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Abstract

Mesoscale eddies play an important role in transporting water properties, enhancing air-
sea interactions, and promoting large-scale mixing of the ocean. They are generally re-
ferred to as ”coherent” structures because they are organized, rotating fluid elements that
propagate within the ocean and have long lifetimes (months or even years). Eddies have
been sampled by sparse in-situ vertical profiles, but because in-situ ocean observations
are limited, they have been characterized primarily from satellite observations, numer-
ical simulations, or relatively idealized geophysical fluid dynamics methods. However,
each of these approaches has its limitations. Many questions about the general struc-
ture and ”coherence” of ocean eddies remain unanswered. In this study, we investigate
the properties of 7 mesoscale eddies sampled with relative accuracy during 4 different
field experiments in the Atlantic. Our results suggest that the Ertel Potential Vorticity
(EPV) is a suitable parameter to isolate and characterize the eddy cores and their bound-
aries. The latter appear as regions of finite horizontal extent, characterized by a local
extremum of the vertical and horizontal components of the EPV. These are found to be
closely related to the presence of a different water mass in the core (relative to the back-
ground) and the steepening of the isopycnals due to eddy occurrence and dynamics. Based
on these results, we propose a new criterion for defining eddies. We test our approach
using a theoretical framework and explore the possible magnitude of this new criterion,
including its upper bound.

Plain Language Summary

Mesoscale eddies are ubiquitous rotating currents in the ocean. They are consid-
ered as one of the most important sources of ocean variability because they can live for
months and transport and mix heat, salt, and other properties within and between ocean
basins. They have been studied extensively from satellite observations because they are
often at or near the ocean surface. However, observations of their 3D structure are rare,
and calculations of eddy transport are often approximated without precise knowledge
of their true vertical extent. In addition, recent studies suggest the existence of subsur-
face eddies that are not detectable from satellite observations. Here, we characterize and
attempt to generalize 3D eddy properties by analyzing observations collected during spe-
cific high-resolution field experiments in the Atlantic Ocean. We also propose a crite-
rion, based on geophysical fluid dynamics theory, that defines the lateral and vertical eddy
boundaries. This criterion can be applied broadly to assess eddy structure, volume, trans-
port, and evolution more quantitatively than in previous studies. We also provide insight
into why these boundaries are substantial, which may explain why oceanic eddies are co-
herent structures that can span long distances and have long lifetimes.

1 Introduction

Mesoscale eddies are ubiquitous in the ocean and have been observed by satellite
and sparse in-situ measurements for several decades. They are defined as relatively long-
lived horizontal recirculations of seawater on a spatial scale close to one or a few defor-
mation radii and smaller than the Rhines scale (Rhines, 1975). Since the 1990s, satel-
lite observations (mainly altimetry) have been used to detect mesoscale eddies in the ocean
and to assess their intensity, lifetime, and trajectories (Chaigneau et al., 2009; Chelton
et al., 2011). The number, lifespan, and structure of mesoscale eddies have also been in-
vestigated using surface drifters (Lumpkin, 2016), acoustically tracked floats (Richardson
& Tychensky, 1998), or Argo vertical profiling floats ((Nencioli et al., 2016; Laxenaire
et al., 2019, 2020), as well as moorings and shipboard observations (e.g., Barcel6-Llull
et al., 2017; Z. Zhang et al., 2016). This lifetime often exceeds several months and can
reach several years (Laxenaire et al., 2018; Toannou et al., 2022). Such longevity suggests
that most mesoscale eddies in the ocean are resilient dynamical structures.
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One of the most important properties of mesoscale eddies is their ability to trap
water masses at their source and transport them over very long times and distances. In
fact, due to their quasi-2D recirculating fluid motions, water masses in the eddy core re-
main constrained by closed trajectories created by the azimuthal velocity field. This phe-
nomenon was first described by Flierl (1981) when surface drifters and subsurface floats
became an important tool for measuring ocean processes. Using a Lagrangian approach,
he proposed that if the eddy azimuthal mean velocity field is greater than the transla-
tional velocity, then fluid particles are trapped in the core of the eddy. As a result, the
water masses in the eddy core often differ from the surrounding water masses and are
thus associated with temperature/salinity anomalies (e.g. L’'Hégaret, Carton, et al., 2015;
L’Hégaret, Duarte, et al., 2015; Laxenaire et al., 2019, 2020; Ioannou et al., 2022).

Therefore, mesoscale eddies are thought to play an important role in the transport
of properties (heat, salt, carbon, and other chemical constituents) as they propagate through
the ocean, representing a key dynamic element in the overall global budget of these trac-
ers (Bryden, 1979; Jayne & Marotzke, 2002; Morrow & Traon, 2012; Wunsch, 1999). In
addition, mesoscale eddies influence several ocean processes, from air-sea fluxes (Frenger
et al., 2013), to ventilation of the ocean interior (Sallée et al., 2010), to large-scale ocean
circulation (Morrow et al., 1994; Lozier, 1997). Due to temperature/salinity differences
between the water masses trapped inside and outside the eddies, the eddy boundaries
have often been characterized as large gradients in thermohaline properties, resulting in
finite gradient regions (Pinot et al., 1995; Martin et al., 2002; J. Chen et al., 2020). There
the variance increases and it can be assumed that the diffusion of the tracer also increases.
However, even in the case of turbulent diffusion, this process is very slow in the ocean
(turbulent diffusion coefficients are on the order of 10~%m? /s vertically and 1—10m?/s
horizontally (Bowden, 1965; Nencioli et al., 2013). Ruddick and Gargett (2003) and Ruddick
et al. (2010) showed that for axisymmetric Mediterranean eddies (or Meddies), lateral
mixing is mostly generated by lateral intrusions. In these studies, the horizontal diffu-
sion coefficient due to these intrusions was estimated to be between 1m?/s and 10m?/s
at the boundary of an eddy. For a typical isolated structure of radius 50km, a simple
scaling law gives a duration of 8 years before complete decay. Thus, for an isolated eddy,
the initial water mass trapped in the core can remain unchanged for long periods of time,
except at the boundary. There, intrusions directly affects the properties of the trapped
water and thus the tracer transport across the boundary.

Previous studies, mainly using satellite altimetry fields, have attempted to quan-
tify eddy transport by using proxies to calculate eddy volumes. Eulerian and Lagrangian
criteria have been used to obtain an overall estimate of the effect of eddies on tracer trans-
port (Hunt et al., 1988; Okubo, 1970; Weiss, 1991b; Beron-Vera et al., 2013). Although
the development of satellite altimetry has brought real progress in the monitoring of ocean
eddies, it only provides access to smoothed (in time and space) sea surface heights. The
surface geostrophic velocities are derived from the latter. However, they often do not cor-
respond to the effective eddy core velocities (Bashmachnikov & Carton, 2012; Ienna et
al., 2022; Subirade et al., 2023). This is partly due to the space-time resolution and smooth-
ing applied to the satellite altimetry products, but also to the fact that eddies detected
by satellite altimetry are not always surface intensified eddies (their core may be located
well below the ocean surface and mixed layer). This suggests that satellite data, includ-
ing satellite altimetry, may not be sufficient to represent the kinematic and dynamical
properties of eddies, nor their 3D properties. Therefore, the large set of Eulerian and La-
grangian eddy estimates available from satellite data alone do not always adequately de-
scribe the characteristics and evolution of ocean eddies (e.g. Li et al., 2017; Sun et al.,
2022).

To better understand the properties and behavior of eddies, we rely on in-situ ob-
servations collected during four oceanic cruises - EUREC4A-OA, Meteor 124, Meteor 160,
and KB2017606 - in the Atlantic Ocean, as well as on a theoretical framework. We pro-
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pose to define the 3D boundary of mesoscale eddies using a new criterion based on the
Ertel Potential Vorticity (EPV) (Ertel, 1942). The EPV is indeed a powerful tool for study-
ing ocean dynamics. For a mesoscale eddy, it associates the existence of closed trajec-
tories within which the EPV simply recirculates (in the absence of forcing and mixing)

and the trapping of water masses (via isopycnal deflections). In the ocean, EPV mix-

ing occurs at boundaries (ocean surface, bottom, and lateral boundaries, especially at

shelf breaks, straits, and passages). (Welander, 1973; Benthuysen & Thomas, 2012); EPV
mixing also occurs at the edges of eddies and within fronts. Previous studies of poten-

tial vorticity dynamics have quantified the effects of forcing and mixing processes on the
EPV distribution (Marshall & Schott, 1999; Marshall & Speer, 2012). In the present study,
we show how EPV can be used to define the 3D eddy boundary. In particular, we pro-
pose a new criterion that we compare with other previously published criteria as well as
the Richardson number, which is well known for studying symmetric instability and ver-
tical mixing (Pacanowski & Philander, 1981; Large et al., 1994; Yu & Schopf, 1997; Zaron
& Moum, 2009).

