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1. Figures S1 to S17
Introduction The following figures are provided in this supporting information. Figure
S1-S7 present information regarding the numerically generated uncorrelated time series.
Figure S1 shows the probability density functions of the length of the inter-event times
(Pm(Tm) and ppr(7ar)) and their interpolation and extrapolation functions. Figure S2
shows the conditional probability density function of the length of the lower intervals
included in the upper interval of length 7ps (pmas(7im|7ar)) and its interpolation and ex-
trapolation functions. Figure S3 shows the conditional probability density function of
the length of the left-most lower interval included in the upper interval of length 7,
(Py(7m|Tar)) and its interpolation and extrapolation functions. Figure S4 shows the aver-
age number of lower intervals included in the upper interval of length 7as (7ar/((Tin))7ss)

and its interpolation and extrapolation functions. Figure S5 shows an example of Bayesian
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updating. Figure S6 shows the average distances between the distribution functions and
the (part of) approximation functions including the results of numerical Bayesian updat-
ing using statistical amounts calculated using the ' = 10° time series. Figure S7 shows
the joint probability mass function of the logarithm of the positions of the maximum peak
of the inverse probability density function and its approximation function calculated by
numerical Bayesian updating with A" = 10°. Figures S8-S17 are about the numerically
generated time series of the ETAS model. Figure S8 shows py,(7,,) and pas(7ar), and their
interpolation and extrapolation functions. Figure S9 shows p,,as (7 |7ar) and its interpo-
lation and extrapolation functions. Figure S10 and S11 show the conditional probability
density functions of the left-most and right-most lower intervals included in the upper
interval of length 75, (p"(7,|7ar) and p®(7,,|7ar), respectively) and their interpolation and

extrapolation functions. Figure S12 shows 7y /((7n))r, and its interpolation and extrap-

™™
olation functions. Figure S13-S15 show examples of Bayesian updating for dy, = 0.5.

Figure S16 shows the probability density functions of n<y, and 7<y, for oy, = 0.5. Figure

S17 shows the statistical results of the effectiveness of forecasting for dy, = 0.25.
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Figure S1. Probability density functions of the length of inter-event times at magnitude
thresholds m = 3.0 and M = 5.0 calculated for the numerically generated uncorrelated time
series, and their interpolation and extrapolation functions. Symbols (4 and ®) show the proba-
bility density functions obtained numerically. The intervals between the symbols are interpolated
by cubic spline functions represented by the black curves. Further, outside of the range covered
by the symbols are extrapolated by the fitting functions at the edge represented by the red lines;
constant function (In p(7) = C') on the small side and the exponential function (Inp(7) = AT+ B)

on the large side. The parameter values (A, B, C') are determined by the least squares method

using 10 points at each end.
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Figure S2. Conditional probability density function of the length of the lower interval (7,,)
included in the upper interval of length 7;, for the uncorrelated time series, and its interpolation
and extrapolation functions in (a) an oblique view and (b) a horizontal view parallel to the
log,, Tm-axis. Gray curved surface is the part of the step function of Equation (15). Symbols
(4) represent the probability density function obtained numerically. For each 7j,, only data
points with 30 or more points in the range of 7, > 7, are displayed. The intervals between
the symbols in the log,, 7,-axis direction are interpolated by cubic spline functions represented
by the black curves. Outsides of the range covered by the symbols in the log,, 7,,-axis direction
are extrapolated by the fitting functions at the edge represented by the colored lines (the color
varies with log,, 7s); constant function (Inp(7) = C) on the small 7, side and the exponential
function (Inp(7) = AT + B) on the large 7, side for each 7). The parameter values (A, B, C)

are determined by the least squares method using 10 points at each end for each 7.
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Figure S3. Conditional probability density function of the length of the left-most lower interval
included in the upper interval of length 7, for the uncorrelated time series, and its interpolation
and extrapolation functions in (a) an oblique view and (b) a horizontal view parallel to the
log,, Tas-axis. Gray curved surface shows the part of the step function of Equation (29). The

description of the figure is the same as in Figure S2.
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Figure S4. Average number of lower intervals included in the upper interval of length 7,
(Tar/{{Tar))ry, ) for the uncorrelated time series, and its interpolation and extrapolation functions.
Symbols (®) indicate the results obtained numerically. The intervals between the symbols are
interpolated by cubic spline functions represented by the black curves. Outsides of the range
covered by the symbols are replaced or extrapolated by following functions represented by red
lines; In 7y /{({(Tas))+,, = 0 on the small side, whereas the fitting function 7/ {({(Tas))r,, = ATar+B
on the large side with the parameter values determined by the least squares method using 10

points at the end.
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Figure S5. Examples of the Bayesian updating on a numerically generated uncorrelated time
series. In this example, the total number of updates between the events with a magnitude above
M is 73. The horizontal axis represents the elapsed time from the previous event with a magnitude
above M, and the vertical axis is the logarithmic scale of the inverse probability density function
and its approximation function for n = (a) 1, (b) 20, (c¢) 40, and (d) 60, respectively. Gray
curve is py(Tyr) and black vertical dotted line indicates the actual elapsed time of the next
large event with a magnitude above M. At each update, (Exact) the inverse probability density
function (Equation (24)), (Approx) the approximation function (Equation (39)), and (Kernel) its
kernel part (Equation (40)) are shown. Further, the results with the numerical updating method
(Equations (43) and (44)) are shown for the approximation function and its kernel part; (Kernel,
Numerical) represents the result of Equation (43), and (Approx, Numerical) is for Equations (43)

