, [0,00)) with v1(r) > 0 < vo(r) for all r € (0, R], p1, ¢z are
nonnegative and i, pe are positive exponents, f; and f : [0, R] x [0,00)? — [0, 00) are continuous.

Corollary 5.4. Assume that fi(r,s,t), f2(r,s,t) are quasi-monotone nondecreasing with respect to both
s and t and satisfy the additional condition:

(Hy) there exist constants ¢ > 0, p1,q2 > N and g1,p2 > 0 such that
0 < fi(r,s,t) < csPrt?

0 < fa(r,s,t) < csP?t®
for all s,t > 0.
Then for problem (5.16), all results in Theorem 5.3 are still valid.
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