The paper is organized as follows. In Section 2, we describe the in-situ data we used
to identify mesoscale eddies. We specify the resolution and measurement accuracy of the
sampled anticyclonic eddies (AEs) and cyclonic eddies (CEs) in order to assess the rel-
ative errors of the derived quantities. In Section 3, we examine how eddy boundaries have
been previously defined, and we focus on a subsurface eddy that is particularly well sam-
pled by in-situ data to illustrate this comparison. In Section 4, we introduce the crite-
rion we developed to define the eddy boundaries based on observations. In Section 5, we
use a generic eddy to evaluate the magnitude of the criterion we define to support the
observations. In section 6, we reformulate the latter as a function of the Richardson num-
ber to relate it to criteria for symmetric instability. In the Appendix, we also propose
a constraint on this criterion using a theoretical framework for semi-geostrophic baro-
clinic instability. This appendix details necessary conditions for instabilities using the
Charney-Stern method (Kushner & Shepherd, 1995) at the eddy boundary and relates
them to our criterion. In section 7, we conclude the paper by summarizing our results.

2 Data and Methods
2.1 Collection of In-situ data
2.1.1 2 AFEs sampled during EUREC*A-OA campaign

The EUREC*A-OA campaign took place between the 20*" of January and the 20"
of February 2020 (Stevens et al., 2021; Speich & Team, 2021). We focus here on two an-
ticyclonic eddies sampled along the continental slope of Guyana by the French RV L’Atalante.
One of the anticyclones is a surface intensified eddy and has been identified as an NBC
ring (Subirade et al., 2023). Its velocity field extends to a depth of —150m. The other
is a subsurface intensified anticyclone (with an intra-thermocline structure). Its core is
located between —200 and —600 m depth. Hydrographic observations were carried out
using Conductivity Temperature Pressure (CTD), underway CTD (uCTD), and Lower
Acoustic Doppler Profiler (L-ADCP) measurements. A Moving Vessel Profiler (MVP)
was also used to observe the surface-intensified eddy, but only for a few vertical profiles
on the eastern side of the eddy (Speich & Team, 2021; L’Hégaret et al., 2022). A total
of 25 and 24 CTD/uCTD profiles sampled the NBC ring and the subsurface eddy, re-
spectively. The eddies velocity field was also measured by two ship-mounted ADCPs (S-
ADCPs) with sampling frequencies of 75kHz and 38kHz. Temperature and salinity were
measured by the CTD with an accuracy of £0.002°C and £0.005psu, respectively. For
the uCTD, the temperature and salinity accuracies are £0.01°C' and 4+0.02psu, respec-

tively. The S-ADCP measures horizontal velocities with an accuracy of +£3em/s. See L'Hégaret

et al. (2022) for more information on the in-situ data collected during the EUREC*A-
OA fieldwork.
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The in situ data were collected along sections, where stations or soundings provide
vertical profiles at different distances from each other. We define the resolution of each
section as the average of all distances between its successive soundings. For the partic-
ular section of the subsurface anticyclonic eddy discussed here, the hydrographic data
(considering only the CTD/uCTD profiles) have a horizontal (resp. vertical) resolution
of 8.4km (resp. 1m) and the velocity data have a horizontal (resp. vertical) resolution
of 0.3km (resp. 8m - we use the 38 kHz S-ADCP data). For the NBC ring, the data have
a horizontal (resp. vertical) resolution of 10.3km (resp. 1m) and the velocity data have
a horizontal (resp. vertical) resolution of 0.3km (resp. 8m - we use the 38 kHz S-ADCP
data). In the following, either the resolution of the hydrographic data or that of the ve-
locity data will be used, depending on the properties of interest.

2.1.2 2 AEs and 1 CE sampled during Meteor M12

The FS Meteor M124 cruise took place between 29*" of February 2016 and 18"
of March 2016 (Karstensen et al., 2016) and crossed the South Atlantic ocean between
Cape Town and Rio de Janeiro. We focus on 2 anticyclones (hereafter AEs) and 1 cy-
clone (CE) that appear to be Agulhas Rings and a Benguela Upwelling Eddy, respec-
tively, sampled in the South Atlantic Ocean near the west coast of South Africa. Each
eddy is associated with an extremum of the absolute dynamic topography derived from
satellite altimetry (see Figure 1 of (Karstensen et al., 2016)). These eddies extend ver-
tically below —400 m depth. uCTD and S-ADCP measurements were performed to study
their vertical structure. The 12, 11 and 8 uCTD profiles provide access to the thermo-
haline properties of the CE and AE, respectively. For each eddy, the hydrographic data
have a horizontal (resp. vertical) resolution of 21km (resp. 1m) and the velocity data
have a horizontal (resp. vertical) resolution of 0.3km (resp. 32m).

2.1.3 1 CFE sampled during Meteor M160

The FS Meteor M160 cruise took place between the 237¢ of November 2019 and
the 20" of December 2016 (Kortzinger & Team, 2021). We focus on a surface CE sam-
pled along the east coast of Ilha do Fogo, Cabo Verde. For this eddy, interactions with
the local topography may have affected its vertical structure. CTD, L-ADCP and S-ADCP
measurements were used to investigate its vertical structure. 9 CTD profiles provide ac-
cess to the thermohaline properties of this eddy. The hydrographic data have a horizon-
tal (resp. vertical) resolution of 13.3km (resp. 1m) and the velocity data have a hori-
zontal (resp. vertical) resolution of 0.3km (resp. 8m).

2.1.4 1 AFE sampled during KB2017606

The cruise KB 2017606 took place between the 10" of March 2017 and the 237¢
of March 2017 (Sgiland & Team, 2017). We focus on a subsurface AE sampled in the
open Arctic Ocean off the east coast of Norway. CTD, S-ADCP and L-ADCP measure-
ments were conducted to investigate its vertical structure. 20 CTD profiles provide ac-
cess to the thermohaline properties of this eddy. The hydrographic data have a horizon-
tal (resp. vertical) resolution of 5km (resp. 1m) and the velocity data have a horizon-
tal (resp. vertical) resolution of 5km (resp. 8m).

For the purpose of our study, it is important that the in-situ section of the eddies
crosses the eddy centers to avoid side effects. In Figure 1 we show, using the S-ADCP /L-
ADCP data and the eddy center detection method of Nencioli et al. (2008), that this was
the case for the data we used. Also we could only select eddies that were fully sampled
to examine all their boundaries (upper, lower, and lateral). These conditions are rarely,
if ever, met in the literature. As shown below, even eddies sampled during M124 fail this
requirement.



216

217

218

219

220

manuscript submitted to JGR: Oceans

-1000

-2000

-3000

depth [m]

-4000

-5000

—6000

~7000

Lon 7]

Figure 1. Velocity vector field at : —50m for surface AE of EUREC*A-OA (a), —300m for
subsurface AE of EUREC*A-OA (b), —50m for surface CE of M124 (c), —150m for both AEs

of M124 (d), —50m for surface CE of M160 (e), —800m for subsurface AE of KB 2017606 (f).
The regional bathymetry from the ETOPO2 dataset (Smith & Sandwell, 1997) is presented in
the background as color shading as well as the estimated center (the yellow square) of the eddy
computed from the observed velocities using Nencioli et al. (2008) method. The colored contours
represent the loci of constant tangential velocity. The center is defined as the point where the

average radial velocity is minimum.

2.2 Data processing

For each campaign, the raw data were validated, calibrated, and then interpolated.
Interpolation of vertical profiles sampled at different times had to be done carefully to
avoid creating an artificial signal. To limit spurious effects, we only performed linear in-
terpolations in & (here radial) and in Z’ (vertical) directions. The data were then smoothed



221 with a numerical low-pass filter of order 4 (scipy.signal.filt in Python). The choice of thresh-

222 olds is subjective and depends on the scales studied. Here we consider mesoscale eddies,

223 so we choose thresholds of the order of L, ~ 10km and L, ~ 10m for the horizontal

24 and vertical length scales. Obviously, the cutoff period is chosen to be longer than the

25 temporal sampling of the calibrated data. The grid size chosen for the interpolated data

226 (Az, Az) as well as the cutoff periods L, and L, are summarized in table 1 for each cruise.
207 Due to the coarse resolution of the M124 data, we expect the eddy boundaries for this

228 cruise to be less defined.

Table 1. Grid size of interpolated data and cutoff periods for the 4 cruises.

Cruise Ax[km] Az[m] Lg[km] L.[m]
EUREC*A-OA 1 0.5 10 10
M124 1 1 25 40
M160 1 1 15 10
KB 2017606 1 1 10 10
229 Denoting (Z, Z) the vertical plane of the section, and using smoothed data, the deriva-
230 tives of a quantity a are approximated by a Taylor expansion of order one as follows:

(x—i—Ax,Az;—a(x,z) (1)

Oza(r + Az, 2) = a4

a(z,z+ Az) — a(z, 2)

Oa(x,z + Az) & s (2)
231 Since the Taylor expansion has been truncated, the terms of order two (AQI ) %
23 have been neglected with respect to those of order one AIE%. An approximation of these
233 second order term for the temperature, salinity, and velocity fields was calculated to sub-
234 stantiate this point. For instance, using data from the EUREC*A-OA cruise, the second-
235 order terms for temperature are, on average, about 1.1076°C /m horizontally and 0.6.107%4°C /m
236 vertically. These values are small compared to the first order terms (7.6.10~%"C/m hor-
237 izontally and 2.5.1072°C /m vertically). For temperature, second order terms thus rep-
238 resent 13% of first order terms horizontally and 0.03% vertically. For salinity and orthog-
239 onal velocity, the first-order horizontal (vertical) terms are larger than the second-order

240 terms by factors of 10 (10?) and 10? (103), respectively. With these approximations, the
on gradients of the different fields can be calculated reliably.