and (44).
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Figure S6. Average distances for elapsed time T from the last event greater than M. Each
symbol represents the same distance as in Figure 7. The results of the numerical updating of
(D" are calculated using statistical amounts in Equation (42) taken from the N' = 10° time
series with (a) Aryy = 0.1 and I, = 0, (b) A7y = 0.1 and [, = 5, (¢) A7y = 0.025 and [, = 0,

and (d) A7y = 0.025 and [, = 20.
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Figure S7. Joint probability mass function of (/%max, Jrmaxapprox) - [;max,approx jg ghtained using
the numerical updating method with statistical amounts in Equation (42) taken from the N" = 10°
time series with (a) Ary = 0.1 and [. = 0, (b) A7y = 0.1 and [. = 5, (¢) A7y = 0.025 and
lc =0, and (d) A7y = 0.025 and [, = 20. For (a) and (b), the horizontal lines at A™®%2PProx = ()
and the vertical line at k™ = 80 correspond to cases when no peak is detected by the peak
search. Further, for (c) and (d), the lines at k™*PProx — 320 and at k™ = 320 correspond to
the no peak cases. The left panels are results when the peak search is conducted in the range of

7y > max{7() ... 7M1 and the right panels in the range of 73y > T.
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Figure S8. Probability density functions of the length of inter-event times at magnitude
thresholds m = 3.0 and M = 5.0 calculated for the numerically generated time series of the
ETAS model, and their interpolation and extrapolation functions. The description of the figure

is the same as in Figure S1.
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Figure S9. Conditional probability density function of the length of the lower interval (7,)
included in the upper interval of length 7, for the numerically generated time series of the
ETAS model, and its interpolation and extrapolation functions. The description of the figure is

the same as in Figure S2.
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Figure S10. Conditional probability density function of the length of the left-most lower
interval included in the upper interval of length 7, for the numerically generated time series of
the ETAS model, and its interpolation and extrapolation functions. The description of the figure

is the same as in Figure S3.
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Figure S11. Conditional probability density function of the length of the right-most lower
interval included in the upper interval of length 7, for the numerically generated time series of
the ETAS model, and its interpolation and extrapolation functions. The description of the figure

is the same as in Figure S3.
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Figure S12. Average number of lower intervals included in the upper interval of length 7,
(7ar/{{Tas))ry, ) for the numerically generated time series of the ETAS model. The description of

the figure is the same as in Figure S4.
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Figure S13. First example of Bayesian updating. This is the case where 7, is in regime (1).

(a) Around the peak of the kernel part for each update. The dotted curve indicates pys(7as)-

max,n max,n

(b) Evolutions of the estimate (7,,"") and the tolerance of error [Tll‘i 5 M " } in Equation (50)

with &y, = 0.5. The elapsed time from the last large event is indicated by the dotted line. (c)
Evolution of the relative error (4,). The orange band indicates the tolerance range +dy,. (d)
Evolution of the occurrence rate (R, defined by Equation (51)). The magnitude of the event
at each update is indicated by black bars. (e) Evolutions of the variation of the log-occurrence
rate (Alog,, R, defined by Equation (52)) and the variation of the log-estimate (AkM** defined
by Equation (53)). In this example, the occurrence rate is high, and it stays almost constant
as shown in (d). The kernel part has a peak as shown in (a). Its maximum peak time (73,"")
continues to be nearly constant around 75, from well before the large event as shown in (b); this is
confirmed in (c), which indicates that |d,| < &y, is satisfied consecutively for n € (ngn, — n<tn, Nfin]

with a long n<y,, and in (e), that shows that AkP* fluctuate around 0. Then, in this example,

7i is judged to be effectively forecasted for the setting of dy, = 0.5.
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Figure S14.  Second example of Bayesian updating. This is the case that 7}, is in regime
(IT). In some cases, the kernel part does not have the maximum peak, and the estimate is not
determined, which causes some jumps in the time series. The inset in (e) shows Ak for small
number of updates, indicating a rapid variation of k™*" at small n. Other descriptions of the
figure is the same as in Figure S13. In this example, the occurrence rate is low and keeps almost
constant around A\g = 0.0007, as shown in (d). (b) and (c¢) show that the maximum peak time of
the kernel part (7),") transitions to around 73, and it consecutively satisfies |0,,| < dy, = 0.5

from long to immediately before the next large event. Further, this is also confirmed by Ak ~ 0

in (e). Therefore, in this example, the forecasting is judged to be conducted effectively.
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Figure S15. Third example of Bayesian updating. This is the case that 7}, is in regime (II).
The descriptions of the figure are the same as in Figure S13. In this example, unlike in Figures
S13 and S14, the time series is dominated by the non-stationary activity as shown in (d) and (e).
Although |4, | < dy = 0.5 is satisfied only immediately before the large shock, 7" continues
shifting and |0,,| < &y, does not hold as shown in (b), (¢), and (e). Therefore, the forecasting is

not effective in this case.
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by the averages ({(T<wn) =[5~ T<thP(T<th)dT<¢n) are shown.
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Figure S17. Statistical results for each 75, with dy, = 0.25. (a) Pan, P>30, and the average
of Pan(=~ 0.27) for the overall 73;; (b) (n<in) and (n<wm/nan); and (¢) (T<in) and (T<un/7r;) are

shown.
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