202 3 Eddy boundaries characterization from previously published crite-

243 ria

244 In the following, we describe several criteria which have been used to determine eddy
25 boundaries from in-situ observations in previous studies. Uncertainties on the calculated
26 quantities and basic information on mesoscale eddies are summarized in Table 2. For the
247 sake of clarity, detailed criteria are illustrated only for the subsurface AE sampled dur-

248 ing EUREC*A-OA, where the vertical structure is very clear (see figure 2).

249 3.1 Relative Vorticity
250 The first criterion we present is based on the relative vorticity . The boundary
251 of an eddy is defined as a closed contour where ¢ changes sign, or more simply where ( =
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0. This criterion has often been applied to altimetry maps using geostrophic velocity (Morvan
et al., 2019; D’Addezio et al., 2019). It is a simple way to provide the upper boundary

of a surface eddy or the lateral boundary of a subsurface eddy. It requires a knowledge

of the horizontal velocity field but it does not require a reference profile.

To derive the relative vorticity (the vertical component of the vorticity vector), deriva-
tives in two perpendicular horizontal directions are required. This is not possible with
only one ship section. An approximation to the relative vorticity is the ”Poor Man’s Vor-
ticity” (PMV) introduced by Halle and Pinkel (2003). They decompose the measured
velocities into a transverse component v (denoted V, in the figure 3) and a longitudi-
nal component v). The relative vorticity is then approximated as ¢ ~ 2%’—;. The fac-
tor of 2 allows the PMV to be equal to the actual ¢ in a rotating solid vortex core. Rudnick
(2001) and Shcherbina et al. (2013) used the derivative along the section of the perpen-
dicular velocities without the factor 2. This factor depends only on the estimate of %Ly”.
Here we keep the latter approximation without further assumption:

~ O Q
ox

The errors on the relative vorticity can be calculated using finite differences. Us-
ing equation (1), a local assessment of accuracy can be obtained:

%C ~ ey 2 (4)
o

where §z is the spacing between two measurement points (two stations) and [ is a char-

acteristic length scale taken here as the distance from the current point to the center of

the eddy. Obviously, the smaller | and V,,, the larger the uncertainty, which can reach

unlimited values. To avoid this pitfall and obtain an order of magnitude, we set r = R

the radius of the maximum velocity and V (r) = V;,, the maximum rotational speed of

the eddy; the relative error in the relative vorticity is then given by

5¢ 8V, bx
[ )

By taking into account the resolution of the S-ADCP data, uncertainties in the eddy
relative vorticity can be calculated for all cruises.

However, this criterion has limitations. If the eddy is embedded in a parallel flow
of uniform velocity Uy, a fluid particle can escape from the eddy core even if it is inside
the ¢ = 0 contour (the relevant kinematic criterion then includes the ratio V(r)/Up).
Moreover, as shown in figure 2 (panel (f)), the velocity field may tend to zero at the up-
per and lower boundaries of a subsurface eddy. Criteria based on surface vorticity are
then ineffective in determining the eddy boundary.

More generally, it seems counterintuitive to have a locally defined border, since an
eddy boundary has a finite horizontal extent; it is a region characterized by turbulence
subject to external shear and instabilities (de Marez et al., 2020). From a Lagrangian
point of view, a fluid particle located on the {/fo = 0 line is in an unstable region and
can be pulled into or out of the core. Finally, this criterion does not take into account
the thermohaline properties of the water trapped in the core, although they do affect the
global properties and dynamics of the eddy.

3.2 Thermohaline anomalies on isopycnals

When an eddy traps and transports a water mass, the temperature and salinity anoma-
lies of the eddy core relative to the surrounding waters can help determine the eddy bound-
ary. The eddy boundary is the region where the surrounding and trapped waters con-



293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

verge. Thus, a priori, temperature and salinity anomalies on isopycnic surfaces disap-
pear there. Taking T* and S* as two reference temperature and salinity profiles (out of
the eddies) and T and S as profiles (in the eddies), the thermohaline anomalies on isopy-
cnic surfaces are defined by

Yoo, AT(o0p)
VO'(), AS(O’())

T (o) — T*(00) (6)
S(O’o S* (0'0) (7)

)

where o is the potential density with respect to the surface pressure. It is inter-
esting to note that the compressibility of seawater is low for the studied eddies. There-
fore, the T'/S fields will be correlated and the anomalies will show similar structures.

The best choice of the reference profile has been the subject of several studies. Here
we use the methodology developed by Laxenaire et al. (2019). A climatological average
of temperature/salinity /potential density is computed over the geopotential levels, in a
domain containing the sampled eddy. A square of side 0.5° is constructed around the
estimated center of the eddy so that the center is at the intersection of the diagonals.
Then all temperature, salinity, and potential density profiles sampled by Argo profiling
floats over 20 years (Coriolis.eu.org) in this area are assembled and their values averaged
over the geopotential levels.

In figure 2 these anomalies are plotted (panels (a) and (b)) at the geopotential level.
In fact, these anomalies are computed on isopycnal surfaces, but interpolated to geopo-
tential levels to facilitate comparison with other criteria. The isopycnal anomalies (dark
lines) are consistent with the anticyclonic nature of the eddy. Large negative temper-
ature and salinity anomalies occur between —150m and —600m depth, showing that a
heterogeneous water mass is trapped in the eddy core. The surrounding water is warmer
and saltier than the core. Panel (c) showing the 6_S diagram confirms this. The anoma-
lies appear fairly uniform in the core of the eddy and decrease near the eddy boundary.
Closer inspection shows that they are slightly more intense in the upper part of the core
(between —250 and —350m depth) and that they decrease slowly with depth. Small-scale
patterns of these anomalies are observed in the upper part of the core and will be dis-
cussed further in part 4.2.

Using these quantities, the boundaries of the vortex can be drawn using a zero line
for AT or AS (Figure 1). These lines are used to locally define the upper, lower, and
lateral boundaries of the eddy. When thermohaline exchange occurs at the boundary of
an eddy, this boundary is actually spread out rather than point-like. Furthermore, the
zero lines are also sensitive to the reference profiles and will therefore vary with differ-
ent choices of T* and S*.

It should be noted that at the eddy boundary, due to the isothermal/isohaline de-
viation, the gradients of T and S, defined as :

IV(T,8)| = \/(0.(T, 8))? + (9.(T, S))? (8)

increase (see Fig 2 (d), (e)). Characterizing the eddy boundary in terms of temperature
or salinity gradients has two advantages over T or S anomalies: first, the region of in-
tense T or S gradients is not pointwise but relatively widespread; second, they do not
depend on a reference value. These quantities are calculated at geopotential levels.

3.3 Ertel Potential Vorticity on isopycnals (EPV)

Ocean eddies are associated with a rotating flow field around an axis, with closed
current lines and with thermohaline anomalies due to the water mass trapped in their
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Figure 2. Vertical sections (x-axis = horizontal scale, z-axis = vertical scale) of different

quantities: (a) thermal anomaly on isopycnal surfaces interpolated on geopotential levels; (b)

salinity anomaly on isopycnal surfaces interpolated on geopotential levels; (¢) § —

(d) and (e) norm of 2D temperature/salinity gradients; (f) relative vorticity; (g) horizontal

component of EPV; (h) vertical component of EPV; (i) EPV anomaly on isopycnal surfaces in-

terpolated on geopotential levels. The thermohaline anomalies computed on isopycnals show a

maximum at depth. For the 8 —

S diagram;

S plot, the reference profile in blue is the climatological mean

computed using ARGO floats, and the red dots represent grid points for z €  [100km; 150km)]
and z € [—400m;—300m]. The data have been smoothed with a cutoff of 10km horizontally and
10m vertically. Isopycnals are shown as dark lines. The core is characterized by a homogeneous

negative relative vorticity and EPV anomaly, and negative thermohaline anomalies.

cores. Ertel’s Potential Vorticity (EPV) (Ertel, 1942), which takes into account all these
properties, has therefore often been used to characterize the structure of eddies. The EPV
is a Lagrangian invariant under several assumptions: inviscid flow, incompressible fluid,
and potential body forces (Egger & Chaudhry, 2009). In the ocean, the EPV is rarely
conserved due to atmospheric forcing and energy dissipation (Morel et al., 2019). For
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subsurface eddies, far from the seafloor, changes in EPV are moderate for most of their
life cycle.

EPYV is generally defined for 3D, non-hydrostatic flows with arbitrary density fluc-
tuations. Here, we simplify this general definition for an application to 2D in-situ data.
We also apply the Boussinesq approximation and the hydrostatic equilibrium. Under these
hypotheses, the vertical acceleration vanishes and in the EPV definition the term 1/0¢ &
1/ 0((,0), where 0(()0) is a reference value taken here as an average over each profile of the
considered section. With our simplifications, EPV takes the following form:

EPV = EPV, + EPV, = (—9.V,0,b) + (8,V, + f) 8.b (9)

where b = —g—g; is the buoyancy and V,, is the orthogonal component of the ve-
a,

locity on the horizontal axis of the section. Note that although equation (7) gives only

a 2D approximation to the true value of EPV, no approximation to the shape of the vor-
tex (e.g. axisymmetry) has been used. We can also compute the relative error on the EPV,
given by :

(SEPVgc 5Hb 5H33 6\/VO 5\/2’

PV, ~ b 0 v, s (10)
SEPV. _ dub  dnz vV,  dv )
EPV, b H V, l

where, dy refers to the uncertainty in the hydrological data and dy to the uncer-
tainty in the velocity data. To calculate the uncertainty in buoyancy, we use the linearized

equation of state:

Q) O
0 0

where g is gravity, a and 8 are averages over the section of the ship.

At the edge of the eddy, the isopycnals deviate sharply from the equilibrium depth
of the environment, creating a horizontal buoyancy gradient. Thus, FPV,, is large, in
contrast to the eddy core where EPV, is small and EPV, dominates. This suggests that
E PV, is a better criterion for eddy boundaries. Note that without a lateral buoyancy
anomaly and without a baroclinic velocity term, E PV, no longer exists.

Since eddies are stratification anomalies, characterization of the core of the eddy
can be achieved using Ertel Potential Vorticity Anomaly. The EPV anomaly, AEPV,
relative to the seafloor is also used to locate the eddy, compute its volume and charac-
terize its intensity. The EPV of the ocean at rest (hereafter EFPV) is:

PV — f% (13)

where b is the buoyancy reference profile in the area of the eddy which has been
computed as described in part 3.2. The Ertel Potential Vorticity anomaly is then cal-
culated on isopycnal surfaces (i.e. using density as the vertical coordinate) as follows:

Voo, AEPV(0y) = EPV (o) — EPV (o) (14)

More precisely,
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Voo, AEPV(cy) = EPV,(00)+ AEPV.(0y) (15)
Voo, AEPV.(0) = EPV.(0q)— EPV(0o) (16)

As with thermohaline anomalies, this quantity is computed on isopycnic surfaces
and then represented on geopotential levels. As observed in figure 2 panel (i), the bound-
ary of an eddy can be defined by the outermost closed contour of AEPV. This quan-
tity takes into account both thermohaline anomalies and the velocity field. As before,
the upper, lower, and lateral boundaries of the eddy appear clearly. However, the bound-
ary remains locally defined (i.e. for each eddy in its own environment) and is strongly
dependent on the reference profile.

To conclude this section, there are many diagnostics to characterize the core of the
eddy and thus calculate its volume (a given isotherm or isohaline, or the total EPV anomaly).
However, all these criteria depend on an arbitrary reference and are very sensitive to its
choice (in particular to compute the eddy volume). In the following section, we propose
a criterion to characterize the boundary of an eddy with less arbitrariness. We could have
discussed other criteria such as the Okubo-Weiss criterion (Okubo, 1970; Weiss, 1991a).
However, the latter criterion is difficult to apply to vertical sections without additional
assumptions (e.g., axisymmetry).

Table 2. Basic properties of mesoscale eddies: radius of maximum velocity R[km], maximum

isopycnal deviation H[m], maximum velocity V;,[m/s], Rossby number Ro = f‘g—mR, Uncertainties
of the relative vorticity %C[%], vertical EPV 5515‘22 [%], horizontal EPV 65}1;“,/; [%]. The uncertain-

ties of the horizontal EPV are large. In fact, the calculation of this quantity combines two low
resolution data sources: hydrographic data with low horizontal resolution and velocity data with
low vertical resolution. Future oceanic cruises should take these relative errors into account in

order to obtain measurements that are suitable for resolving the finer scales of the ocean.

Cruise type  R[km] H[m] Vp,lm/s] Ro % (%] 655“,/: (%] 555‘2” (%]
EUREC*A-OA  AE surf 121 70 1.14 0.44 2.9 3.6 17.0
EUREC*A-OA  AE sub 71 220 0.96 0.66 3.5 3.8 18.6

M124 CE surf 67 120 1.53 0.28 2.4 2.8 99.7

M124 AE surf 58 200 1.27 0.26 2.9 3.1 58.0

M124 AE surf 55 105 0.95 0.28 3.7 4.2 75.5

M160 CE surf 49 50 0.46 0.09 20 22 36

KB2017606 AE sub 15 250 0.78 0.34 288 29.3 32.8

4 The a—criterion for vortex boundary determination
4.1 The a—criterion for vortex boundary

In the core of the eddy, EPV, strongly dominates FPV,. At the boundary, this
dominance becomes less pronounced due to three combined effects. First, the horizon-
tal buoyancy gradient increases due to cyclo-geostrophic equilibrium; further out, the
isopycnals return to the equilibrium depth for the surrounding waters. Second, two dif-
ferent water masses meet at the boundary, creating a frontal region that is usually char-
acterized by a large horizontal buoyancy gradient. Third, the horizontal shear of the tan-
gential velocity decreases. Peliz et al. (2014) have observed these variations in the am-
plitude of the EPV component from a numerical simulation. Here, for the first time, we
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use the EPV component amplitude to characterize the eddy boundary using in-situ data
for a wide range of mesoscale eddies. An example of the EPV, and EPV, components

is shown in Fig. 2 (panels (g) and (h)) for the subsurface AE sampled during EUREC*A-
OA. The core of the vortex is characterized by a homogeneous region of low EPV, (EPV,
approximately 2 x 1071%s73) surrounded by a zone where the EPV, is close to —1 x
10719573, Thus, the eddy boundary can be characterized as the region where the quan-
tity |EPV,/EPV,| reaches an extremum. To illustrate this point, the modulus of the
horizontal and vertical gradients of the two quantities V, (orthogonal velocity with re-
spect to the ship’s trajectory) and oo (potential density) are shown in figure 3 for the
same mesoscale eddy.

In the modulus, the vertical velocity gradient and the horizontal density gradient
increase at the eddy boundary, reaching values of the order of 10~3s~! and 10~ %kg/m?*,
respectively. On the contrary, the horizontal velocity gradient (or ) as well as the ver-
tical density gradient decrease near the eddy boundary. According to equation (7) this
is consistent with £ PV, and EPV, variations at the eddy boundary. A similar conclu-
sion can be drawn for a cyclonic eddy.

Because in-situ data are sparse, the difference |EPV,| — «|EPV,| (where a is a
scalar) is less noisy than the ratio |EPV,|/|EPV,|. In fact, due to noise, EPV, may tend
to zero at some spurious points, causing the ratio to diverge. We call the criterion « the
characterization of the eddy core based on this condition:

|EPV,| — o|EPV.| >0 (17)

This approach does not require a reference profile, which is its main advantage over
other anomaly-based criteria. An application of this a—criterion is shown in Figure 4
for each eddy. It maps an area several kilometers wide, and the boundary is more irreg-

ular than for the pointwise criteria. From observations, the value a = £2, or even o =

%, seems to adequately characterize the 3D eddy boundaries. In each ?:ase, the lateral
boundaries appear well marked, while the lower boundary is not well defined due to the
weak velocity field at this location. The value of o depends on the resolution: a lower
value was found for the coarse resolution of M124 compared to KB2017606 or EUREC*A-

OA, even if the three eddy Rossby numbers are close.

Consequently, the eddy boundary can be defined as a region whose length scale is
comparable to the radius of deformation in one direction, but much smaller in the cross-
direction; in the cross-direction, significant changes in buoyancy and velocity occur with
substantially increasing gradients. In fact, this is the definition of a front given by Hoskins
(1982) and confirmed by several studies (Voorhis & Hersey, 1964; Katz, 1969; Archer et
al., 2020). At the frontal eddy boundary, water recirculates vertically during frontoge-

nesis or when symmetric instability occurs. EPV, and EPV, are key terms in semi-geostrophic

frontogenesis (Hoskins & Bretherton, 1972); they drive the dynamics of frontal regions.

The associated vertical recirculation tends to flatten isopycnals. This has already been
analyzed in numerical simulations (J. Chen et al., 2020). It has been shown that for high
values of PV, instabilities can occur that allow water masses to leak from the core of

the eddy into the environment, where they are stirred and mixed. As a result, the baro-
clinic components of V, and the horizontal gradient of oy determine the amplitude of F PV,
with respect to EPV,. Therefore, the value of a increases with the baroclinicity of mesoscale
eddies.

4.2 «—criterion validation

In Figure 5 we focus only on the subsurface AE sampled during the EUREC*A-
OA field experiment. For this anticyclone, we apply and compare the previous eddy bound-
ary criteria. First, we characterize the eddy core by the EPV anomaly on the outermost
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Figure 3. Vertical sections showing the modulus of the horizontal and vertical gradients for
orthogonal velocity with respect to the ship’s path V,, and the potential density field op. At the
boundary, the modulus of the vertical velocity gradient and the horizontal density gradient in-

crease. On the contrary, the modulus of the horizontal velocity gradient and that of the vertical

density gradient decrease. The small geographic maps show where the eddy was sampled.

closed contour. This is AEPV < —5.1071%s73. We also plot the ratio |EPV, /EPV,)|.
The region of intense ratio (in dark red) agrees well with ¢ = 0 (dark green lines) around
the core. It also agrees with the AT(op) = 0 and AS(cg) = 0 contours both above

the eddy and laterally. In fact, the thermohaline anomalies and the rotation of the eddy
are related. Note that for other eddies, the boundary of the eddy core is best represented
by non-zero values of these variables. This is a priori due to the choice of a reference pro-
file that is not equal to a time average of the hydrology outside the eddies.

However, as shown in Figure 5, the lateral boundary is not a single line, but a rel-
atively wide zone (sometimes reaching 30km in width). In fact, lateral intrusion and mix-
ing occur at the eddy boundary (Joyce, 1977, 1984). In addition, the criterion is less ac-
curate near the base of the eddy because the eddy velocity decreases with depth. Here,
the eddy boundary appears to be more diffuse and exchange of water masses with the
surrounding water can take place (in particular by double diffusion). We recall that for
a given translational velocity of the eddy, the velocity field decreases with depth; thus,
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Figure 4. The a— criterion for different mesoscale eddies: a) the surface AE observed during
EUREC*A-OA, b) the subsurface AE measured during EUREC*A-OA, c) the surface CE sam-
pled during M160, d) the surface CE sampled during M124, e) both surface AEs observed during
M124, f) the subsurface AE sampled during KB2017606. Magenta dots indicate the positions of
the CTD/uCTD vertical profiles, cyan lines are locations where ¢ = 0s™* (due to data noise there
is no unique extremum) and dark lines are isopycnals. The color bars have been chosen so that
the red areas correspond to locations where |EPV,| — «|EPV,| > 0, with o chosen as a frac-
tion of the Rossby number. This criterion surrounds the core and extends from 10km to 50km
depending on the case and resolution. Note that this limit coincides with the inflection points of

the isopycnals (see the theoretical part developed in the main text in section 5).

the ability to trap water according to the (Flierl, 1981) criterion depends on depth. This
is clearly illustrated by the anticyclone we are studying.
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Figure 5. Vertical sections showing the comparison between the possible criteria for deter-
mining the eddy boundary. In the background, the dark red region corresponds to the « crite-
rion, where the ratio EPV,/EPV., is plotted directly. The material boundary corresponding to
AT = 0and AS = 0 is plotted as purple and blue lines. The kinematic limit corresponding to
a sign change of ¢ is represented by a green line. Regions where AEPV < —5 x 107'%s73 are

plotted in light gray.

Finally, the upper part of the eddy near —200m depth is well characterized by both
the EPV anomaly and the a— criterion. The tropical thermocline (defined by a steep
vertical density gradient) is clearly visible at the top of the eddy. Small-scale structures
appear between —200m and —300m depth in the core of the eddy. They correspond to
stair-like features in the temperature and salinity profiles (see figure 6). Such features
have been commonly observed in the northwestern tropical Atlantic by previous stud-
ies (Bulters, 2012; Fer et al., 2010). Staircases also occur at the top of the eddy core; they
are detected by the a—criterion due to the strong vertical buoyancy gradient.

We now compare the a— criterion with the previously published Eulerian and La-
grangian criteria. First, many of these criteria are based on satellite altimetry data, which
do not provide access to the 3D eddy structure. Second, our criterion can be applied to
in-situ data, to numerical model results, or to sea surface height maps, allowing com-
parisons. Third, this criterion takes into account both the thermohaline anomaly and
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the rotating flow, which is not the case with all other criteria. Fourth, it provides a way
to qualify and quantify the coherence of mesoscale eddies. In fact, the o value describes
the intensity of eddy boundaries. The stronger the thermohaline anomalies, the more
intense the o at the boundary. Determining the evolution of « gives access to the evo-
lution of the 3D structure of an eddy and its coherence. Fifth, this criterion is comple-
mentary to the EPV anomaly criterion; in fact, it determines a boundary region where
lateral water mass exchange takes place, rather than a single, well-located eddy bound-
ary. Since the eddies are constantly responding to the background flow, the isopycnals
adjust to this external forcing in the region where they develop. It should also be noted
that this region is close to an inflection point of the isopycnal surfaces.

Temperature in situ

13°N

o < 11°N

9°N

depth [m]

Figure 6. Staircases in the temperature profiles at the top of the subsurface eddy. The x-axis
is the same horizontal scale as in figure 1 but it starts at 80km for more clarity. Each line is a
vertical profile for temperature. Quick variations of these lines create a staircase shape (Bulters,
2012).

4.3 Modeling the vortex profile and estimating the influence of the spa-
tial resolution

The a— criterion is sensitive to data resolution. To study the influence of the data
resolution on the results, we have developed a simple model. This model is applied here
to the EUREC*A data, and more specifically to the anticyclonic eddy of Figure 2. The
data used in the model correspond to a vertical section with a resolution in 7 and z’ com-
parable to those obtained from oceanographic ships.

First, a generic model was fitted to the thermohaline anomalies on isopycnal sur-
faces. In the literature, Gaussian profiles have often been used to model thermohaline
anomalies on these surfaces. In our study, a different function fits the data better (de-
rived using the nonlinear least squares algorithm scipy.optimize.curve_fit in Python). We
then calculated the density anomalies by applying the linearized seawater equation of
state to use an explicit model equation. Next, we computed the geostrophic velocity by
assuming that the eddy was in geostrophic and hydrostatic equilibrium. Actually, the
maximum eddy Rossby number calculated using the maximum velocity estimated from
the data was 0.61. However, for the purpose of this section, which is devoted to inves-
tigating the sensitivity of the results to the horizontal resolution of the data sampling,
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499 the geostrophic approximation is sufficient. Finally, we computed the ratio |EPV,/EPV,|
500 from the velocity field and the buoyancy anomaly.

This approach can be summarized as follows :

EPV,
‘ Data }——{AT(UO),AS(%)} } Ab } } Vo } EPV., EPV, :EPVJCII
zZ

(D (2) (3) ) ()

Figure 7. Steps followed: quantities computed at each step are written in boxes
501

502 ¢ (1) - A nonlinear least squares algorithm has been used to fit an analytical expres-
503 sion to the data. "
100%(()0,1) eXp(f( 7123) ‘ )

504 * (2) - The formula for the anomaly has been derived as follows: Aa = Ag =
T )

505 with 72 = 22 + (0.252 — 0.25 x (—400))? locating the center of the anomaly at

506 (x = 0m, z = —400m). The factor 0.25 was chosen to account for the difference

507 between the horizontal and vertical scales. This formula provides an elliptical pat-

508 tern for the thermohaline anomaly on the vertical plane. The investigation of more

500 complex functions approximating the anomaly are left for future studies. In the

510 present work, we focused in the optimization by the nonlinear least squares algo-

511 rithm only the radius 71km, exponent 15, and center location at z = —400m.

512 It should be noted that a value of 15 for the exponent is very rare in the litera-

513 ture. This steepness can be explained when the external flow erodes the rotating

514 flow. In this case, the eddy diffuses less momentum into the background flow (Legras

515 & Dritschel, 1993; Mariotti et al., 1994).

516  (3) - the linearized equation of state Ap = po(—aAT + BAS — KAP) was then

517 used to obtain the density anomaly; « is the coefficient of thermal expansion, /3

518 is the coefficient of saline contraction, x is the isentropic compressibility, AT and

510 AS are the thermohaline anomalies on isopycnal surfaces, Ap = p—pPatmospheric =

520 —pogz the hydrostatic pressure (we used pg = 1026kg/m? as reference density

521 for seawater). The reference values (po, 7o, So) have been calculated using the cli-

522 matological average in the EUREC?A region.

523 * (4) - The geostrophic balance fy0.V, = 9, Ab was then applied with a reference

524 level (no flow condition) V,(z,z = —1000m) = 0m/s. The reference level has

525 been chosen at —1000m in order to lie below the type of eddies we were focusing

526 on (the NBC rings).

527  (5) - Formula for EPV. We assume that the Boussinesq approximation and hy-

528 drostatic equilibrium hold. We use equation (7).

529 The temperature anomaly calculated on the isopycnal surfaces is shown in Figure

530 8 panel (a) as an example of step (2). The model does not fit the data perfectly. The

531 geostrophic balance is not accurate near the tangential velocity peak, where cyclostrophic

532 effects are not negligible. The eddy background is not modeled here, in particular the

533 tropical thermocline, which causes the velocity field to decrease rapidly in the upper lay-

534 ers. The fields in the model are assumed to be stationary, which is not the case in re-

535 ality. Finally, the f-plane approximation is used, whereas for large eddies the S-plane ap-

536 proximation would be more appropriate. For information, the steepness of the radial tem-

537 perature (or salinity) profile can be explained by shear effects that may have stripped

538 the outer layers of the eddy. Nevertheless, the quantities provided by the model (see pan-

530 els (b), (c), (d) and (e)) seem to be in reasonable agreement with the data: V, seems to

540 be quite faithful, and EPV, increases at the boundaries, as does the ratio |EPV, /EPV,|.

sa1 The latter follows the region where the horizontal buoyancy gradient is large, which is
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the case in the observed anticyclonic eddy. The shape of the eddy as well as the mag-
nitudes of the anomalies are consistent with the observed eddy properties.
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Figure 8. Vertical sections for the modeled anticyclonic eddy. (a) Comparison between data
and model profile for the temperature anomaly, contours of constant value for the model are
plotted. Fitting the gradient of the anomalies directly affects the EPV calculation and thus the
a— boundary. (b) Azimuthal velocity for the model reaching a maximum at the sea surface. (c)
Ratio |EPV,/EPV.|, (d) EPV,, () EPV, for the model.

To evaluate the effect of spatial resolution on the a—criterion, we computed a very
high resolution vertical section (Az = 100m,Az = 0.1m) as a reference. Other sec-
tions were then computed with lower spatial resolutions. As shown in Figure 1, the ra-
tio |EPV,/EPV,| diverges in the upper part of the eddy, near 300m depth. This diver-
gence is obviously not present in the observed eddy, which underlines the limitations of
the model. Therefore, to calculate the difference between the high-resolution reference
section and the lower-resolution sections, we consider only the lower part of the eddy at
depths between 400m and 1000m.

With this assumption, the reference EPV ratio Ra = |EPV,/EPV,| reaches its
maximum of 1.342 at z = —400m and r = £59km. The maximum error and the max-
imum RMS between a lower resolution profile and the reference profile are plotted to an-
alyze the effect of resolution. The maximum error is defined as €40 = maz|Rayes —
Ral|,r € [—100;100], z € [-1000; —400]. The results are shown in the figure 9.

This figure shows that the lower the resolution, the higher the error. The horizon-
tal resolution mainly affects the accuracy of the results. The vertical resolution has less
influence on the maximum error and the RMS. Even at the relatively high horizontal res-
olution (10km) of the EUREC4A data, the maximum error is 0.8 or 58% of the max-
imum value of Ra. The resolution largely limits the accuracy of the results. However,
the shape of the eddy boundary appears to be less sensitive to resolution. For example,
at a horizontal resolution of 10km, the RMS is 0.21 or 16% of the maximum Ra. In ad-
dition, in-situ data are often affected by noise, which is not considered here. In conclu-
sion, resolution has a large effect on the quantitative values of the criteria, but a mod-
erate effect on the shape of the eddy boundary.
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Figure 9. Maximal RMS and maximal error, in percentage of the ratio maximum value, as a

function of horizontal resolution. Curves are plotted for various value of Az.

4.4 An experimental range of a values

In this section, the a—criterion is used to compare the intensity of the eddy bound-
aries and to obtain an experimental range of o values. Each boundary is characterized
by the a—criterion as described above. The value of « indicates the intensity of the bound-
ary. To quantify the intensity of the boundary, we numerically compute its area A, in
the (Z, ) plane. Obviously, the higher «, the smaller the area of the boundary: A, is
a decreasing function of a. « will reach higher values over a larger part of the total bound-
ary area for a more intense eddy. In this case A, will decrease more slowly. What in-
fluences the intensity of the boundary is examined in the theoretical part. To compare
the curves, A, is arbitrarily normalized by Ag.01<a<0.05, Which is the area of the bound-
ary when « € [0.01;0.05]. For « varying from 0.01 to 1.1 with a bin of 0.05, A, is plot-
ted as a step function in the figure 10. As an example, the second step represents the
area of the boundary for a € [0.05;.01] normalized by Ag.01<a<0.05- Note that the bound-
ary region corresponds to a volume in space. Here, with 2D fields, only a portion of this
volume can be observed.

In the Figure 10 we observe that « is never greater than 1 for the studied eddies.
Furthermore, 90% of the boundary region is characterized by a < 0.4. As before, the
resolution seems to determine the value of «, as the three lower curves are those of the
coarse M124 data.

To quantify the decay of an eddy boundary, it will be interesting to study the evo-
lution of these curves with time. As an eddy boundary weakens due to interaction with
the topography or in the presence of external shear flows, its boundary is eroded, and
we therefore expect the quantity [ “ A(a’)/Ag.01da’ to decrease..

4.5 A subsequent criterion : comparison between AEPV, and EPV,

Using the same idea, since EPV,, is stronger at the eddy boundary (Y. Zhang et
al., 2014; Y. Chen et al., 2021), the ratio |AEPV,/EPV,| can be used to separate the
eddy core from its boundary.

Figure 11 shows that |[AEPV,/EPV,| > (3, with f = 50 in the core of the sub-
surface AE sampled during EUREC*A-OA, decreases to a ratio of 5 or less at the edge
of the eddy. The value of 50 was chosen to obtain the last closed contour of |AEPV,/EPV,|
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from the center of the eddy. Therefore, the EPV anomaly in the eddy cores is mainly
due to the EPV, term. Since the EPV anomaly is due to the anomaly in stratification
and relative vorticity, the influence of the E PV, term becomes significant only at the

eddy boundary. This is in agreement with the results previously obtained for the |EPV, /EPV,|

ratio. To our knowledge, this calculation has never been performed on in-situ data. Pre-
vious studies have neglected the EPV, term in the EPV anomaly (e.g. Paillet et al., 2002)
because it only slightly modifies the wavy shape of the boundary. In fact, this term em-
phasizes and quantifies the frontality of the eddy boundary.

A drawback of this criterion is that it also detects regions where AEPV, > EPV,
outside the core of the eddy. Therefore, one must assume the connectedness of the core
to eliminate these outlying regions. Finally, note that the lower boundary of the eddy
is more obvious with this criterion. According to the last closed contour, the base of this
anticyclone is located near z = —650m.

5 Theoretical aspects and discussion
5.1 a—criterion for a generic eddy

The purpose of this section is to apply the criterion to a generic eddy in an oth-
erwise quiescent idealized ocean. Our goal is to illustrate the criterion and find orders
of magnitude for the a values. Consider an isolated and stable circular eddy near the
surface of a continuously stratified ocean. We assume the f— plane approximation (f =
fo). Assume that this eddy traps water in its core, so that the density field p can be de-
composed into cylindrical coordinates as follows:

p(r,z)  =p(z)+p'(r,2) (18)
p(z) = puw+pme/P (19)
p(r,z) = poe/Te "/ R (20)
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Figure 11. Vertical section showing the modulus of the ratio between AEPV, and EPV, ;
colors have been saturated to obtain a homogeneous core. The clear boundary represents the

region where the baroclinic term E PV, has a non-negligible value compared to AEPV;.

p(2) is the stratification of a quiescent ocean composed of p,, = 1000kg/m? the
water density, p; the surface density anomaly relative to p,, and D the vertical scale of
the undisturbed stratification. The perturbed density profile adds an exponential power
anomaly of amplitude py and steepness § so that for 6 = 2 we recover a Gaussian pro-
file (Carton et al., 1989). The characteristic radius of the profile is noted as R. This anomaly
decreases exponentially in the vertical direction on a scale H. Assuming that the eddy
is in hydrostatic and geostrophic equilibrium, the velocity field vy, the pressure anomaly
p’, and the density anomaly p’ are related by the following equations:

1 op
fovg = ,76‘7]; (21)
a/
== g (22)

As for the model, for simplicity, only the geostrophic component of the velocity is
calculated, but as we have seen, the eddy Rossby number may not be small. Substitut-
ing the expression p’ into these equations and calculating the pressure and velocity leads
to :
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r,zZ) = poe 675 ’
p/ z/H _ —r°/R 23

_ T5_1 z/H _—r°/R°®
vg(r,z) = W 1) € e (24)

with pg = —pogH and V) = ffjpo The relative vorticity can also be computed with

the velocity field and we introduce the buoyancy field :

oV ro—2 7o . _5 /s
br,z) = —gpﬁ (26)

In order to find variations of « as well as an order of magnitude, each quantity is
normalized. Therefore, we introduce the normalized variables 7 = r/R and Z = z/H,
the normalized quantities b = b/g, Vg = vg/V;, and ¢ = (/(6V;,/R), and the parame-
ters £ = H/D, v = p1/po. We then obtain:

n _ 4 _ Po &z, z,-7°

brz) = 1= (3 ST (27)
Ta(r,z) = 7~ LeZe™ (28)
C(r,2) = 772 (1- F‘s) e ™ (29)

¢ represents the influence of the perturbed stratification relative to that of the qui-
escent ocean. 7y introduces the influence of the amplitude of the density anomaly gen-
erated by the trapped water relative to the amplitude of the density of the quiescent ocean.
For an axisymmetric eddy in the f— plane, the Ertel potential vorticity is written as fol-
lows

- dvp O b
q=q +q.=— 8 a (C‘i’fO)& (30)

We normalize these quantities by ¢gV,,/(HR) and compute the ratio R = ¢,./q.
using the normalized quantities introduced earlier, so that

_6°R, (?5—16367?32
((5ROF5_2 (1 _ Fé) eZe T 4 1) (75652 4 eze—F5)

where Ro = %—R is the Rossby number. Equation (32) is the complete analyti-

cal expression for the limit of this generic surface eddy described by the a—criterion. As

7 tends to 0, R also tends to 0; this is consistent with the results obtained with the EUREC*A-

OA observations. However, the most interesting parameter is the limit of the eddy, math-
ematically when 7 tends to 1. Note that the denominator is a strictly positive regular
function and that R is defined for all 7. in R and for all Z €] — 00;0]. In particular:

52
R(F=172) = 7 fo) (33)
Fey(z) = 16e”C D247 (34)
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As before, the denominator Fy . is strictly positive, regular, and diverges when z
tends to —oo. As mentioned above, R is negative. Note that the boundaries of the eddy
depend on the square of the slope of the velocity field, the Rossby number, the size of
the buoyancy anomaly, and the ratio of the two characteristic length scales of the strat-
ification (at rest and perturbed). The larger pg is compared to p;, the larger R will be.
And the further apart the isopycnals are, the smaller H is with respect to D and the larger
R will be. This dependence is interesting because these terms are related to the baro-
clinicity of the eddy (related to the slope of the eddy velocity and the deviation from the
background stratification due to the presence of the eddy) and to the nonlinearity of the
velocity field. These properties determine the strength of the eddy boundaries (in terms
of permeability for water exchange and dissipation) and thus control the cohesiveness
or coherence of the eddy.

Taking into account the regularity of the denominator, R is bounded and:

3%Ro
T ming_oo0) F 5 (2)

A more thorough study of the denominator shows that for £ < 2, its derivative
with respect to Z is negative and consequently F , decreases at | — 0o;0] to reach its
minimum at Z = 0, i.e., at the surface. In this case the upper limit given by equation

(35) is 0°Ro_ The influence of the density anomaly parameters is clearly visible in this

et
expression. For ¢ > 2, F¢ , decreases at |—00;Z¢)] to reach a minimum at zZp = Hngfgﬁf’ﬁ)

We can show that this quantity is always negative regardless of the value of ~.

In the literature, £ depends on the ocean basin and the type of eddy, but an or-
der of magnitude between 1.5 and 3 is given. In the case where £ = 3, two isopycnals
that were initially 50m apart are now 150m apart in the perturbed stratification. In par-
allel, pg and p; also depend on the eddy type and the ocean basin. As an application,
for the subsurface AE sampled during the EUREC*A-OA eddy studied in parts 4.2 and
4.3, p1 is 26kg/m?> while pg is 0.1kg/m? (see Figure 2 panel (c)), which means that y
is 260. Taking § = 15 (see the model in Section 4.3), v = 260, £ = 2, and Ro = 0.6,
we get R(T = 1,Z) < 1.9. This value is consistent with the Figure 10, where almost
100% of the surface is characterized by a value of « less than 1.

5.2 Curvature of isopycnals

In this section we provide a geometric interpretation of the a—criterion. In Fig-
ure 4, the boundaries of the vortices appear to coincide vertically with the inflection points
of the isopycnals. Using theoretical considerations, we try to find out when this coinci-
dence is verified.

Consider an isopycnal surface that is vertically displaced by the presence of an oceanic
eddy in the f— plane. On this isopycnal surface, the variations of the b-field are zero:

0b 0b

Let us note z;, the geopotential level of this isopycnal of value b. By definition, its
variation with respect to r depends on horizontal and vertical gradients such that :

de 78[)/87’

dr — 0b/dz
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Searching for an inflexion point leads to the following condition :

2 2 2 2
dzb: 1 7@+@8 b/0z _0 (38)
dr?2  0b/0z \ Or? Or 0b/0z
which can be re-written :
2h Ob 2y Ob
9°bob  0%b 0 (39)

or2 9z  Ordzor

Assuming that the eddy is in geostrophic equilibrium, the radial buoyancy gradi-
ent can be expressed as a function of the velocity gradient using the thermal wind equa-
tion:

82b 821)9

o2 fo oroz (40)
% = i 0% (41)

Re-injecting those expressions in equation (39) leads to:
D%*vg Ob  8%vy Ob (42)

ordz 0z 922 or

This reflects the link between the buoyancy field and the velocity field at an inflec-
tion point.

Now, we can apply the a—criterion. On the a—boundary of the eddy, we have:

lgr] — alg.] >0 (43)

which can be simplified because ¢ = 0 at the boundary. Developing equation (43),
the buoyancy and velocity fields are thus linked by:

Ovy Ob ob
2077 > -
0z 87“' > |afo 82' (44)

Then, we can compute the ratio between equations (42) and (44), which leads to:

32119/322
vy |0z

0?vy /Ord=z
afo
As in the previous section, we introduce the scales associated with each quantity:

H for z, V,, for vg, and R for r. In order of magnitude, the isopycnal curvature corre-
sponds to a—criterion in regions where

\ | <] \ (45)

a < Ro (46)

where Ro is the Rossby number. We find the result of the previous section when
it was shown that the ratio R is a linear function of Ro. This result is also consistent
with the figures 4 and 10, when we found values of « close to the Rossby numbers of stud-
ied mesoscale eddies. For example, for the subsurface AE sampled during EUREC*A-
OA of figure 2, figure 10 (blue curve) showed that 98% of the boundary zone was char-
acterized by a a lower than 0.6, consistent with a maximum Rossby number of 0.61.
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5.3 Relation to the Richardson number

To complement this theoretical approach, we establish the relationship between «
and the Richardson number, more precisely the locally defined gradient Richardson num-
ber. The gradient Richardson number Ri, often used to describe the stability of strat-
ified shear flow (Monin & Yaglom, 1971), is defined as the ratio of the buoyancy frequency
N? squared to the vertical shear squared, such that :

N2
Ri=—— (47)
(0-vg)
where N2 = 0,b with the previous notation and 0,vy is the vertical shear for an ax-

isymmetric and isolated vortex. It quantifies the relative importance of stratification on
velocity shear. Vertical turbulent mixing has been observed to be greatly enhanced in

regions of low (j1) Richardson number both in the laboratory (Turner, 1973; Thorpe, 2005)

and in the ocean (Toole & Schmitt, 1987; Peters et al., 1988). This number is also in-

volved in the symmetric instability (Thomas et al., 2013; Buckingham et al., 2021) and

can be related to the theoretical elements above. For an axisymmetric vortex under geostrophic
equilibrium, EPV can be rewritten so that :

1 /0b\?
q:_% (87“) + (C+ fo)N? (48)

As a result, after some computation, the gradient Richardson number Ri can be writ-
ten as a function of « such that :

1
Ri=——— 49
! a(Rog+1) (49)
with Rog = % the dynamical Rossby number (Stegner & Dritschel, 2000). According
to Hoskins (1974), a necessary condition for symmetric instability is :
- fo 1
Ri < = 50
¢+ fo Rog+1 (50)
which is equivalent to,
Ri(Rog+1) <1 (51)
and finally,
a>1 (52)

which gives an upper bound for a values in order the boundary be stable.

Figure 12 contrasts the Richardson number with the a—criterion. For in situ data,
the vertical shear is approximated by 0.V,, where V, is the velocity orthogonal to the
ship track. For cruises with horizontal resolution less than 10km, the minimum of the
Richardson number coincides with regions where « is large, consistent with theory. Al-
though data noise creates artificial color patches, eddy boundaries are also characterized
by Ri < 1, which are known to be regions subject to symmetric instabilities.

6 Conclusion

To gain insight into the nature of oceanic mesoscale eddies, whose dynamical prop-
erties, evolution and ”coherence” are not yet well understood, we study a set of relatively
high-resolution observations of 7 mesoscale eddies collected during 4 field experiments
(EUREC4A-OA, M124, M160 and KB2017606). While mesoscale eddies have been pre-
viously studied from satellite observations, numerical simulations and idealised geophys-
ical fluid dynamics frameworks or sparse in-situ profiles, these have limitations in cor-
rectly reproducing mesoscale processes. Based on analyses of this unprecedented set of
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Figure 12. Relationship between Richardson number and a: a) Surface AE of EUREC*A-
OA, b) Subsurface AE of EUREC*A-OA, c) Surface CE of M160, d) Surface CE of M124, e)
Both surface AEs of M124, f) Subsurface AE of KB2017606. Magenta dots indicate locations of
CTD/uCTD vertical profiles, cyan lines are locations where ¢ = 0s~ ' (due to data noise there
is no unique extremum) and dark lines are isopycnals. Vertical hatching indicates regions where
« is greater than a fraction of the Rossby number. Note that the coarse resolution of the M124

data was not sufficient to obtain a faithful Richardson number.

observations, our study provides a detailed characterisation of the core and boundaries
of the observed eddies. We show that these structures are well defined in their proper-
ties and are best characterised by the Ertel potential vorticity framework.

In this work, we have focused in particular on the eddy boundaries, which are key
to the existence and coherence of the eddies, since their strength and permeability con-
trol how they evolve and persist. Published studies have used different criteria to char-
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acterize these eddy boundary regions. However, they either found boundaries that were
too narrow or relied heavily on a priori reference values. In this study, we propose a new
criterion to characterize them, including their upper and lower bounds. This criterion
compares the vertical and horizontal components of the Ertel potential vorticity. The
eddy boundary is characterized by a relatively intense horizontal component of the EPV.
When applied, the threshold on this component identifies a relatively broad region rather
than a point boundary. The finite width of this region indicates that local turbulent pro-
cesses are at work, allowing water mass exchanges and mixing between the eddy bound-
aries and the background . The boundary or frontal zone of the eddy is also character-
ized by steep isopycnal slopes and a baroclinic velocity field, upon which the intensity

of the criterion (and hence the boundary) depends.

We show that the relative intensity of the horizontal component to the vertical com-
ponent of the EPV depends on the slope of the velocity field, the Rossby number, and
the vertical stratification anomaly, using a theoretical framework for a generic anticy-
clonic eddy. This criterion ("relative intensity equal to the « threshold”) coincides with
the inflection points of the isopycnal surfaces when « is of order Ro. These results sug-
gest that the strength of the eddy boundaries, and thus the ability of the eddy to remain
coherent and not dissipate, is governed by the baroclinicity of the eddy, the degree of ageostro-
phy, and the intensity of the thermohaline anomaly over the background vertical strat-
ification. This criterion can also be expressed as a function of the well-known Richard-
son number, which helped us to define a critical value of « for which instabilities can grow.
To assess the robustness and generality of these results, this needs to be explored in more
detail in future work.

This study also highlights the critical importance of not only vertical, but also hor-
izontal high-resolution spatial sampling of thermohaline and velocity eddy properties.
This is necessary for the minimization of errors in the criterion estimation as well as in
the identification of eddy boundaries. Therefore, we recommend that future ocean ob-
servations should include adequate sampling spacing between vertical profiles. This rec-
ommendation also applies to the spatial resolution of numerical models.

Finally, future work should analyze other mesoscale ocean eddies that are well re-
solved in terms of observations and numerical simulations to verify the generality of the
« criterion we have defined. Comparisons with Eulerian and Lagrangian criteria are also
necessary for a better understanding and characterization of eddy coherence and the var-
ious processes that control it.
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804 Appendix A The semi-geostrophic Charney-Stern criterion and a re-
805 striction of o values

806 The intensity of an eddy boundary depends on the Rossby number, the steepness
807 of the velocity field, and the buoyancy anomaly as shown previously. Therefore, « is usu-
808 ally less than one. However, one may wonder if an upper bound on the a values can be
809 found. In this section, we use the semi-geostrophic Charney-Stern criterion for vortex

810 instability with a focus on the eddy boundary to find an upper bound on « values.

811 In fact, as mentioned above, water recirculates vertically at the eddy boundary dur-
812 ing frontogenesis or symmetric instability, and EFPV, and EPV, are key terms in semi-

813 geostrophic frontogenesis (Hoskins & Bretherton, 1972).

814 Here we follow the Kushner and Shepherd (1995) approach to derive a semi-geostrophic
815 Charney-Stern criterion for an isolated vortex on the f— plane. Initially, we tried to adapt
816 the Kushner and Shepherd (1995) theory in cylindrical coordinates by adding the cy-
817 clostrophic term to the equations. However, in polar coordinates, the radial and ortho-
818 radial velocity components are not independent due to the radius of curvature r. In par-
819 ticular, vg = 0 cannot be reduced to a generalized coordinate as in the Cartesian case
820 because of this r dependence. As a consequence, further assumptions were necessary.
821 As in part 5.1, consider an isolated but not necessarily axisymmetric eddy, at the
82 surface of an infinite ocean. The radius of maximum velocity is denoted R and the generic
823 velocity field takes the following form :
ﬁ(lr’ 0’ Z7 t) = /UT'(T7 9’ Z7 t)ej;' + /UG(T’ 07 Z? t)e‘é + ’UZ(T7 05 Z? t)e; (Al)
824 In cylindrical coordinates, the flow is governed by the following equations :
Do, oy
D (fo+ 7)?19 = —fovg (A2)
Dvg Vo
o T (fo+ 7)Ur = fovf (A3)
1 op
9y (A4)
Pw 0%
19(rv 10v v
Lotro) (10w  Ov. (A5)
r Or r 00 0z
DY
=0 A6
Dt (A6)
D 9] 9] 0 0
— = = — — — A7
Di ot ar e T as (A7)
825 where, vJ and v are the geostrophic velocity respectively in the radial and ortho-
826 radial directions. As before, the prime denotes the buoyancy anomaly associated with
827 the water mass trapped in the eddy core. Since instabilities develop locally and R is very
828 large, we assume that the flow can be described in a local Cartesian frame near the eddy
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829 boundary (see figure Al). Since we study small variations of r closed to R, we define the

830 Cartesian variable ¢ = r — R with ¢ < R. The curvature is locally neglected and we
831 define the second Cartesian variable y = Rf. Thus we define the local Cartesian frame
832 (€, €y, €;) and the associated velocity field (e, y, z,t). We also define the rotational ve-
833 locity €2 = “2 in the cylindrical system, which leads to Qg(e,y, 2,t) in the local Carte-
834 sian frame. Note that Qg is a regular function of ¢, since it cannot diverge near the vor-
835 tex center or at infinity. Then there exists a potential y such that CC% = Qg. This will
836 help us to define the generalized coordinates.
837 In this frame of reference, equations simply write :
Dv
D; —(fo+Qr)vy = —fovy (A8)
Dv
Tty + (fo+Qr)ve = fovl (A9)
1 op
2y (A10)
Pw Oz
ove  Ovy,  Ov,
—-— = 0 All
Oe dy 0z ( )
Dby
=0 Al12
Dt (A12)
D 0 0] 0 0
= - = il i - A13
Dt ot %o T, TV, (A13)
838 Note that this system has some peculiarities in that it retains the cyclostrophic terms,
839 which are small but necessary for the global analysis.

Figure A1l. Local Cartesian frame at the eddy boundary. The curvature is locally neglected

840 Following Kushner and Shepherd (1995), we define the generalized coordinates, T =
Q® ,
81 t,E:e—&-q}—g—l—%,Y:y—“}—;—l—y}c—’zandeb—gsuchthat:
DY
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DE

ﬁt = Ve (A15)
DZ
= =0 (A16)

In fact, we replaced Qg with its constant value Qg) at e =0 and at t = 0. When
t is large, the variable Y is incomplete due to the cyclostrophic term, so we cannot ob-
tain the desired form of the problem. To the best of our knowledge, there has never been
a generalized system of quasi-Cartesian coordinates that corresponds to polar coordi-
nates. This is a consequence of the presence of cyclostrophic terms. Even if our variable
change is incomplete, it does not change the stability criterion. This is because in our
Cartesian frame the basic flow is oriented according to €;. Then the Montgomery-Bernoulli
potential for the local frame can be defined as a function of pressure p and velocities such
that:

_ P e Lo 2
U= o fiZz+ 2(”5 +vy) (A17)
which gives,
1 0V
e = ———— A18
! fo OY (A18)
10V
= ——— Al
Uy fO aE ( 9)

The material derivative can also be expressed using these variables :

L _DLD_0o0 10¥09  10Y 09 (A20)
DT Dt 0T f,0Y OE ' fo OE Y

Then, the Jacobian of the transformation is proportional to the Ertel Potential vor-
ticity ¢ of the flow :
AE,Y,7)

TR (A21)

For a frontal vortex, we use the inverse of this quantity to avoid isopycnal pinch-
ing. We denote this quantity as o = . We assume that the vortex is isolated and that
the flow is inviscid, incompressible and without forcing. Under these conditions o is con-
served:

Do

— =0 A22

i (A22)
From the linearized equations of motion, we now derive the linear Charney-Stern

theorem for small perturbations of the corresponding steady state. We linearize the mo-

tion around the rotating flow, which becomes a meridional steady state 7,(c). In the ini-
tial state 0. = 0, and thus g = 0. The velocity field has the following form:

(e, y, 2, 1) = vi(e,y, 2, 1) € 4 (Ty(y, 2) + vy (e, 9, 2, 1)) &y + v, (€, y, 2, )€z (A23)

Now the problem is similar to that of Kushner and Shepherd (1995). By neglect-
ing the boundary terms, the pseudo momentum equation can be written as follows:
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4 D 20@

where D is the infinite space. Denoting (-) the average on the €, direction, the equation
takes the following form :
o <0/2>
— = | dedz =0 A25
ot / / <2ag‘; = (A25)

As a result, the quantity Eg—g must change its sign and vanish in order for insta-
bility to occur. Considering this:

1

7 (A26)
Jo 0o Oe
Z2 - 2 A2
OF Oe OF (A27)

(A28)
We obtain:

o7 _ 7070 (A29)

OF gt 0e OF
Therefore, the quantity *g—g%—f must change sign for an instability to grow. This
necessary condition for instability gathers three conditions :

o If qg—g retains its sign, then %—f = wa/ fo, where w, is the absolute vorticity, must
change sign. We recover the necessary condition for the anticyclonic ageostrophic
instability (McWilliams et al., 2004);

If %%—f retains its sign, then ¢ must change its sign, and as a consequence the Er-

tel potential vorticity must change its sign. We recover the necessary condition

for symmetric instability with fo > 0 (Fjertoft, 1950).

 Finally, if § maintains its sign, then %%—f must change sign, which is the neces-
sary condition for inertial instability (Eliassen, 1983). In fact, g represents the
angular momentum and %—f its derivative with respect to e.

The second condition gives us a constraint on the a values. The regions in which
the Ertel potential vorticity becomes negative correspond to the regions in which o >
1. Therefore, from this theoretical necessary condition, we expect a < 1 for a large part
of the vortex boundary. This statement is consistent with the figure 10, which shows that
« is less than 1 for almost 100% of the eddy boundary area.
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